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PREFACE. 

To  preserve  Euclid's  order,  to  supply  omissions, 
to  remove  defects,  to  give  short  notes  of  explanation 
and  simpler  method"  of  proof  in  cases  of  acknow- 
ledged difficulty — such  are  the  main  objects  of  this 
Edition  of  the  Elements. 

The  work  is  based  on  the  Greek  text,  as  it  is 
given  in  the  Editions  of  August  and  PejTard.  To 
the  suggestions  of  the  late  Professor  De  Morgan, 
published  in  the  Companion  to  the  British,  Almanack 
for  1849,  I  have  paid  constant  deference. 

A  limited  use  of  symbolic  representation,  wnerein 
the  symbols  stand  for  words  and  not  for  operations, 
is  generally  regarded  as  desirable,  and  it  is  certain 
that  tlie  symbols  employed  in  this  book  are  admis- 
sible in  the  Examinations  at  Oxford  and  Cambridge. 

I  have  generally  followed  Euclid's  method  of 
proof,  but  not  to  the  exclusion  of  other  methods 
recommended  by  their  simplicity,  such  as  the  de- 
moustrations  by  wiiich  I  propose  to  replace  the 
difficult  Theorems  5  and  7  in  the  First  Book.     I 
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have  also  attempted  to  render  many  of  the  proofs^ 
as,  for  instance,  those  of  Propositions  2,  13,  and  35 
in  Book  I.,  and  those  of  7,  8,  and  13  in  Book  II., 
less  confusing  to  the  learner. 

In  Propositions  4,  5,  6,  7,  and  8  of  the  Second 
Book  I  have  ventured  to  make  an  important  change 
in  Euclid's  mode  of  exposition,  by  omitting  the 
diagonals  from  the  diagrams  and  the  gnomons  from 
the  text. 

In  the  Third  Book  I  have  deviated  with  even 
greater  boldness  from  the  precise  line  of  Euclid's 
method.  Thus  I  have  given  new  proofs  of  the  Pro- 
positions relating  to  the  Contact  of  Circles  :  I  have 
used  Superposition  to  prove  Propositions  26  to  29, 
so  as  to  make  each  of  those  theorems  independent 
of  the  others ;  and  I  have  directed  the  attention  of 
the  learner  to  the  Intersection  of  Loci,  and  to  the 
conception  of  an  Angle  as  a  magnitude  capable  of 
unlimited  increase. 

In  the  Fourth  Book  I  have  made  no  change  of 
importance. 

My  treatment  of  the  Fifth  Book  was  suggested 
by  the  method  first  proposed,  explained,  and  de- 
fended by  Professor  De  Morgan  in  his  Treatise 
on  the  Qom/nexion  of  Nitmher  and  Mcu/nitude.  The 
method  is  simple  and  rigorous,  presenting  Euclid's 
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reasonii)g  in  a  clear  and  concise  form,  by  means  of 
a  system  of  notation,  to  wliich,  I  think,  no  valid 
objection  can  be  taken.  I  have  altered  the  order  of 
the  Propositions  in  this  Book,  so  as  to  give  promi- 
nence to  those  which  are  of  chief  importance. 

The  only  changes  in  the  Sixth  Book  to  which  I 
desire  to  call  the  leader's  special  attention,  are  the 
applications  of  Superposition  in  the  proofs  of  Pro- 
positions 4  and  19. 

The  diagrams  in  Book  XI.  form  an  important 
feature  of  this  Edition.  For  them  I  am  indebted 
to  the  kindness  of  IMr.  Hugh  Godfray,  of  St.  John's 
College,  Cambridge. 

The  Exercises  have  been  selected  with  consider- 
able care,  chiefly  from  the  University  and  College 
Examination  Papers.  They  are  intended  to  be  pro- 
gressive and  easy,  so  that  a  learner  may  be  induced 
from  the  fiist  to  work  out  soinetliing  for  himself 

A  complete  series  of  the  Euclid  Papers  set  in  the 
Cambridge  Mathematical  Trij^os  from  1848  to  1872 
will  be  found  on  pp.  198-210  and  342-349. 

I  have  made  but  little  allusion  to  Projections, 
because  that  part  of  the  subject  is  fully  explained 
by  Mr.  Pichardson  in  liis  work  on  Conic  Hixtiom 
treated  Geometrically,  foiming  a  part  of  Pivington's 
Mathematical  Series. 
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During  the  two  years  in  which  I  have  been  en- 
gaged on  this  work,  I  have  received  from  Teachers 
of  Geometry  in  all  parts  of  the  country  so  much 
encouragement  to  proceed,  and  so  much  assistance 
at  each  step  of  my  progress,  that  I  feel  justified  in 
asserting  that  no  text-book  on  Elementary  Geometry 
is  likely  to  meet  with  general  support  in  England, 
if  it  involve  any  wide  departure  from  the  Euclidean 
modeL 

It  only  remains  for  me  to  offer  my  thanks  to 
the  friends  who  have  improved  this  work  by  their 
advice,  and  to  assure  each  reader  of  the  book  that 
any  suggestion  for  its  furl  her  improvement  will  be 
thankfully  received  by  me. 

J.  HAMBLIN  SMITH, 
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ELEMENTS    OF    GEOxMETRY. 


INTRODUCTORY    REMARKS. 

WoEN  a  block  of  stone  is  hewn  from  the  rock,  we  call  it  a 
Solid  Body.  The  stone-cutter  shnpes  it,  and  brings  it  into 
that  which  we  call  regularity  of  form ;  and  then  it  becomes 
a  Solid  Figure. 

Now  suppose  the  figure  to  be  such  that  the 
block  has  six  flat  sides,  each  the  exact  counter- 
part of  the  others  ;  so  that,  to  one  who  stands 
facing  a  corner  of  the  block,  the  three  sides 
which  are  visible  present  the  appearance  re- 
presented in  this  diagram. 

Each  side  of  tlie  figure  is  called  a  Surface ;  and  when 
smoothed  and  polished,  it  is  called  a  Plane  Surface. 

The  sharp  and  well-defined  edges,  in  which  each  pair  of 
sides  meets,  are  called  Lines. 

The  place,  at  which  any  three  of  the  edges  meet,  is  ciilled 
a  Point. 

A  Magnitude  is  anything  which  is  made  up  of  parts  in  any 
way  like  itself.  Thus,  a  line  is  a  magnitude  ;  because  we  may 
regard  it  as  made  up  of  parts  which  are  themselves  lines. 

The  properties  Length,  Breiidth  (or  Width),  and  Thickness 
(or  Depth  or  Height)  of  a  body  are  called  its  Dimensions. 

We  make  the  following  distinction  between  Solids,  Surfaces, 
Lines,  and  Points : 

A  Solid  has  three  dimensions,  Leng*.h,  Breadth,  Thickness. 

A  Surface  has  two  dimensions.  Length,  Breadth. 

A  Line  has  one  dinipnsion,  Length. 

A  point  iwa  no  dimensions. 

8.  E. 
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DEFINITIONS. 

I.  A  Point  is  that  which  has  no  parts. 

This  is  equivalent  to  saying  that  a  Point  has  no  magnitade, 
since  we  define  it  as  that  which  cannot  be  divided  into  smaller 
parts. 

II.  A  Line  is  length  without  breadth. 

We  cannot  conceive  a  visible  line  without  breadth  ;  but 
we  can  reason  about  lines  as  if  they  had  no  breadth,  and  this 
is  what  Euclid  requires  us  to  do. 

III.  The  Extremities  of  finite  Links  are  points. 

A  point  marks  position,  as  for  instance,  the  place  where  a 
line  begins  or  ends,  or  meets  or  crosses  another  line. 

IV.  A  Straight  Line  is  one  which  lies  in  the  same  direction 
from  point  to  point  throughout  its  length. 

V.  A  Surface  is  that  which  has  length  and  breadth  only. 

VI.  The  Extremities  of  a  Surface  are  lines. 

VII.  A  Plane  Surface  is  one  in  which,  if  any  two  points 
be  taken,  the  straight  line  between  them  lies  wholly  in  that 
surface. 

Thus  the  ends  of  an  uncut  cedar-pencil  are  plane  surfaces  ; 
but  the  rest  of  the  surface  of  the  pencil  is  not  a  plane  surface, 
since  two  points  may  be  taken  in  it  such  that  the  straight  line 
joining  them  will  not  lie  on  the  surface  of  the  pencil 

In  our  introductory  remarks  we  gave  examples  of  a  Surface, 
a  Line,  and  a  Point,  as  we  know  them  through  the  evidence 
of  the  senses. 
s 
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The  Surfaces,  Lines,  and  Points  of  Geometry  may  be  regarded 
as  mental  pictures  of  the  surfaces,  lines,  aud  points  which  we 
know  from  experience. 

It  is,  however,  to  he  roservod  that  Geometry  requires  us  to 
conceive  the  possibility  of  the  existenO'J 

of  a  Surface  apart  from  a  Solid  body, 
of  a  Line  apart  from  a  Surface. 
of  a  Point  apart  from  a  Line. 

VIII.  When  two  straight  lines  meet  one  another,  the  inclina- 
tion of  the  lines  to  one  another  is  ciilled  an  Anglk. 

When  two  straight  lines  liave  one  point  common  to  both, 
they  are  said  to  Jmm  an  angle  (or  angles)  at  that  point.  The 
point  is  called  the  vertex  of  the  angle  (or  angles),  aud  the  lines 
J  re  called  the  ar//w  of  the  aiigk-  (or  angles). 


'ITius,  if  the  lines  OA,  OB  are  terminated  at  the  sauie 
point  0,  they  form  an  angle,  wliich  is  called  the  angle  at  0,  or 
the  angle  AOB,  or  the  angle  BOA,— the  letter  which  marks 
the  vertex  being  put  between  those  that  mark  the  arms. 

Again,  if  the  line  CO  meets  the  line  DB  at  a  point  m  the 
line  DE,  so  that  0  is  a  point  common  to  both  lines,  CO  is  said 
to  make  with  DE  the  angles  COD,  COB ;  and  these  (as  having 
one  arm,  CO,  common  to  both)  are  called  adjacent  angles. 

lastly,  if  the  lines  FG,  HK  cut  each  other  in  the  point  O, 
the  lines  make  with  each  other  four  angles  FOR,  HOG,  GOK, 
KOF ;  and  of  these  GoH,  FOK  ure  c:dled  verticallij  oiq>odtr 
angles,  as  also  are  F'>1[  and  GOK. 
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When  fhreA  or  more  straight  lines  as  OA,  OB,  OC,  OD  have 
a  point  0  common  to  all,  the  angle  formed  by  one  of  them,  OD, 


with  OA  may  be  regarded  as  being  made  up  of  the  angles  AOB 
BOG,  COD ;  that  is,  we  may  speak  of  the  angle  AOD  as  a 
whole,  of  which  the  parts  are  the  angles  AOB,  BOG,  and  GOD- 

Hence  we  may  regard  an  angle  as  a  Magnitude,  inasmuch 
as  any  angle  may  be  regarded  as  being  made  up  of  parts  which 
we  themselves  angles. 

The  size  of  an  angle  depends  in  no  way  on  the  length  of 
the  arms  by  which  it  is  bounded. 

.  We  shall  explain  hereafter  the  restriction  on  the  magnitude 
of  angles  enforced  by  Euclid's  definition,  and  the  important 
results  that  follow  an  extension  of  the  definition. 

IX.  When  a  straight  line  (as  AB)  meeting  another  straignt 
line  (as  CD)  makes  the  adjacent  ^^ 

angles  (ABC  and  ABD)  equal 
to  one  another,  each  of  the  angles 
is  called  a  Right  Angle  ;  and 
each  line  is  said  to  be  a  Per- 
pendicular to  the  other.  ^  -^ 

X.  An  Obtuse  Angle  is  one 
which  is   greater   than  a  right 


XI.  An  Acute  Angle  is  one  • 
which  is  less  than  a  right  angle. 

XII.  A  Figure  is  that  wl)ich  is  enclosed  by  one  or  more 
boundaries. 
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XIII.  A  CiiiCLE  is  a  plane  tigiire  contained  by  one  line, 
which  is  called  the  Circumference,  and  is  such,  that  aU 
straight  lines  drawn  to  the  circumference  from  a  certain  point 
(calh^J  the  Centre)  within  the  figure  are  equal  to  one 
another. 

XrV.  Any  straight  line  drawn  from  the  centre  of  a  circle  to 
the  circumference  is  called  a  TJadius. 

XV.  A  Diameter  of  a  circle  is  a  straight  line  drawn  through 
the  centre  and  terminated  both  ways  by  the  circamfereuoe. 


Thus,  in  the  diagram,  0  is  the  centre  of  the  circle  ABCD, 
OA,  OB,  OC,  OD  are  Radii  of  the  circle,  and  the  straight  line 
AOD  is  a  Diameter.  Hence  the  radius  of  a  circle  is  halt  the 
diameter. 

XVI.  A  Semicircle  is  the  figure  contained  by  a  diameter 
and  the  part  of  the  circumference  cut  off  by  the  diameter. 

XVII.  Rectilinear  figures  are  those  which  are  .contained 
by  straight  lines. 

The  Perimeter  (or  Periphery)  of  a  rectilinear  figure  is  tlie 
sum  of  its  sides. 

XVIII.  A  Triangle  is  a  plane  figure  contained  by  three 
straight  lines. 

XIX.  A  Quadrilateral  is  a  pkne  figure  contained  by 
four  straight  lines. 

XX.  A  Polygon  is  a  plane  figure  contained  by  more  than 
four  .straight  lines. 

When  a  polygon  has  all  its  sides  equal  and  all  its  angKs 
equal  it  is  calK-d  a  regular  poh'gon. 
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XXI.  An  Equilateral  Tiiangle  is  one  wHch 

has  all  its  sides  equal. 

XXII.  An  Isosceles  Ti-iaugle  i3  one  ■which 
Las  two  sides  equal 

The  third  side  is  often  called  the  base  of  the      , 
triangle.  [_ 

The  term  base  is  applied  to  any  one  of  the  sides  of  ;i 
triangle  to  distinguish  it  from  the  other  two,  especially  when 
they  have  been  previously  mentioned. 

XXIII.  A     EiGHT-ANOLED      Triangle     la 
one   in  which   one  of  the  angles  is    a  right 

angle. 

The  side  subtending,  that  is,  which  is  opposite  the  right  anarle, 
is  called  the  Hypotenuse. 


XXIV.  An  Obtuse-angled   Triangle  i** 
one  in  which  one  of  the  angles  is  obtuse. 


It  will  be  shewn  hereafter  that  a  triangle  can  have  only 
one  of  its  angles  either  equal  to,  or  greater  than,  a  right  angle. 

XXV.  An  Acute- ANGLED  Triangle  is  one  in 
which  AT.T.  the  angles  are  acute. 

XXVI.  Parallel  Straight  Lines  are  such 

ns,  being  in  the  same  plane,  never  meet  when     -: ~ 

continually  produced  in  both  directions. 

Euclid  proceeds  to  put  forward  Six  Postulates,  or  Requests, 
that  he  may  bo  allowed  to  make  certjiin  assumptions  on  the 
construction  of  fi^jnres  and  the  properties  of  geometrical  mag- 
niiiules. 
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POSTULATBS. 

Let  it  be  granted — 

I.  That  a  strai^'ht  line  may  be  drawn  from  any  one  point  to 
any  other  point. 

II.  That  a  terminated  straight  line  may  be  produced  to  any 
lenijth  in  a  straight  line. 

III.  That  a  circle  may  be  described  from  any  centre  at  any 
flistnice  from  that  centre. 

IV.  That  all  right  angles  are  eqnal  to  one  another. 

V.  That  two  straight  lines  cannot  enclose  a  space. 

VI.  That  if  a  straight  line  meet  two  otliw  straight  lines, 
so  as  to  make  the  two  interior  angles  on  the  same  side  of  it. 
faken  together,  less  than  two  right  angles,  these  straiglst 
lines  being  continually  produced  shall  at  length  meet  upon 
that  side,  on  which  are  the  angles,  which  are  together  less 
than  two  right  angles. 

The  word  rendered  "Postulates"  is  in  the  original 
fuTTifiara,  "  requests." 

In  the  first  three  Postulat«s  Euclid  states  the  use.  under 
certain  restrictions,  which  he  desires  to  make  of  certain  in- 
struments for  the  construction  of  lines  and  circles. 

In  Post.  I.  and  ii.  he  asks  for  the  use  of  the  straight  ruler, 
wherewith  to  draw  straight  lines.  The  reijfaiiction  is,  that  the 
ruler  is  not  supposed  to  be  marked  with  divisions  so  as  to 
measure  lines. 

In  Post.  III.  he  asks  for  the  use  of  a  pair  of  compasses, 
wherewith  to  describe  a  circle,  whose  centre  is  at  one  extremity 
of  a  given  line,  and  whose  circumference  passes  through  the 
other  extremity  of  that  line.  The  restriction  is,  that 
the  compasses  are  not  supposed  to  be  capable  of  conveying 
distances. 

Post.  rv.  and  v.  refer  to  simple  geometrical  facts,  which 
Euclid  desires  to  take  ffir  granted. 

Post.  VI.  may,  as  we  shall  shew  hereafter,  be  deduced 
from  a  more  simple  Postulate.  The  student  must  defer 
the  consideration  of  this  Postulate,  till  he  has  reached  the 
17th  Proposition  of  Book  I. 

Euclid  next  enumerates,  as  statements  of  fact,  nine  Axioma 
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or,  as  he  calls  them,  Common  Notions,  applicable  (with  the 
exception  of  the  eighth)  to  aU  kinds  of  magnitudes,  and  not 
necessarily  restricted,  aa  are  the  Postulates,  to  geomeirieal 
magnitudes. 

Axioms. 

I.  Things  which  are  equal  to  the  same  thing  are  ©qnal  to 

one  another. 

II.  If  equals  be  added  to  equals,  the  wholes  are  equal. 

III.  If  equals  be  taken  fi-om  equals,  the  remainders  are 
equal. 

IV.  If  equals  and  unequals  be  added  together,  the  wholes 
are  unequal 

V.  If  equals  be  taken  from  unequals,  or  unequals  from 
equals,  the  remainders  are  unequal. 

VI.  Things  which  are  double  of  the  same  thing,  or  of  equal 
things,  are  equal  to  one  another. 

VII.  Things  which  are  halves  of  the  same  thing,  or  of  equal 
things,  are  equal  to  one  another. 

VIII.  Magnitudes  which  coincide  with  one  another  are 
equal  to  one  another. 

IX.  The  whole  is  greater  than  its  part. 

With  his  Common  Notions  Euclid  takes  the  ground  of 
authority,  saying  in  effect,  "  To  my  Postulates  I  request,  to 
my  Common  Notions  I  claim,  your  assent." 

Euclid  develops  the  science  of  Geometry  in  a  series  of 
Propositions,  some  of  which  are  called  Theorems  and  the  rest 
Problems,  though  Euclid  himself  makes  no  such  distinction. 

By  the  name  Theorem  we  understand  a  truth,  capable  of 
demonstration  or  proof  by  deduction  from  truths  previously 
admitted  or  proved.  '■  ^  V"" 

By  the  name  Problem  we  understand  a  construction,  capable  ■"    / ;  \ 
of  being  effected  by  the  employment  of  principles  of  construc- 
tion previously  admitted  or  proved.  i 

A  Cwollary  is  a  Theorem  or  Problem  easily  deduced  from,    ,' 
or  effected  by  means  of,  a  Proposition  to  which  it  is  attached. 

We  shall  divide  the  First  Book  of  the  Elements  into  three 
sections.  The  reason  for  this  division  will  appear  in  the  course 
of  the  work. 
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SYMBOLS  AND  ABBREVIATIONS  USED  IN  BOOK  I 


jor       because 

.' therefore 

= is  (or  are)  equal  to 

L anfjle 

A triangle 

equilat equilateral 

extr exterior 

intr interior 

pt point 

rectil rectilinear 


©        Jot       circle 

Qo© circumference 

II  ..    parallel 

O  parallelogram 

±     ...., perpendicular 

reqd requirea 

rt right 

sq square 

sqq squares 

at straight 


It  is  well  known  that  one  of  the  chief  difficulties  with 
learners  of  Euclid  is  to  distinguish  hetween  what  is  assumed, 
or  given,  and  what  has  to  be  proved  in  some  of  the  Pro- 
positions. To  make  the  distinction  clearer  we  shall  put  in 
italics  the  statements  of  what  has  to  be  done  in  a  Problem, 
and  what  has  to  be  proved  in  a  Theorem.  Tlie  last  line  in  the 
proof  of  every  Proposition  states,  that  what  had  to  be  done 
or  proved  has  been  done  or  proved. 

The  letters  q.  e.  f,  at  the  end  of  a  Problem  stand  for  ^ttod 
traX  faciendum. 

The  letters  q.  e.  d.  at  the  end  of  a  Theorem  stand  for  Qttod 
erat  demonatranduvi. 

In  the  marginal  references  : 

Pust.  stands  for  Postulate. 

Def. Definition. 

Ax Axiom. 

I.  1 Book  I.  Proposition!. 

Fyp.  .<itands  for  Hypothesis,  mpiwsition,  and  refers  to 
♦owething  granted,  or  assumed  to  be  true. 


so 

<< — ■ 
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SECTION  I. 
On  the  Propei'ties  of  Triattgkf, 

Proposition  I.     Problem. 

To  degcribe    an  unilateral   triangle    on  a  gi/oen    gfrcdghi 
Un*. 


Let  ABhe  the  given  st.  line. 

It  is  required  to  describe  an  equilat.  A  on  AB. 

With  centre  A  and  disttmce  AB  describe  ©  BCD.     Post.  3. 
With  centre  B  and  distance  BA  describe  ©  ACE.     Post.  ;3. 

From  thept.  G,  in  which  the  ©  s  cut  one  another, 

draw  the  st.  lines  CA,  CB.  Post.  1. 

Then  will  ABC  be  an  equilat.  A . 

For  :•  A  h  the  centre  of  0  BCD, 

.:  AC=-AB.  I>ef.  13. 

And  •.•  B  is  the  centre  of  ©  AGEy 

.'.  BC^AB.  Def.  13. 

Now  •.•  yir*,  7?(7areeach=J[7?, 

.-.  AC=BC.  Ax.  1. 

Thus  AG,  AB,  BC  are  all  equal,  and  an  equilat.  A  ABC 
has  been  described  on  A  B 
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PROrOSTTION  II. 


Proposition  II.     Problem. 

From  a  given  point  to  draw  a  straight  line  tsqiud  to  a 
given  ttra/ight  line. 


Let  A  iie  the  given  pt.,  anrl  BC  the  given  v<*.  line. 
It  is  reqvired  to  dranj  frmii  A  a  xf.  line  equal  to  BC. 


From  A  to  B  draw  the  su  line  AB.  Post.  I. 

On  AB  describe  tlie  cqnilat.  A  ABD.  I.  1. 

With  centre  B  and  distance  BC  describe  ©  CGH.     Post.  3. 

Produce  DB  to  meet  the  Qce  CGH  in  G. 
With  centre  D  and  distance  DG  describe  ©  GKL.    Post.  3. 

Produce  DA  to  meet  the  Qce  GKL  in  L. 

Thm  vnl\  J  L=BC. 


For 


And 


•/  B  is  the  centre  of  ®  CGH, 
.-.  BC=BG. 

'.'  D  is  the  centre  of  ©  GKL, 
.:  DL=DG. 
And  part*  of  tlieso,  DA  and  DB,  are  equ;il. 

.•.  remainder  ^i=remainder  BG. 
BntBr=BG; 
.:  AL^BC. 


Def.  13. 

Def.  13. 

Dof.  21. 

Ax.  3. 

Ax.  1. 


Thus  from  pt.  A  a  st.  line  A  L  has  been  drawn  ^jR^. 

Q.  K  p. 
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Proposition  III.     Problem. 

From,  the  greater  of   two  given  straight  Tmt*  to  cut  off 
a  pari  equal  to  the  less. 


Let  ABhe  the  greater  of  the  two  given  st.  liaes  AB,  CD. 
It  is  required  to  cut  off  from  AB  a  part = CD. 
From  J.  draw  the  St.  line  ^jK=  CI*.  1.2. 

With  centre  A  and  distance  AE  describe  ©  EFH^ 
cutting  ^B  in  i''. 
ThenwiU^^=CD. 
For  ".•  ^  is  the  centre  of  ©  EFE, 

.'.  AF=AE. 
But  AE=CD  ; 

.-.  AF=CD.  Ax.  1. 

Thus  from  AB  a  part  AF  has  been  cut  off=  CD. 

Q.  E.  F. 

Exercises. 

1.  Shew  that  if  straight  lines  be  drawn  from  A  and  jB  in 
the  diagram  of  Prop.  i.  to  the  other  point  in  which  the  circles 
mtersect,  another  equilateral  triangle  will  be  described  on 
AB. 

2.  By  a  similar  construction  to  that  in  Prop.  i.  describe 
on  a  given  straight  line  an  isosceles  triangle,  whose  equal  sides 
shall  be  each  equal  to  another  given  straight  line. 

3.  Draw  a  figure  for  the  case  in  Prop,  ii.,  in  which  the 
given  point  coincides  with  B. 

4.  By  a  construction  similar  to  that  in  Prop.  in.  produce 
the  less  of  two  given  straight  lines  that  it  may  be  equal  to  the 
greater. 
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Proposition  IV.     Theorem. 

If  two  triangles  have  two  sides  of  the  one  equal  to  two  sides 
of  the  other,  each  to  each,  and  have  likeimse  the  angles  contained 
by  those  sides  equal  to  one  another,  they  must  have  their  third 
sirie^  equal ;  and  the  two  triangles  tnust  he  equal,  and  the  other 
angles  mu^t  be  rqual,  ea/ih  to  eacA,  viz.  those  to  which  the  equal 
sides  are  opposite. 


0_ 

In  the  AS  ABG,DEF, 
let  AS=DE,  and  AC=DF,  and  z  BAC=  L  EDF. 
Then  must  BG=EF  and  A  ABC  =  A  DEF,  and  tlie  other 
I  s,to  which  the  equal  sicks  are  opposite,  must  be  equal,  thai 
is,  L  ABC=  L  DEF  and  i  ACB=  l  EFE. 

For,  if  A  ABC  be  applied  to  A  DEF, 
BO  that  A  coincides  with  D,  and  AB  falls  on  DE, 
then  '.■  AB—DE,  .:  B  will  coincide  with  E. 
And  •.'  AB  coincides  with  DE,  and  i  BAC=  l  EDF,  Hyp. 
.•.>1C  will  fall  on  Di^. 
Then  •/  AC=DF,  .:  C  will  coincide  with  F. 
And  *.•  B  will  coincide  with  E,  and  C  with  F, 
.:  BC  will  coincide  with  EF ; 
for  if  not,  let  it  fall  otherwise  as  EOF:   then  the  two  st. 
lines  BC,  EF  will  enclose  a  space,  which  is  impossible.     Post.  b. 
.:  BC  will  coincide  with  and  .".  is  equal  to  EF,    Ax.  «. 

and  A  ABC A  DEF, 

and  /  ABC /  DEF, 

and  I  ACB i  DFE. 

Q.   E.  D. 
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Note  1.  On  the  Method  of  Superposition. 

Two  geometrical  magnitudes  are  said,  in  accordance  •with 
Ax.  VIII.  to  be  equal,  when  they  can  be  so  placed  that  the 
boundaries  of  the  one  coincide  with  the  boundaries  of  the 
other. 

Thus,  two  straight  lines  are  equal,  if  they  can  be  so  placed 
that  the  points  at  their  extremities  coincide  :  and  two  angles 
■lire  equal,  if  they  car  be  so  placed  that  their  vertices  coincide 
in  position  and  their  arms  in  direction  :  and  two  triangles  are 
equal,  if  they  can  be  so  placed  that  their  sides  coincide  in 
direction  and  magnitude. 

In  the  application  of  the  test  of  equality  by  this  Method  of 
Superposition,  we  assume  that  an  angle  or  a  triangle  nmy  be 
moved  from  one  place,  turned  over,  and  put  down  in  another 
place,  without  altering  the  relative  positions  of  its  boundaries. 

We  also  assume  that  if  one  part  of  a  straight  line  coincide 
with  one  part  of  another  straight  line,  tlie  other  parts  of  the 
lines  also  coincide  in  direction  ;  or,  that  straight  lines,  m  tiich 
coincide  in  two  points,  coincide  when  produced. 

The  method  of  Superposition  enables  us  also  to  compare 
magnitudes  of  the  same  kind  that  are  unequal.  For  example, 
suppose  ABG  and  DEF  to  be  two  given  angles. 


Suppose  the  arm  B<^  to  be  placed  on  the  arm  JSF,  and  the 
vertex  B  on  the  vertex  E. 

Then,  if  the  arm  BA  coincide  in  direction  with  the  arm  ED, 
the  angle  ABG  is  equal  to  DEF. 

If  BA  fall  between  ED  and  EF  in  the  direction  EP, 
ABC  is  less  than  DEF. 

If  BA  fall  in  the  direction  EQ  so  that  ED  is  between 
EQ  and  EF,  A  EC  is  greater  than  DEF. 
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NoTB  2.  On  the  Conditions  of  EqtMlity  of  two  Triaiujles. 

A  Triangle  is  composed  of  six  parts,  tlxree  sides  and  three 
angles. 

VMien  the  six  parts  of  one  triangle  are  equal  to  the  six 
parts  of  another  triangle,  each  to  each,  the  Triangles  are  said 
to  be  equal  in  all  respects. 

There  are  four  cases  in  which  Euclid  proves  that  two  tri- 
angles are  equal  in  all  respects  ;  viz.,  when  the  following  parts 
ai-e  equal  in  the  two  triangles. 

1.  Two  sides  and  the  angle  between  them.  1.  4. 

2.  Two  angles  and  the  side  between  them.  I.  2t 

3.  The  three  sides  of  each.  I.  8. 

4.  Two  angles  and  the  side  opposite  one  of  theiu.  I.  2(,. 

The  Propositions,  in  which  these  oases  are  proved,  are  the 
most  important  in  our  First  Section. 

The  first  case  we  have  proved  in  Prop.  iv. 

Availing  ourselves  of  the  method  of  superposition,  we  can 
prove  Cases  2  and  3  by  a  process  more  simple  than  that  em- 
ployed by  Euclid,  and  with  the  further  advantage  of  bringing 
tlieiu  into  closer  connexion  with  Case  1.  We  shall  therefore 
give  three  Propositions,  which  we  designate  A,  B,  and  C,  in 
the  Place  of  Euclid's  Props,  v.  vi.  vii.  viii. 

The  displaced  Propositions  will  be  found  on  pp.  108-112. 

Proposition  A  corresponds  with  Euclid  I.  5. 

B I.  26,  first  part. 

^..  0 L  A. 
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Proposition  A.     Theorem. 

If  two  sidoi  <>j  (I  triangle  be  equal,  the  aiigUa  opposite  tho4^ 
xidcs  must  also  he  equal. 


Fia.  1. 


In  the  isosceles  triangle  ABC,  let  AC'=AB.     (Fig.  1.) 

Tlien  must  l  ABG^  l  ACB. 

Imaprine  the  A  ABG  to  be  taken  up,  turned  round,  and  set 
iown  again  in  a  revereed  position  as  in  Fig.  2,  and  designate 
ihe  angular  points  A',  B',  (J. 

Then  in  A  a  ABG,  A'CTB', 

:■  AB=A'C,  and  AG=A'B',  and  z  BAC^  i  OA'B, 

.:  L  ABG=  L  A'GfB'.  I.  4. 

But  ^A'(yB'=LAGB; 

.:  I  ABG^  L  AGB.  Ax.  1. 

Vt<B>D. 

Cor.  Hence  every  equilateral  triangle  is  also  equiangular. 

Note.  When  one  side  of  a  triangle  is  distinguished  from 
the  other  sides  by  being  culled  the  Base,  tlie  angular  point  op- 
posite to  that  side  is  called  the  Vertex  of  the  triangle. 
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Propositiun  B.     Thkouem. 

//  two  irianghs  have  two  aJigles  of  tlie  one  eqtial  to  tico 
augU-3  of  (lie  other,  ea4:h  to  each,  and  the  sides  adjacent  to 
tlie  equal  angles  in  each  also  equal ;  then  mud  Uu  triangles 
be  eOjUal  in  all  rejects. 


In  hs  ABC,  DEF, 
let  t  ABC=  L  DEF,  and  l  ACB==  l  DFE,  and  BC=EF. 
Thai  must  AB-=DE,  and  AC=DF,  and  l  BAC=  l  EDF. 

For  if  A  DEF  be  applied  to    i^ABC,  so  that  E  coincides 
with  J5,  and  EF  falls  on  BC ; 

then  ■/  EF—BC,  .:  F  will  coincide  with  G ; 

and  •/  z  DEF=  l  ABC,  .:  ED  will  fall  on  BA  ; 

.:  D  will  fall  on  BA  or  BA  produced. 

Again,  •.'  z  DFE=  L  ACB,  .:  FD  will  fall  on  CA  ; 

.'.  D  will  fall  oil  CA  or  GA  produced. 

.•.  D  must  coincide   with  A,  the  only  pt.  common  to  BA 
an.l  GA. 

.'.  DE  will  coincide  with  and  /.  is  equal  to  AB, 

aiADF AG, 

and  lEDF. l  BAG, 

and  c^DEF lABG; 

and  .*.  the  triantjles  are  equal  in  all  respects. 

Q.   E.  I>. 

Cor.  Hence,  hy  a  process  like  that  in  Prop.  A,  we  can  provi 
the  fr)llowinrr  theorem : 

Tf  two  angles  of  a  triangle  he  equal,  the  sides  which  suhttv' 
than  are  nho  eqvnl.      (T^nil.  T.  f>.) 
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Proposition  0.    Theorem. 

If  two  triangles  have  the  three  sides  of  the  one  eqiial  to  the 
three  sides  of  the  other,  each  to  each,  the  triangles  must  be  equal 
in  all  respecta. 


Let  the  three  sides  of  the  A  s  ABC,  DEF  be  equal,  each 
to  each,  that  is,  AB^DE,  AC=T)F,  and  BC=EF. 

Then  must  the  triangles  be  equal  in  all  respects. 

Imafrine  the  A  DEF  to  be  turned  over  and  applied  to  the 
C!iABC,  in  such  away  that  EF  coincides  with  BG,  and  the 
vertex  D  falls  on  the  side  of  BG  opposite  to  the  side  on  which 
A  falls  ;  and  join  AD. 

Case  I.  When  AD  passes  through  BO, 


Then  in  lABD,  '.'  BD=BA, .'.  L  BAD=  L  BDA,  I.  A. 
And  m   lACD,  '.'  GD=^GA,  .'.  l  GAD=  l  GDA,  I.  A. 
.-.  sura  of  z  bBAD,  gad =snm  of  z  s  BDA,  GDA,    Ax.  2. 
that  is,  lBAG=  iBDG. 

Hence  we  see,  referring  to  the  original  triangles,  that 

iBAG=  I  EDF. 
.:,  by  Prop,  4,  the  triangles  are  equal  in  all  respects 
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Case  II.  When  the  line  joining  the  vertices  does  not  pass 
throu|{h  BG. 


Then  m  t,  A  BD,  :•  BD=  DA,  :.  L  BAD=  L  BDA,     I.  A. 
And  in  £iACD,  •/  CD^CA,  .:  l  CAD=  l  CDA,     I.  A. 
Hence  since  the  whole  an^'los  BAD,  BDA  are  equal, 
and  parts  of  these  CAD,  CDA  are  equal. 
.•.  the  remainders  BAG,  BDG  are  equal.         Ax.  3. 
Then,  as  in  Ca.se  I.,  the  equality  of  the  original  triangles 
may  be  proved. 

Cask  UL  When  AG  and    CD  are   in   the   same   straight 
line. 

A 


Then  in  A  ABD,  :'  BD=BA. .:  l  BAD=  l  BDA,     I.  A- 
that  is,   /.BAC^  lBDG. 

Then,  as  in  Ca.<;e  I.,  the  equality  of  the  original  triangles 
may  be  proved. 

Q.  E.  D. 
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Proposition  IX.    Problem, 
To  bisect  a  given  angle. 


£  J' 

Let  BAChe  the  given  angl«i 
It  is  required  to  bisect  l  BAG. 
la  AB  take  any  pt.  D. 

In  ^C  make  AE=AD,  and  join  DE. 

On  DE,  on  the  side  remote  from  A,  describe  an' 
eqnilat.  A  DFE.  I.  1. 

Join  AF.    Then  AF  will  bisect  L  BAG. 
For  in  As  A FD,  AFE, 

:•  AD=AE,  and  AF  is  common,  and  FD=FE, 

.:  L  DAF=  L  EAF,  I.  c. 

that  is,  I  BAG  is  bisected  by  AF. 

Q.  E.  F. 

Ex.  1.  Shew  that  we  can  prove  this  Proposition  by  means 
of  Prop.  IV.  and  Prop.  A.,  without  applying  Prop.  C. 

Ex.  2.  If  the  equilateral  trianijle,  employed  in  the  construc- 
tion, be  described  with  its  vertex  towards  the  given  angle  ; 
shew  that  there  is  one  case  in  which  the  construction  ^vill  fail, 
and  two  in  which  it  will  hold  good. 

Note. — The  line  dividing  an  angle  into  two  equal  piirts  is 
'"fllled  the  Bisector  of  the  angle. 
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Proposition  X.    Problem. 
To  bisect  a  given  finite  straight  Hm, 

a 


Let  AB  be  the  given  st.  line. 
It  is  required  to  bisect  AB. 

On  AB  describe  an  equilat.  i\ACB.  I.  1. 

Bisect  lAGBh-s  the  st.  line  CD  meeting  AB  m  D  ;      I.  !J. 
then  AB  shall  be  bisected  in  D. 

For  in  Aa  ACD,  BCD, 
•••  AC=BC,  and  CD  is  common,  and  i  ACD=-  L  BCD, 

.-.  AD=BD  ;  L  4. 

.*.  AB  is  bisected  in  D. 

Q.  E.  F. 

Ex.  1.  The  straight  line,  drawn  to  bisect  the  vertical  angle 
of  an  isosceles  triangle,  also  bisects  the  base. 

Ex.  2.  The  straight  line,  drawn  from  the  vertex  of  an 
Lsiisceles  triangle  to  bisect  the  base,  also  bisects  the  verticiil 
aiigle. 

Ex.  .3.  Produce  a  given  finite  straight  line  to  a  point,  such 
that  the  part  produced  may  be  one-third  of  the  lino,  which  is 
mafle  up  of  the  whole  and  the  pnrt  prndiu;ed. 
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Proposition  XI.     Problem. 

To  draw  a  st/raight  line  at  right  angles  to  a.  qwen  straight 
line  from  a  given  point  in  the  sa/rm. 


T) 


Let  AB  be  the  given  st.  line,  and  C  a  given  pt.  in  Hl 
It  is  required  to  draw  from  G  a  st.  line  ±  to  AB. 

Take  any  pt.  D  in  AC,  and  in  CB  make  GE^OD. 
On  DE  describe  an  equilat.  A  DFE. 
Join  FG.     FG  shaU  be  x  to  AB. 


LI. 


FoTin  AS  DGF,EGF,  ^ 

'.-  DG=  GE,  and  CF  is  common,  and  FB=FE, 

.-.  iDGF=  lECF;  La 

and  .-.  ^0  is  ±  to  AB.  Def,  9, 

Q.  E.  F. 

CoR.  To  draw  a  straight  line  at  right  angles  to  a  given 
straight  line  ^Ofrom  one  extremity,  G,  take  any  point  Din 
AG,  produce  J.C  to  E,  making  CE=CD,  and  proceed  as  in 
the  proposition. 

Ex.  1.  Shew  that  in  the  diagram  of  Prop.  ix.  AF  and  ED 
intersect  each  other  at  right  angles,  and  that  ED  is  bisected 
by^i^. 

Ex.  2.  If  0  be  the  point  in  which  two  lines,  bisecting  A  t 
and  AG,  two  sides  of  an  equilateral  triangle,  at  right  angles 
meet ;  shew  that  OA,  OB,  DC  are  all  equal. 

Ex.  3.  Shew  that  Prop.  xi.  is  n  particular  case  of  Prop.  ix. 
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Proposition  XII.     Problem. 

To  druio  a  straiijht  line  ftrpendicular  to  a  given  straight 
line  0/  an  unlimited  length  Jram  a  given  point  wiiliout  tj. 


Let  AB  be  the  given  st.  line  of  unlimited  length ;  G  the 
given  pt  without  it. 

It  is  required  to  droM'/rom  C  a  d.  liim  x.  to  AB. 

Tiike  any  pt.  D  on  the  other  side  of  AB. 

With  centre  C  and  distance  CD  describe  a  ©  cutting  AB 
in  E  and  F. 

Bisect  EF  in  0,  and  join  VE,  CO,  CF.  L  10. 

Then  CO  shaU  be  x  to  AB. 

For  in  as  COE,  COF, 

'.'  EO=FO,  and  CO  is  common,  and  CE=CF, 

.-.  z  COE=  L  COF ;  I.  c. 

.-.  (70  is  ±  to  AB.  Def.  9. 

Q.  B.  F. 

Ex.  1.  If  the  straight  line  were  not  of  unlimited  length, 
liow  might  the  constrnctiou  fail  ? 

Ex.  2.  If  in  a  triaptfle  the  perpendicular  from  the  vertex 
on  the  base  bisect  the  base,  the  triangle  is  isosceles. 

Ex.  3.  The  lines  dra\vn  from  the  angular  points  of  an 
equilateral  triangle  to  the  middle  points  of  the  opposite  sides 
are  equal. 


24  EUCLID'S  ELEMENTS.  [Book  L 

Miscella7ieous  Exercises  on  Props.  I.  to  XII. 

1.  Draw  a  figure  for  Prop.  ii.  for  the  case  when  the  given 
point  A  is 

(a)  below  the  line  BG  and  t©  the  right  of  it. 
(/3)  below  the  line  BG  and  to  the  loft  of  it. 

2.  Divide  a  given  angle  into  four  equal  parts. 

3.  The  angles  B,  G,  at  the  base  of  an  isosceles  triangle,  are 
bisected  by  the  straight  lines  BD,  GD,  meeting  in  D  ;  shew 
that  BDG  is  an  isosceles  triangle. 

4.  D,  E,  F  are  points  taken  in  the  sides  BC,  CA,  AB,  of 
an  equilateral  triangle,  so  that  BD—GE==AF.  Shew  that 
the  triangle  DEE  is  equilateral. 

5.  In  a  given  straight  line  find  a  point  equidistant  from 
two  given  points  ;  1st,  on  the  same  side  of  it ;  2d,  on  opposite 
sides  of  it. 

6.  ABG  is  any  triangle.  In  BA,  or  BA  produced,  find 
a  point  D  such  that  BD=-GI). 

7.  The  equal  sides  AB,  AG,  of  an  isosceles  triangle  ABG 
are  produced  to  points  JFand  G,  so  that  AF—AG.  BG  and 
GF  are  joined,  and  U  is  the  point  of  their  intersection.  Prove 
that  BTI=CI[,  and  also  that  the  angle  at  -4  is  bisected 
by  A  II. 

8.  BAG,  BDG  are  isosceles  triangles,  standing  on  oppo- 
site sides  of  the  same  base  BG.  Prove  that  the  straight  line 
from  A  to  D  bisects  BG  at  right  angles. 

9.  In  how  many  directions  may  the  line  AE  be  drawn  in 
Prop.  III.  ? 

10.  The  two  sides  of  a  triangle  being  produced,  if  the 
angles  on  the  other  side  of  the  base  be  equal,  shew  that  the 
triangle  is  isosceles. 

11.  ABG,  ABD  are  two  triangles  on  the  same  base  AB 
and  on  the  same  side  of  it,  the  vertex  of  each  triangle  being 
outside  the  other.     1{AC=AD,  shew  that  5C  cannot  =;BD. 

12.  From  G  any  point  in  a  straight  line  ^jB,  CD  is  drawn 
at  right  angles  to  AB,  meeting  a  circle  described  with  centre 
A  and  distance  AB  in  D  ;  and  from  AD,  AE  is  cut  off  =AG: 
shew  that  AEB  is  a  ri'_rlit  angle. 
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PiiorosiTioK  XIII.     Theorem. 

The,  angles  which  one  straight  line  makes  with  another  upon 
one  side  of  it  are  either  two  right  angles,  or  togetlter  equal  to  two 
right  angles. 


3  c 

Let  AB  make  with  CD  upon  oue  side  of  it  the  £.  8  ABC, 
ABD. 

Then  must  these  he  either  two  rt.  L  a, 
or  together  equal  to  two  rt.  l  a. 

First,  if  z  ABC=  i  ARD  as  in  Fig.  1, 

each  of  them  is  a  rt.  z  .  Def.  9. 

.Secondly,  if  z  ABC  be  not=  z  ABD,  as  in  Fig.  2, 

from  B  draw  BE  ±  to  CD.  I.  11. 

i'lien  sum  vi  l  s  ABC,  ABD  =  f.\m\  of  z  s  EBC,  EBA,  ABD. 
and  sum  of  ^  s  EBC,  EBD— sum  of  z  s  EEC,  EBA,  ABD  ; 
.:  sum  of  z  8  ABC,  ABD=&\un  of  z  s  EBC,  EBD ; 

Ax.  1. 
.'.  sum  of  z  a  ABC,  ABD=snm  of  a  rt.  z  and  a  rt.  z  ; 
.*.  z  8  ABC,  ABD  are  together = two  rt.  z  s. 

Q.  E.  D. 

Ex.  Straight  lines  drawn  connecting  the  opposite  angular 
jioints  of  a  quadrilateral  figure  intersect  each  other  in  O. 
Shew  that  the  angles  at  0  are  tor"  iher  equal  to  four  right 
angles. 

Note  (1.)  If  two  angles  together  make  up  a  right  angle, 
each  is  called  the  Complement  of  the  other.  Thus,  in  fig.  2, 
z  ABD  19  the  coniplerncnt  of  z  ABE. 

(2.)  If  two  nntjles  together  make  np  two  right  angles,  each 
'«  c:i1Iod  the  Surrr,K?ry,N'T  of  the  other.  Th»is.  in  both  figureB, 
.  AlilJ  is  the  siipiilrnunt  of  z  ABC. 
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Proposition  XIV.    Theoeem. 

If,  at  a  point  in  a  straight  line,  two  other  straight  lines,  upon 
the  op'posite  sides  of  it,  make  the  adjacent  angles  together  equal 
to  tivo  right  angles,  these  two  straight  lines  must  be  in  one  omd 
the  same  straight  line. 


At  the  pt.  B  in  the  st.  line  AB  let  the  st.  lined  BG,  BD, 
on  opposite  sides  of  AB,  make  z  s  ABC,  ABD  together=two 
rt.  angles. 

Then  BD  must  be  in  the  same  st.  line  vdth  BG. 

For  if  not,  let  BE  be  in  the  same  st.  line  with  BG. 

Then         z,  s  ABO,  ABE  together  =  two  rt.  i  s.  I.  13. 

And  L  s  ABG,  ABD  together  =  two  rt.  l  s.  Hyp 

/.  sum  of  z  s  ABG,  ABE=mm  of  z  s  ABG,  ABD. 

Take  away  from  each  of  these  equals  the  z  ABG  ; 

then  z  ABE=^  l  ABD,  Ax.  3 

that  is,  the  less = the  greater  ;  which  is  impossible, 

,.•.  BE  is  not  in  the  same  st.  line  with  BG. 
II 

Similarly  it  may  be  shewn  that  no  other  line  but  BD  b  u 

the  same  st.  line  with  BG. 

.'.  BD  is  in  the  same  st.  Une  with  BG. 

Q.  B.  D 

Ex.  Shew  the  necessity  of  the  words  the  opposite  sides  ir 
the  enuncintion. 
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Proposition  XV.     Tueokem. 

Lf  two  straUjht  lines  cut  oiu  anothur,  Ute  venPiccdly  opposite 
Angles  must  he  equal. 


Let  the  st.  lines  AB,  CD  cut  one  another  in  the  pt.  E. 

Then  must  L  AEC=  l  BED  aiid  l  AED=  l  BEC. 
For   •."  AE  meets  (JJJ, 

.'.  sum  of  /  s  AEC,  AED  =  t\\o  it.  i  s.  I.  13 

And  •.•  DE  meets  AB, 

.:  sum  of  z  8  BED,  AED=two  rt.  is;         1.  Ki. 
.-.  sum  of  z  s  AEG,  AED=suii\  of  z  s  BED' AED ; 

.'.  L  AEC=  L  BED.  Ax.  3. 

Similarly  it  may  be  shewn  that  z  AED~  l  BEC. 

Q.  E.  D. 

Corollary  I.  From  tliis  it  is  manifest,  that  if  two  straight 
lines  cut  one  another,  the  four  angles,  which  they  make  at  the 
point  of  intersection,  are  together  equal  to  four  right  angles. 

CoKOLLAKY  II.  All  the  angles,  made  by  any  number  oJ 
straight  lines  meetiug  in  one  point,  are  together  equal  to  foui 
light  angles. 

Ex.  1.  Shew  that  the  bisectors  of  AED  and  BEC  are  in 
the  same  straight  line. 

Ex.  2.  Prove  that  A  AED  Ls  equal  to  the  angle  between 
two  straight  lines  drawn  at  right  angles  from  E  to  AE  and 
^(7,  if  both  lie  above  CD. 

Ex.  3.  If  AB,  CD  bisect  each  other  in  E ;  shew  that  the 
triangles  A  ED,  BEC  are  cc(u;d  in  all  rrspects 
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Note  3.  On  Euolid^s  definition  of  an  Angle. 

Euclid  directs  us  to  regard  an  angle  as  the  inclination  of 
two  straight  lines  to  each  other,  which  meet,  but  are  not  in 
the  same  straight  line. 

Thus  he  does  not  recognise  the  existence  of  a  single  angle 
equal  in  magnitude  to  two  right  angles. 

The  words  printed  in  italics  are  omitted  as  needless,  in 
Def.  VIII.,  p.  3,  and  that  definition  may  be  extended  with 
advantage  in  the  following  terms  : — 

Def.  Let  WQE  be  a  fixed  straight  line,  and  QP  a  line 
which  revolves  about  the  fixed  point  Q,  and  which  at  first 
coincides  with  QE. 


Then,  when  QP  has  reached  the  position  represented  in 
the  diagram,  we  say  that  it  has  described  the  angle  EQP. 

When  QP  has  revolved  .so  far  as  to  coincide  with  QW, 
we  say  that  it  has  described  an  angle  eqtial  to  two  right 
angles. 

Hence  we  may  obtain  an  easy  proof  of  Prop.  xiii.  ;  for  what- 
ever the  position  of  PQ  may  be,  the  angles  which  it  makes 
with  WE  are  together  equal  to  two  right  angles. 

Again,  in  Prop.  xv.  it  is  evident  that  l  AED=  L  BEG, 
since  each  has  the  same  supplementary  z  A  EC. 

We  shall  shew  hereafter,  p.  149,  how  this  definition  may  be 
extended,  so  as  to  embrace  angles  greater  than  tu-o  right 
angles. 
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Proposition  XVI.    Theorem. 

If  o^ie  side  of  a  triangle  be  produced,  the  exterior  angle  it 
greater  than  either  of  the  interior  opposite  angles. 


Let  the  side  BC  of  A  ABC  be  produced  to  D. 
Then  must  L  ACD  be  greater  than  either  L  CAB  or  L  ABC. 
Bisect  ACinE,  and  join  BE.  I.  10. 

Produce  BE  to  F,  making  EF=BE,  and  join  FC. 
Then  in  ^s  BEA,  EEC, 

:■  BE=FE,  and  EA  =EC,  and  L  BE  A  =  i  FEG,       I.  15. 
.-.  z  ECF=  L  EAB.  \.  4. 

Now  lACD\s,  greater  than  lECF  ;  Ax.  9. 

.•.  iC  .4  CD  is  greater  than  i  EAB, 
that  is,  /  ACD  is  greater  than  z  CAB. 

Similarly,  it  AC  ho  produced  to  G  it  may  be  shewn  that 
I  BCG  is  greater  than  /  ABC. 
and  iBCG=  lACD;  1.15. 

.*.  I  ACD  is  greater  than  i  ABC. 

Q.  E.  D. 

Ex,  1.  From  the  same  point  there  cannot  be  drawn  more 
than  two  equal  straight  lines  to  meet  a  given  straight  line. 

Ek.  2.  If,  from  any  point,  a  straight  line  be  drawn  to  a 
oiven  strai'.'ht  line  making  with  it  an  acute  and  an  obtuse 
angle,  and  if,  from  the  same  point,  a  perpendicular  be  drawn  to 
tbe  mvi'n  line  ;  the  perpendicular  will  fjill  on  the  side  of  the 
acute  angle. 
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Proposition  XVII.     TnEOHEM. 

Aim  two  anyUs  uj  a  triangU  a/r6  together  less  ifutn  two  Hght 
anghi. 


'£  Q S 

Let  ABG  be  any  A . 

2%e»i  mvst  any  two  ' of  its   is  be  togdJier  lets  than  two 
rt.  L  s. 

Produce  BC  to  D. 

Then  l  AGD  is  greater  than  z  ABC.  I.  16. 

.'.   i  8  AGD,  AGB  are  together  greater  than  i  a  ABG,  AGB. 

But  i&AGD,  AGB  together = two  rt.  l  s.  I.  13. 

.•.  z  9,  ABG,  AGB  are  together  less  than  two  rt.  z  s. 
Similarly  it  may  be  shewn  that  is  ABG,  BAG  and  also 
that  z  s  BAG,  AGB  are  together  less  than  two  rt  z  s. 

Q.  E,  D. 

Note  4.  On  the  Sixth  Postulate. 
We  learn  from  Prop.  xvii.  that  if  two  straight  lines  BM 
and  CN,  which  meet  in  A,  ace  met  by  another  straight  line 
DE  in  the  points  0,  P, 


the  angles  MOP  and  NPO  are  together  less  than  two  right 

angles. 

The  Sixth  Postulate  asserts  that,  if  a  line  VE  meeting  two 
other  lines   BM,   GN  nmkos  MOP,  NI'O,   the   two  interior 
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angles  on  the  same  side  of  it,  tnprotlicr  less  than  two  ri^'ht 
angles,  BM.  and  QN  shall  meet  if  produced  on  the  same  side 
of  DB  on  which  are  the  angles  MOF  and  NPO. 


Proposition  XVIII.    Theophi. 

If  on*  side  of  a  triangle  he  greater  than  a  seeond,  the 
angle  opposite  the  first  must  he  grecUer  them  thai  opposite  the 
second. 


In  lABG,  let  side  ^Obe  grr^ater  than  AB. 
Then  must  l  ABC  he  greater  than  L  AGB. 

From  4  C  cut  off  ^  D = ^  B,  and  join  BD.  I.  3. 

Then  '.- AB^AD, 

.'.  L  ADB=  L  ABD,  L  a. 

And  •.'  CD,  a  side  of  b.BDC,  is  produced  to  A. 

:.  I  ADB  k  greater  than  z  ACB  ;  I.  16. 

.'.also  z  ABD  is  greater  than  /  ACB. 
Much  more  is  z  ABC  greater  than  z  AGB. 

\  ,  \  Q.  B.  D. 

,  V.       "■  t     —       • 

".  ■■■\->  •  ■-' 

Ex.    Shew  that  if  twt)  angles  of  a  triangle  be  equal,  the 
sides  which  subtend  them  are  equal  also  (Eucl.  I.  6). 


•  y  ^  Uu'  f-y  4L 


-v^ 
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PuoposiTiox  XIX.     Theorem. 

1/  om,  cmgte  of  a  triangle  be  greater  than  a  second,    the 
side  opposite  the  first  mv^t  be  greater  than  that  opposite  the 

second. 


In  A  ABC,  let  z  ABC  he  greater  than  z  ACB. 
Then  must  AC  be  greater  than  AB. 

For  if  AC  he  not  greater  than  AB, 

AC  must  either =J.£,  or  be  less  than  AB. 
Now  AG  cannot=^£,  for  then  I.  a. 

L  ABC  would  =  L  A  CB,  which  is  not  the  case. 
And  AC  cannot  be  less  than  AB,  for  then  I.  18. 

1.  ABC  would  be  less  than  i  ACB,  which  is  not  the  case; 
.*.  AC\s  greater  than  AB. 

Q.  E.  T>. 

Ex.  1.  In  an  obtuse-angled  triangle,  the  greatest  side  is 
)pposite  the  obtuse  angle. 

Ex.  2.  BC,  the  base  of  an  isosceles  triangle  A  C,  is  pro. 
Inced  to  any  point  D  ;  shew  that  AD  is  greater  than  AB. 

Ex.  .3.  The  perpeniiicular  is  the  shortest  straight  line,  which 
can  be  drawn  from  a  given  point  to  a  given  straight  line  ;  and 
of  others,  that  which  is  nearer  to  the  perpendicular  is  less  than 
the  more  remote. 


Book  I.l  PKOJ'OSJlIpxV  X.\.  33 

Proposition  XX.     Theorem, 
Any  tioo  sides  of  a  triangle  are  together  greater  than  the 
third  suU, 


Let  ABC  he  9.  a. 
Theyi  any   two  of  its  sides  must  he  together  greater    thmi 
(he  third,  side. 
Produce  BA  to  D,  making  AD=AC,  and  join  DG. 
Then  V  AD=AC, 

.:  lACD=  i.  ABC,  that  is,  l  BBC.  I.  a. 

Now  I  BCB  is  greater  than  i  ACB  ; 

.*.  z  BCB  is  also  greater  than  i  BDO ; 

.-.  BB  is  greater  than  BO.  L  19. 

But  BB=BA  and  AB  together  ; 

that  is,  BB  =  BA  and  ^(7  togetlicr  ; 
.'.  BA  and  AG  together  are  greater  than  BG. 
Similarly  it  may  be  shewn  that 

AB  and  EC  together  are  greater  than  AC, 
and  £0  and  CA  AB. 

Q.  K.  D. 

Ex.  1.  Prove  that  any  three  sides  of  a  quadrilateral  figure 
Are  together  greater  than  the  fourth  side. 

Ex.  2.  .>he\v  that  any  side  of  a  triangle  is  greater  than 
the  ciiftereiice  between  the  othp'*  ♦wo  sides. 

Ex.  3.  Prove  that  the  sum  of  the  distances  of  any  point 
from  the  angular  points  of  a  quadrilateral  is  greater  than 
half  the  pcriuieter  of  the  quadrilateral. 

Ex.  4.  If  one  side  of  a  triangle  be  bi.scctcd,  the  sum  of  the 
iwo  other  sides  shall  be  more  tlian  double  of  the  line  joining 
'lie  vertex  and  the  point  of  bisection. 
8.  E.  ^ 
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Proposition  XXI.     Theorem, 

7/,  from,  the  ends  of  the  side  of  a  triangle,  there  ht 
drawn  two  straight  lines  to  a  'point  within  the  triangle; 
these  will  be  together  less  than  the  oilier  sides  of  the  triangle, 
but  tvill  contain  a  greater  angle. 


Let  ABG  be  a  A,  and  from  D,  a  pt.  in  the  A,  draw  st, 
lines  to  B  and  0. 

Tlten  xvill  BD,  DC  together  be  less  than  BA,  AG, 
but  L  BUG  will  be  greater  than  L  BAG. 

Produce  BB  to  meet  AGinE. 

Then  BA,  AE  are  together  greater  than  BE.  I.  20. 

Add  to  each  EG. 
Then  BA,  ^0  are  together  greater  than  BE,  EG. 
Again,  DE,  EG  are  together  greater  than  DC.  I.  20. 

Add  to  each  BD. 
Then  BE,  EG  are  together  greater  than  BD,  DG. 
And  it  has  been  shewn  that  BA,  AC  are  together  greater 
fhan  BE,  EC ; 

.'.  BA,  AG  are  together  greater  than  BD,  DC. 
Next,  •••  iBDG  is  greater  than  /  DEG,  I.  16. 

and  z  DEG  is  greater  than  /  BAG,  I.  16. 

.'.  I  BDG  is  greater  than  z  BAG. 

Q.  E,  D. 

Ex.  1.  Upon  the  base  AB  of  a  triangle  ABG  is  described 
a  quadrilateral  figure  ADEB,  which  is  entirely  within  the 
triangle.  Shew  that  the  sides  AG,  GB  of  the  triangle  are 
together  greater  than  the  sides  A  D,  DE,  EB  of  the  quadri- 
lateral. 
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Ex.  2.  Shew  that  the  sum  nf  the  straight  lines,  joiniuj^ 
the  angles  of  a  triangle  with  a  point  within  tlie  triangle,  is 
less  than  the  perimeter  of  the  triangle,  and  greater  than  half 
the  pehmeter. 

Proposition  XXII.     Problem. 
To  nuike  a  trianrjle,  of  which   the   sidi.^   shail   be  equal  to 
thret  given  straight  lines,  any  two  of  whidi  are  together  greater 
ihan  thf-  third. 


Lfi  A.  H,  C  he  the  three  given  lines,  any  two  of  which 
are  together  greater  than  the  third. 

It  is  required  to  make  a  A  having  its  .ndes  =>  A,   J5,    C 
respectively. 
Take  a  st.  line  DE  of  anlimited  length. 
In  DE  make  DF=A,FG  =  B,  and  GH=  C.  I.  3. 

With  centre  F  and  distance  FD,  describe  0  DKL. 
With  centre  0  and  distance  GH,  describe  ®HKL. 

Join  FK  and  GK. 
Then  t^KFG  haa  its  sides  —A,B,  C  respectively. 

For  FK=FD;  Dei.  13 

•    .-.  FK=A  ; 
&iidGK  =  GH;  Def.  13. 

.-.  GK=C; 
and  FG  =  B; 
.'.  a  t^KFG  has  been  described  as  reqd.         q^  e.  p. 
Ex  1.  Draw  an  isosceles  triangle  having  each  of  the  equal 
sides  double  of  the  base. 


EUr/JD'S  EI KMENTFu 


FEook  L 


Pr;opciSiTioN  XXIII.     Problem. 

At  a  given  point  in  a  given  straight  line,  to   mdks  an 
vngU  equal  to  a  given  angle. 


Let  A  be  the   given   pt.,  BC  the  given   line,   DEF  tisa 

viven  I . 

It  is  reqd.  to  make  at  pt.  A  an  angle  =  i  DEF. 
In  ED,  EF  take  any  pts.  D.  F ;  and  join  DF. 
In  AB,  produced  if  necessary,  make  AG  =  DE. 
In  AC.  produced  if  necessary,  make  AH=EF. 
In  HC,  produced  if  necessary,  make  HK—FD. 

With  centre  A,  and  distance  AG,  describe  (SGLM. 
With  centre  H,  and  distance  HK.  describe  (SLKM. 
Join  AL  and  TIL. 
Then  •.•  LA  =  AG,  .:  LA=DE  ;  Ax.  1. 

and  •.•  HL=HK,  .:  HL=FD.  '  Ax  1. 

Then  in  as  LAH,  DEF, 

•  LA=DE,  and  AE=EF,  and  HL=FD  ; 

.-.  lLAH=iDEF.  I.e. 

,*.  an  angle  LAS  has  been  made  at  pt.  A  as  was  reqd. 

Q.   E.  F. 
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NoTK.  —  We  liere  give  the  proof  of  a  theorem,  necessary  to 
the  proof  of  Prop.  XXIV.  and  applicable  to  several  proposi- 
tions in  Book  III. 


Piu>po8iTioN  D.     Throrkm. 

Every  straight  liru,  drawn  from  the  verier,  of  a  triangle  to 
the  haxe,  is  less  thnn  th^  greats  of  the  two  sides,  <yr  th<tn  either, 
if  thsy  be  egv/ii. 


fn  the  A  ABC,  let  the  side  4C  be  not  lesw  than  AM. 
Take  any  pt.  i)  in  BC,  and  join  AD. 

Then  must  AD  be  less  than  AC. 


For  '.'AC  ia  not  less  than  AB  ; 

.:  L  ABD  is  not  less  than  l  ACD. 
But  I  ADC  is  greater  than  i  ABD  ; 

.:  L  ADC  is  srreatep  than  z  A  CD  ; 
.'.AC\s  j^eater  than  AD. 


L  A.  and  16. 
L  16. 


I.  19. 

Q.  K.  C. 
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Proposition  XXIV.     Theorem. 

1}  two  triiingles  have  two  sides  of  the  one  equal  to  two 
sides  of  the  other,  each  to  each,  hut  the  angle  contained  by 
the  two  sides  of  one  of  them  greater  than  the  angle  ca^Uained  by 
the  two  sides  equal  to  them  of  the  other  ;  the  base  of  that  which 
has  the  greater  angU  must  be  greater  than  the  base  of  ike  other. 


In  the  AB  ABC,  DUF, 

let  AB=DE  and  AC=DF, 

ftnd  let  I  BAG  be  greater  than  i  EDF. 

Then  must  BC  be  greater  than  EF. 

Of  the  two  sides  DE,  DF  let  DE  be  not  greater  than  DF.* 

At  pt.  D  in  St.  hne  ED  make  z  EDG^  l  BAG,  I.  23. 

and  make  DG= AC  or  DF,  and  join  EG,  GF. 
Then-.' AB=DE,  and  AG=DG,  and  z  BAC=  i  EDG, 

.:BC=EG,  1.4. 

Again,  '.' DG==DF, 

.'.  L  DFG=  I  DGF  ;  I.  4. 

"    .'.  I  EFG  is  greater  than  z  DGF ; 
much  more  then  z  EFG  is  greater  than  z  EGF  ; 

.-.  EG  is  greater  than  EF.  I.  19. 

B\iAEG=BG\ 

.*.  BG  is  greater  than  EF. 

Q.  E.  D. 

•This  line  was  added  by  Simson  to  obviate  a  defect  in  Euclid's 
proof.  Without  this  condition,  three  distinct  cases  must  be  discussed. 
With  the  condition,  we  can  prove  that  F  must  lie  below  EO. 

For  since  DF  is  not  less  than  DE,  and  DO  k  drawn  equal  to  DF, 
DO  is  not  less  than  DE. 

Hence  by  Prop.  D,  any  line  drawn  from  D  to  meet  EO  is 
less  than  DO,  and  therefore  DF,  being  equal  to  DO,  must  extend 
bej'ond  EO. 

For  another  method  of  proving  the  Proposition,  see  p.  113. 
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Proposition  XXV.     Teteorem. 

//  Ixco  triangles  have  tico  sides  of  the  one  equal  to  two  aides 
of  the  othtT,  e^ich  to  each,  bxit  the  base  of  the  one  greater  than 
tlu  boM!  of  the  other  ;  the  angle  also,  contained  h;/  the  sides  of 
thcU  which  has  the  greater  base,  rmist  be  greater  than  the  an^le 
cotitained  by  the  sides  equal  to  them  of  the  other, 

JO 


13 

In  the  A  s  ABC,  DEI, 
let  AB=DE  aud  AC=DF, 
and  let  BO  be  greater  than  EF. 
Then  rrnist  L  BAC  ht  greater  than  L  EDF. 
For  I  BAG  is  j^reater  than,  equal  to,  or  less  than  i  EDF. 
Now  I  BAC  cannot=  ^  EDF, 
for  then,  by  i.  4,  BC  woa[d=EF ;  which  is  not  the  case. 
And  i.  BAC  cannot  be  less  than  i  EDF, 
for  then,  by  i.  24,  BC  would  be  less  than  EF ;  which  is 
not  the  axue  ; 

.-.  L  BAG  must  be  greater  thivn  t  EDF. 

Q.   E.  D. 

Note. — In  Prop.  xxvi.  Euclid  includes  two  cases,  in  which 
tw3  triangles  are  equal  in  all  respects  ;  viz.,  when  the  following 
parts  are  equal  in  the  two  triangles  ; 

1.  Two  angles  and  the  side  between  them. 

2.  Two  angles  and  the  side  opposite  one  of  them. 

Of  these  we  have  already  proved  the  first  case,  iu  Prop,  b, 
so  that  we  have  only  the  second  cuse  left,  to  form  the  subject 
of  Prop.  XXVI.,  whi<h  we  sliiU  prove  by  the  method  of 
superposition. 

For  Euclid's  proof  of  Prop,  xxvi.,  see  iJ4).  114-116. 
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Proposition  XXVI.     Theorem. 

If  i/wo  triangles  have  two  angles  of  the  one  equal  to  two  angles 
of  the  other,  each  to  each,  and  one  side  equal  to  one  sida,  those 
aides  being  opposite  to  equal  anglts  in  tacli ;  Uien  must  the 
i/riangl^es  he  equal  in  all  respects. 


X. 


X 


H"     O 


In  hs  ABC,  DBF, 

let  L  ABC=  L  DEF,  and  /  ACB=  l  DFE,  and  AB=DE. 

Thm  must  BG=EF,  and  AC=DF,  and  i  BAG=  l  EDF. 

Suppose  A  DEF  to  be  applied  to  A  ABC, 

so  that  D  coincides  with  A,  and  DE  falls  on  AB. 

Then  -.•  DE=AB,  .-.EvnlX  coincide  with  B  ; 

and  •.•  /  I)EF=  L  ABC, .:  EF  wiU  faU  on  BC. 

Then  must  F  coincide  with  C :  for,  if  not, 

let  F  fall  between  B  and  C,  at  the  pt.  H.     Join  AH. 

Then  •••  l  AUB=  i  DFE,  I.  4. 

.-.  I  AHB=  L  ACB, 

the  extr.  i  =  the  iutr,  and  opposite  /  ,  M'hich  is  impossible. 

.'.  F  does  not  fall  between  B  and  C. 

Similarly,  it  may  be  shewn  that  F  does  noi  fall  on  BO 
produced. 

.-.  F  coincides  with  C,  and  .-.  BC=EF ; 

.-.  A  C^DF,  and  ^  5J  C=  z  EDF,  L  4 

and  .'.  the  triangles  are  equal  iu  all  respects. 

Q.  E.  D. 
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Mi-Krf.naveoiu  Exrrcises  on  Props.  I.  to  XXVI. 

1.  M  is  the  miduie  point  of  the  base  BG  of  an  isosceles 
tnangle  ABC,  and  iV  is  a  point  in  AG.  Shew  that  the 
ditference  bctweeu  MB  and  MN  is  less  than  that  between 
ARjox^AN. 

2.  ABC  is  a  triani;le,  and  the  angle  at  A  is  bisected  by  a 
straight  line  which  iueets  BG  at  D  ;  shew  that  BA  is  greater 
than  BD,  and  CA  greater  than  GD. 

3.  AB,  AG  are  straight  lines  meeting  in  A,  and  D  is 
a  given  point.  Draw  through  D  a  straight  line  cutting  oflf 
equal  parts  from  AB,  AG. 

4.  Draw  a  sti-aight  line  through  a  given  point,  to  make 
equal  ;iu;4le8  with  two  given  straight  lines  which  rueet. 

5.  A  given  angle  7^.4  C  is  bisected  ;  if  GA  be  pruauoed  V) 
G  and  the  angle  BAG  bisected,  the  two  bisecting  hnes  are  at 
right  an- lea. 

6.  Two  straight  lines  are  drawn  to  the  base  of  a  triangle 
from  the  vt-rtix,  one  bisecting  the  vertical  angle,  and  the  other 
bisecting  the  base.  Prove  that  the  latter  is  the  greater  of  the 
twii  lines. 

7.  Shew  that  Prop.  x\ti,  may  be  proved  without  pro- 
ducing a  side  of  the  triangle. 

8.  Shew  that  Prop.  xvui.  may  be  proved  by  means  of  the 
following  construction  :  cut  off  AD-=AB,  draw  AE,  bisecting 

c  BAG  and  meeting  BG  in  E,  and  join  DE. 

9.  SiK-'W  that  Prop.  XX.  can  be  proved,  without  producing 
one  of  ilio  hides  of  the  triangle,  by  bisecting  one  of  the  angles. 

10.  Given  two  angles  of  a  tnangle  and  the  side  adjacent 
U)  iheui,  construct  the  triangle. 

11.  Shew  that  the  perpendiculars,  let  full  on  two  sides 
of  a  tri.iiigle  iiom  xny  point  in  the  straight  lirif  bisecting  the 
mule  ci'iiiauied  hy    he  two  sides,  ai--  <MuaL 
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We  conclude  Section  I.  wiili  the  proof  (omitted  Ly  Euclidi 
of  another  case  in  whick  two  triyn^les  are  equal  in  all 
respects. 

Proposition  E.     Theorem. 

Tf  two  triangles  have  one  angle  of  the  one  equal  to  one 
angle  of  the  other,  and  the  sides  about  a  second  angle  in 
each  equal:  then,  if  the  third  angles  in  each  be  both  acute, 
both  obtuse,  or  if  one  of  Ihera  he  o  right  angle,  the  trianglet 
are  tquai  in  all  respects. 


L — ^ 


In  the  AS  ABC,  DEF,  let  i  BAG  =  jl  EDF,  AB=DE, 
BC=EF,  and  let  /.  s  ACB,  DFE  be  both  acute,  both  obtuse, 
or  let  one  of  them  be  a  right  angle. 

Then  mv^t  as  ABC,  DEF  he  equal  in  all  respects. 

For  if  AG  be  not  =DF,  make  Aa=DF  ;  and  join  BG. 

Then  in  as  BAG,  EDF, 

:•  BA=ED,  and  AG=BF,  and  l  BAG=  l  EDF, 

.'.  BG=EF  and  /  AGB=  l  DFE.  I.  4. 

But  BG=EFy  and  .'.  BG=BC  ; 

.-.  z  BCG=  L  BGC.  I.  A. 

First,  let  L  ACB  and  L  DFE  be  both  acute, 

then    L  AGB  is  acute,  and  .•.  /  BGC\s,  obtuse  ;       I.  13. 
.•.  L  BCG  is  obtuse,  which  is  contrary  to  the  hypothesis. 
Next,  let  L  AGB  and  i.  DFE  be  both  obtuse, 

then    L  AGB  is  obtuse,  and  .*.  z  BGC  is  acute  ;      I.  i:^ 
.'.  t  BCG  is  acute,  which  is  contrary  to  the  hypothesis. 
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Lastly,  let  one  of  the  third  angles  AGB,  DFE  be  a  right 
angle. 

If  z  ACB  be  a  rt.  z  , 

then  L  BGC  is  also  art.  i  ;  I.  a. 

.',  Z8    BCO,    BOG    together=two  rt  19,   which    is    im- 
possible. I.  17. 
Again,  if  i  DFE  be  a  rt.  i, 

then  L  AQB  is  a  rt.  i  ,  and  .'.  l  BGC  is  a  rt,  z  .       I.  13. 
Hence  i.  BOG  is  also  a  rt.  i . 
.'.  i.  8  BCG,  BGC  together = two  rt.  i  s,  which  is  impossible. 

1.17. 
Hence  J.  (7  is  equal  to  DF, 
and  the  A  s  ABC,  DEF  are  equal  in  all  respects. 

Q.  a  D. 

Cor.  From  the  first  case  of  this  proposition  we  deduce 
the  following  important  theorem  : 

If  two  riijht-tingled  triangles  ha/ve  the  hypotenuse  and 
one  side  of  the  one  equal  respectively  to  the  hypotenuse  and 
one  side  of  the  other,  the  triangles  are  equal  in  all  respects. 

Note.  In  the  enunciation  of  Prop,  b,  if,  instead  of  the 
words  if  one  of  them  be  a  right  angle,  we  put  the  words  both 
right  anglM.  ih\»  case  of  the  proposition  would,  be  identical 
with  I.  26. 
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SECTION  II. 
The  Theory  of  Parallel  Ltnes, 

INTRODUCTION. 

We  have  detached  the  Propojiitions,  in  which  Euclid  treats 
of  Parallel  Lines,  from  those  which  precede  and  follow  them  iu 
the  First  Book,  in  order  that  the  student  may  have  a  clearer 
notion  of  the  difficulties  attending  this  division  of  the  subject, 
and  of  the  way  in  which  Euclid  proposes  to  meet  them. 

We  must  first  explain  some  technical  terms  used  in  this 
Section, 

If  a  straight  line  EF  cut  two  other  straight  lines  AB,  CD, 
it  makes  with  those  lines  eight  angles,  to  which  particular 
names  are  given. 


If 
The  angles  numbered  1,  4,  6,  7  are  cjilled  Interior  angles 

2,3,5,8   , Exterior 

The  angles  marked  1  and  7  are  called  alternate  angles. 
The  angles  marked  4  and  6  are  also  called  alternate  angles. 
The  pairs  of  angles  1  and  5,  2  and  6,  4  anrl  8,  3  and  7  iirc 
cdlleil  corresponding  angles. 

NoTK.  From  I.  13  it  is  clear  that  the  angles  1,  4,  6,  7  are 
togethor  equal  to  four  ri>'l  t   i'i^jIi-r. 
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pBopoflinoB  XXVII.    Theorem. 

1^  a  straight  line,  falling  upon  two  other  stravjht  liiies,  nuike 
the  alternate  angles  equal  to  oiu  aiMtho" ;  thei^e  two  straight 
lines  muat  be  parallel. 


Let  the  st.  line  EF,  falling  on  the  st.  lines  AB,  CD, 

make  the  alternate  l  a  AGU,  OHD  equal. 
Then  must  ABheWto  CD. 

For  if  not,  AB  and  CDvfiW.  meet,  if  produced,  either  towards 
B,  D,  or  towards  A,  C. 

Let  them  be  produced  and  meet  towards  B,  D  in  K. 
Then  GHK  is  a  a  ; 

and   •.  z  AGH  is  greater  than  i  GHD.  I.  16. 

But  lAGB=  I  GHD,  Hyp. 

which  is  impossible. 

.'.  AB,  CD  do  not  meet  when  produced  towards  B,  D. 

In  like  mnnner  it  mny  be  .shewn  that  they  do  not  meet 
when  produced  towards  A,  C. 

,-.  AB  ;ind  CD  nre  parallel  Def.  26. 

q.  K.  D. 
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Proposition  XXVIII.     Tiieohkm. 

If  a  straight  line,  falling  upon  two  other  straight  lines,  make 
the  eccterior  angle  eqiuil  to  the  interior  and  opposite  upon  the 
same-  side  of  the  line,  or  make  the  interior  angles  upon  the  same 
side  together  equal  to  two  right  angles  ;  tJie  two  straight  lines 
are  parallel  to  one  another. 


Let  the  at.  line  BF,  falling  on  st.  lines  AB,  CD,  make 
I.    /  E(rB  =  corresponding  z  GHD,  or 
II,    z  8  BGH,  GHD  togetlier=two  rt.  i  a. 
Then,  in  either  case,  AB  miist  he  ||  to  CD. 

1.  •/  L  EGB  ia  given  =  /  GHD,  Hyp. 

and  I  EGB  is  known  to  be=  z  AGH,  L  15. 
.-.  I  AGH=  L  GHD  ; 
and  these  are  alternate  l  s  ; 

.-.  AB  is  II  to  CD.  I.  27. 

IL  •/  z  s  BGU,  GHD  together = two  rt.  l  s,  Hyp. 

and  L  s  BGH,  ^Gif  together  =  two  rt.  l  s,  I.  13. 
:.  L%  BGH,  AGH  together  =  /  s  BGH,  GHD  together  ; 
.-.  iJGH=  I  GHD; 

:.  ABht  to  CD.  1.27. 
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Note  5.  On  the  Sia:th  Populate. 

la  the  place  of  Euclid's  Sixth  Postulate  many  modern 
writers  on  Geometry  propose,  as  more  evident  to  the  senses, 
the  following  Postulate  : — 

"  Two  straight  lines  which  cut  one  another  cannot  both  be 
iiarallel  to  the  same  straight  line." 

If  this  be  assumed,  we  can  prove  Post.  6,  as  a  Theorem, 
thus  : 

L"t  the  line  EF  falling  on  the  lines  AB,  CD  make  the  /.  a 
BGH,  GHD  together  less  than  two  rt.  z  8.  Then  must  AB, 
CD  meet  when  produced  towaxda  B,  D. 


For  if  not,  suppose  AB  and  CD  to  be  paralleL 
Then  •/  z  s  AGU,  BGH  together = two  rt.  /  s,  I.  13. 

and  I  s  GHD,  BGH  are  together  less  than  two  rt.  t  b, 
.•.  L  AGH  is  greater  than  z  GHD. 
Make  /  MGH=  l  GHD,  and  produce  MG  to  jV. 
Then  '.•  the  alternate  i  s  MGH,  GHD  are  equal, 

.-.  MN  is  II  to  CD.  I.  27. 

Thus  two  lines  MN,  AB  which  cut  one  another  are  both 
parallel  to  CD,  which  is  impossible. 

..  AB  and  CD  are  not  parallel. 
It  b  also  clear  that  they  meet  towards  B,  D,  because  GB 
lies  between  GN  and  HD. 

Q.  K.  u. 
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Proposition  XXIX.     Thkorem. 

IJ  a  straight  line  jcdl  upon  two  >  arallel  straight  lines,  it 
makes  the  ttoo  interior  angles  upon  the  same  side  together  equal 
to  two  right  angles,  and  also  tiie  alternate  angles  equal  to  oiu 
another,  and  als>o  the  exterior  angle  eqii-ai  to  the  interior  and 
oppo-dte  upon  the  same  sid^. 


/JP 

Let  the  st.  line  EF  fall  on  the  parallel  st,  lines  AB,  CD. 
Then  nvtist 

I.    z  s  BGH,  GHD  together = two  rt.  /  a. 
n.    L  ^Gif= alternate  l  GHD. 
III.    /.  jy6r5= corresponding  i  GHD. 
I.    Z  s  BGH,  GHD  cannot  be  together  less  tlian  two  rt.  l  8, 
lor  then  AB  and  CD  would  meet  if  produced  towards 
B  and  D,  Post.  6. 

which  cannot  be,  for  they  are  pjiralleL 
Nor  can  /  s  BGH,  GHD  be  together  greater  than  two 
rt.  z  8, 
for  then  z  s  AGH,  GHC  would  be  together  less  than 
two  rt.  z  s,  I.  13. 

and  AB,  CD  would  meet  if  produced  towards  A  and  C 

Post,  6 
which  cannot  be,  for  they  are  parallel, 
.•.  z  s  BGH,  GHD  together = two  rt.  ^  s. 
II.  •.•  z  s  BGH,  GHD  together = two  rt.  z  s, 

and  z  s  BGH,  AGH  together = two  rt.  z  s,        I.  13. 
.-.  z  8  BGH,  AGH  together=  is  BGH,  GHD  together, 
and  .-.  z  AGH=  z  GHD.  Ax.  3. 

HI.  •.•  I  AGH=  I  GHD, 

and  z  AGH=  z  EGB,  h  15. 

.-.  z  EGB=  z  GHD.  Ax.  1. 

9.  K.  D. 
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ExERcisua 

1.  If  tlirough  A  point.  (<jii!flistant  fnnii  two  parallel 
8trai<i;ht  lines,  two  straight  lines  be  drawn  cuttin<f  the  parallel 
stniijrht  lines  ;  they  will  intercept  o(!nnl  portions  of  tliose 
iiues. 

2.  If  a  straig;ht  line  be  drawn,  bisi'tiiicr  one  of  the  anylc-: 
of  a  triangle,  to  meet  the  (.pposite  side  ;  the  straight  lines 
drawn  from  the  point  of  section,  parallel  to  the  other  sides 
and  terminated  by  those  sides,  will  be  equal. 

3.  If  any  straight  line  joining  two  parallel  straight  lines 
lie  bisected,  any  other  straight  line, drawn  through  the  point  of 
bisection  to  meet  the  two  lines,  will  be  bisected  in  that  point 

NoTK.  One  Theorem  (A)  is  said  to  be  the  converse  of  another 
Theorem  (B).  when  the  hypothesis  in  (A)  is  tlie  conclusion  in 
(B),  and  the  conclusion  in  (A)  is  the  hypothesis  in  (B). 

For  example,  the  Theorem  1.  a.  may  be  stated  thus  : 
Hypothesis.  If  two  sides  of  a  triangle  be  equal. 
Conclusion.  The  angles  opposite  tliose  sides  must  also  be 
equal 

The  converse  of  this  is  the  Theorem  L  b.  Cor.  : 
Hyj^ofhesis.  If  tM'o  angles  of  a  triangle  be  equal. 
Conclusion.  The  sides  opposite  those  angles  muBt  also  be 
equaL 

The  following  are  other  instances  : 
Postulate  VI.  is  the  converse  of  L  17, 
I.  29  is  the  converse  of  1.  27  and  28- 


a  m 
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Proposition  XXX.     Theorem, 

Straight    lines    which    are    parallel    to    the    sa/itie    straight 
line  are  paraUeJ  to  one  another. 


Let  the  st.  lines  AB,  CD  be  each  ||  to  EF. 
Then  must  AB  be  ||  to  CD. 

Draw  the  st.  line  Gil,  cutting  AB,  CD,  EF  in  the  pte 
0,  P,  Q. 

Then  •.•  GH  cuts  the  ||  lines  AB,  EF, 

.-.  ^^  OP = alternate  z  PC^jF*.  L  29. 

And  •••  GH  cuts  the  ||  lines  CD,  EF, 

.:  extr.  /  OPD= intr.  /  PQF ;  L  29. 

/.  lAOP=  L  OPD; 

and  these  are  alternate  angles ; 

.-.  AB  is  II  to  CD  I.  27. 

Q.  K.  D, 

The  following  Theorems  are  important.  They  admit  of 
easy  proof,  and  are  therefore  left  as  Exercises  for  the 
student. 

1.  If  two  straight  lines  be  parallel  to  two  other  straight 
lines,  each  to  each,  the  first  pair  make  the  same  angles  with 
one  another  as  the  second. 

2.  Tf  two  straight  lines  be  perpendicular  to  two  other 
straight  lines,  eacli  ti)  each,  tlie  first  pair  make  the  same  angles 
witb  one  another  as  the  semnd. 
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Proposition  XXXT.     Problem. 

To  draw  a  sbai'jht   lint   through  a  given  point  parallel 
to  a  gitvn  straight  Hue. 


E 

A 

B> 

1 
/ 

B 

-D 

a 

Let  A  be  the  piven  j)t.  and  BC  the  given  Bt  line. 
It  u  required  to  draw  through  A  a  st.  liiu  ||  to  BC. 

In  BC  take  any  pt.  D,  and  join  Al>. 

Make  z  DAE=  L  ADC.  I.  23. 

Produce  EA  to  F.     Then  JSF  shall  be  'j  to  BC. 

For  ■.•  AD,  meeting  EF  and  BC,  makes  the  alternate 
auifles  equal,  that  is,  z  EAD=  l  ADC, 

.:  EF  is  \\  to  BC.  1.27. 

".  a  St.  line  has  been  drawn  through  A  |!  to  BC. 

Q.   E.  V. 

Ex.  1.  From  a  jn^en  point  draw  a  straight  line,  to  make 
an  angle  with  a  t^iven  straij^jht  line  that  shall  be  equal  to 
a  given  angle. 

Ex.  2.  Through  a  given  point  A  draw  a  straight  line 
ABC,  meeting  two  parallel  straight  lines  in  B  aud  C,  so  th;it 
8C  may  be  equal  to  a  given  straight  line. 
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Proposition  XXXII.    Theorem. 

4f  a  ««fe  of  any  triangle  be  2'>'>'oduced,  the  exteri&r  angle 
M  equal  to  the  two  interior  and  opposite  angles,  a/iid  the 
^ree  interior  angles  of  every  triangle  are  together  equal  to 
tvso  right  angles. 


Let  ABC  'be  a  A ,  and  let  one  of  its  sides,  BC,  be  pro- 
iluced  to  D. 

Then  will 
L      lACD=-  1%  ABC,  BAG  together. 
II.      LsABC,  BAC,  ACB  together = two  rt.  It. 

From  C  diaw  CE  \\  to  AB.  I.  31. 

Then  I.  •.'  BD  meets  the  lis  EC,  AB, 

.'.  extr.  z  ECD=m\.r.  i  ABC.  I  29. 

And  -.'  J  (7  meets  the  ||s  EC,  AB, 

.:  I  ACE =ahern&te  A  BAC.  1.29. 

.•    i.  8  BCD,  ACE  together=  z  s  ABC,  BAC  togethev  ; 

. .  L  ACD=  zs  ABC,  BAC  together. 
And  II.  •■•    iB  ABC,  BAC  together  =  z  A  CD, 
to  each  of  these  equals  arid  z  ACB  ; 
then  z  8  ABC,  BAC,  ACB  together=  z  s  ACD,  ACB  together. 
.-.  zs^^C,  JB^C,  ^CBtogeth6r=twoit.  zs.      1.13 

Q.  E.  D. 

Ex.  1.  Tn   an   acute-angled   triangle,  any    two    angles    are 
peater  than  the  third. 

Ex.  2.  The  straight  line,  which  bisects  the  external  vertical 
angle  of  an  isosceles  triangle  is  parallel  to  the  base. 
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Ex.  3.  If  tlie  side  Bi3  of  the  trianj^le  ABO  be  produced  to 
i),  and  AE  be  drawn  bisectiug  the  aii'fle  BAG  and  meeting 
BC  lu  E  ;  shew  that  the  angles  ABJJ,  ACD  are  together 
double  of  the  angle  A  ED. 

Ex.4.  If  the  straight  lines  bisecting  the  angles  at  the  base 
of  an  isosceles  triangle  be  produced  to  meet  ;  shew  that  they 
will  coutiiiu  an  angle  equal  to  an  exterior  angle  at  the  base  of 
the  triangle. 

Ex.  5.  If  the  straight  line  bisecting  the  external  angle  of  a 
triangle  be  parallel  to  the  base ;  prove  that  the  triangle  is 
isosceles. 

The  following  Corollaries  to  Prop.  32  were  first  given  iv 
Simson's  Edition  of  Euclid. 

Cor.  1.  The  sum  of  the  interior  angles  of  any  rectilinear 
^figure  together  with  four  right  angles  is  equal  io  tioice  as  many 
right  angles  as  the  figure  has  sides. 


Let  ABODE  be  any  rectilinear  figure. 

'lake  any  pt.  F  within  the  figure,  and  from  F  draw  the 
sL  lines  FA,  FB,  FC,  FD,  FE  to  the  angular  pts.  of  the  figure 

Then  there  are  formed  aa  many  /  s  as  tlie  figure  has 
sides. 

The  throe  z  s  in  each  of  these  A3  together = two  rt.  i  a. 

..all  the  IB  in  these  As  together = twice  as  many  right 
z  s  as  there  are  A  s,  that  is,  twice  as  many  right  z  s  as  the 
figure  has  sides. 

Now  angles  of  all  the  as=  z  s  at  A,  B,  C,  D,  E  and  l  s 
at  F, 

that  is,         -»  z  8  nf  the  figure  and  z  s  at  i'', 
and  .'.  =  z  8  iif  the  figure  and  four  rt.  z  s.      T.  15.  Cor.  2. 

.•.  z  8  of  the  figure  aud  four  rt.  z  s=twicf'  m  many  rt.  i  s 
as  the  figure  hiw  sides. 
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Cor.  2.  Tht  exterior  angles  of  amj  convex  rectilinear  figure, 
made  by  producing  each  of  its  side-^  in  succession,  are  together 
equal  to  four  right  angles. 

Every  interior  aiifrle,  as  ABC,  and  its  adjacent  exterior 
angle,  as  ABD,  together  are = two  rt.  i  a. 


1.9 


ZS 


.*.  all  the  intr.  i  s  together  with  all  the  extr.  i  • 

=  twice  as  many  rt,  z  s  as  the  figure  has  sides. 
But   all   the   intr.    i  s  together    with    four  rt. 
= twice  as  many  rt.  z  s  as  the  figure  has  sides. 
.•.  all  the  intr.  z  s  together  with  all  the  extr. 
=all  the  intr.  i  s  together  with  four  rt.  /  s. 
.*.  all  the  extr.  z  s=four  rt.  /  s. 
Note.  The  latter  of  these  corollaries  refers  only  to  convex 
figures,  that  is,  figures  in  which  every  interior  angle  is  less 
than  two  right  angles.    When  a  figure  contains  an  angle  greater 


than  Wo  right  angles,  as  the  angle  marked  by  the  dotted  Hue 
lu  the  diagram,  this  is  called  a  reflex  angle.     See  p.  149. 

£\.  1.  The  exterior  angles  of  a  quadrilateral  made  by  pro- 
ducing the  sules  successively  iire  together  equal  u>  the  interior 
anjjles. 
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Ex.  2.  Prove  that  the  interior  angles  of  a  hexagon  are  equal 
to  eight  right  angles. 

Ex.  3.  Shew  that  the  angle  of  an  equiangular  pentagon  is  j| 
of  a  right  angle. 

Ex.  4.  How  many  sides  has  the  rectilinear  figure,  the  sum 
of  whose  interior  angles  is  double  that  of  its  exterior  angles  ? 

Ex.  5.  How  many  snies   has  an  equiangular  polygon,  four 
of  whose  angles  are  together  equul  to  seven  right  angles  ? 


Proposition  XXXIIL    Theorem. 

Tht  straight  lines  which  join  the  extremities  of  two  equal  and 
■parallel  straight  lines,  tuuurds  the  swme  parts,  are  also  timvir 
selves  equal  and  paralkL 


C  o 

Let  the  equal  and  ||  st.  lines  AB,  CD  be  joined  towards  the 
same  parts  by  the  st.  lines  A  C,  BD. 

Then  must  AG  and  BD  he  equal  and  R. 

Join  BC. 
Then  .•  AB  u  II  to  CD, 

.-.  L  ^£C= alternate  L  DCB.  L  29. 

Tlien  in  A  8  ABC,  BCD, 
V  AB=CD,  and  BC  is  common,  and  i.  ABC=  l  DCB, 

.:  AC=BD,  and  l  ACB=i:  l  DBC.  L  4. 

Then  '.•  BC,  meeting  40  and  BD, 

makes  the  alternate  i  s  ACB,  DBC  equal, 

.-.AGl^WtoBD.  ''  ^/ 

g.  B.  D. 
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Miscellaneous  Exercises  on  Sections  I.  and  H. 

1.  If  two  exterior  angles  of  a  triangle  be  bisected  by 
straight  lines  which  meet  in  0;  prore  that  the  perpendiculars 
from  0  on  the  sides,  or  the  sides  produced,  of  the  triangle  are 
equal. 

2.  Trisect  a  right  angle. 

3.  The  bisectors  of  the  three  angles  of  a  triangle  meet  in 
one  point. 

4.  The  perpendiculars  to  the  three  sides  of  a  triangle  drawn 
from  the  middle  points  of  the  sides  meet  in  one  point. 

5.  The  angle  between  the  bisector  of  the  angle  BAG  of  the 
triangle  ABC  and  the  perpendicular  from  A  on  BC,ia  equal 
to  half  the  difference  between  the  angles  at  B  and  G. 

6.  If  the  straight  line  AD  bisect  the  angle  at  A  of  the 
triangle  ABC,  and  BDE  be  drawn  perpendicular  to  AD,  and 
meeting  u4C,  or  J-O  produced,  in  JS;  shew  that  BD  is  equal 
to  DE. 

7.  Divide  a  right-angled  triangle  into  ,two  isosceles  tri- 
angles. 

8.  AB,  CD  are  two  given  straight  lines.  Through  a  point 
E  between  them  draw  a  straiglit  line  GEH,  such  that  the  in- 
tercepted portion  GH  shall  be  bisected  in  E. 

9.  The  vertical  angle  0  of  a  triangle  OPQ  is  a  right,  acute, 
or  obtuse  angle,  according  as  OR,  the  line  bisecting  PQ,  is 
equal  to,  greater  or  less  than  the  half  of  PQ. 

10.  Shew  by  means  of  Ex.  9  how  to  draw  a  perpen- 
dicular to  a  given  straight  line  from  its  extremity  without  pro- 
ducing it 
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SECTION  in. 

On  the  Equality  of  Rectilinear  Figures  in  respect  cf  Area. 


The  amount  of  space  enclosed  by  a  Figure  is  called  the 
Area  of  that  ticinre. 

Euclid  calls  two  fii^ures  eiiunl  when  they  enclose  the  same 
amount  of  space.  Tliey  may  lie  dissimilar  in  shape,  but  if  the 
areas  contained  within  the  boundaries  of  the  tijfures  be  the 
same,  then  he  calls  the  figures  equal.  He  ret^ards  a  triangle, 
for  example,  as  a  figure  having  sides  and  angles  and  area,  and 
he  proves  in  this  section  that  two  triangles  may  have  equality 
of  area,  though  the  sides  and  angles  of  each  may  be  unequal. 

Coincidence  of  their  boundaries  is  a  test  of  the  equality  of 
all  geometrical  magnitudes,  as  we  explamed  in  Note  I, 
page  l<> 

lu  the  case  of  Imes  aud  angles  it  is  the  only  test :  in  the 
case  of  Jigure-^  it  is  a  test,  but  not  the  only  test ;  as  we  shall 
shew  in  this  Section. 

The  sign  =,  standing  between  the  symbols  denoting  two 
figVjres,  must  be  read  in  equal  in  area  to. 

Before  we  proceed  to  prove  the  Propositions  inohided  in 
this  Section,  we  mnst  complete  the  list  of  Definitions  required 
in  Book  T.,  continuing  the  numbers  prefixed  to  the  definitions 
in  page  6. 
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DBFINITIONa 

XXVII.  A  Parallelogram  is  a  f" 7 

four-sided    figure    whose    opposite 
8i(]es  are  parallel. 


tor  brevity  we  often  designate  a  parallelogi-ara  by  two 
letters  only,  which  mark  opposite  angles.  Thus  we  call  the 
figure  in  the  margin  the  parallelogram  AG. 


XXVIII.  A  Rectangle  is  a  par- 
allelogram, ha\Ting  one  of  its  angles 
a  right  angle. 


Hence  by  I.  29,  ail  the  angles  of  a  rectangle  are  right 
angles. 


XXIX   A  Rhombus  ia  a  par- 
allelogram, having  its  sides  equal 


XXX.  A   Square    is    a    paral- 

lelogram,  having    its    sides    equal 

and    one  of    its    angles    a    right  j 

angle.  ! 

Hence,  by   I.    29,   all  the  angles  of  a  Bqnare  are   rigra 
angles. 


XXXI.  A   Trapezium    is    a  7 
four-sided    figure    of  which  two         \                             / 
sides  only  are  parallel.                              \, / 

XXXII.  A  Diagonal  of  a  fonr-sided  figure  is  the  straight 
line  joining  two  of  the  opposite  auffular  points. 
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XXXIII.  The  Altitude  of  a  Parallelogram  is  the  perpen- 
dicular disumce  oi  one  ot  its  sides  from  the  side  opposite, 
ipirai-ded  as  the  Ease. 

The  altitude  of  a  triangle  is  the  perpendicular  distance  ol 
one  of  its  angular  points  ifrom  the  side  opposite,  regarded  as 
the  Viase 

Thus  if  ABGD  be  a  parallelogram,  and  AE  a  perpendicular 
let  fall  from  A  to  CD,  AE  is  the  altitude  f  the  parallelogram, 
and  also  of  the  triangle  ACID. 


If  a  perpendicular  be  let  fall  from  B  to  DO  produced,  meetr 
ing  DC  in  F,  BF  is  the  altitude  of  the  parallelogram. 

Exercises. 
Prove  the  following  theorems  : 

1.  The  diagonals  of  a  square  make  with  each  of  the  sides 
iiu  angle  equal  to  hidf  a  right  angle. 

2.  If  tw(^  straight  lines  bisect  each  other,  the  lines  joining 
their  extremities  will  form  a  parallelogram. 

3.  Straight  lines  bisecting  two  adjacent  angles  of  a  paral- 
lelogram intersect  at  right  angles. 

4.  If  the  straight  lines  joining  two  opposite  angular  points 
of  a  parallelogram  bisect  the  angles,  the  parallelogram  is  a 
rhombus. 

5.  If  the  opposite  an(,'lts  of  a  quadrilateral  be  equal,  the 
quadrilateral  is  a  parallelogram. 

6.  If  two  opposite  sides  of  a  quadrilateral  figure  be  equal  to 
one  another,  and  the  two  remaining  sides  be  also  equal  to  one 
another,  the  figure  is  a  parallelogram. 

7.  If  one  angle  of  a  rhombus  be  equal  to  two-thirds  of  two 
right  angles,  the  diagonal  drawn  from  that  angular  point 
divides  the  rhombus  into  two  equil;iteral  triaiigies. 
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PnoposrrioN  XXXIV.     Theorem. 

The  opfosUe  sides  and  angles  of  a  parallelogram  are  equal  U 
one  another^  aniA  the  diagonal  hiseds  it. 


V  D 

Let  ABDG  be  a  O,  and  BC  a  diagonal  of  the  O. 
Tlien  must        A B=DO  and  AC=DB, 
and         iBAC=  t  CJJB,  and  i  ABI)==  i  AOD 
and  A  ABC=^  A  BOB. 

For  -.■  AB'isW  to  CD,  and  BG  meets  them, 

.'.  /  yl5(7=  alternate  l  BOB  ,  I.  29 

and  •.•  ACi&\\  to  £D,  and  BC  meets  them, 

.'.  I  ^C5= alternate  z  D5C.  L  29. 

Then  in  As  ABC,  BCB, 

'.•  I  ABC=  L  BCB,  and  i  ACB=  l  BBC, 
and  BC  is  common,  a  side  adjacent  to  the  equal  ^  s  in  each  , 
.-.  AB^BC,  and  AC=BB,  and  i  BAC=  l  CBB, 

and  aABC=^  a  DCS  I.  b. 

Also  •.'  z  ^J5(;=  L  BCB,  and  z  i)BC=  i  ACB, 

.:  I  s  ABC,  BBC  together  =  i  s  BCB,  ACB  together, 
that  is,  I  ABB  =  I  ACB. 

Q.  E.  D. 

Ex.  1.  Shew  tliat  the  diagonals  of  a  paralleloffram  bisect 
each  other. 

Ex.  2.  Shew  that  the  diagonals  of  a  rectangle  are  equal. 
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Proposition  XXXV.    Theorkm. 

Paralh'logravis  on   the  same   hose  aud    befu-een    fh^.   snw 
liarallels  are  eqticU. 

A T)  :b_ 


B         a 

Let   tbe   Os   ABfD,  EBCF  be   on   the  same  l)ase  BC 
and  between  the  same  ||s  AF,  BC. 

Th-en  mitst  EJ  ABCD=CJ  EBCF. 
Case  1.  If  AD,  EF  Lave  no  point  common  to  bo^h, 
Theo  in  the  As  FDC,  EAB, 

:■  extr.  /.  FI)C=wtr.  /  EAB, 
and  intr.  /  DEC  =  extr.  L  AEB, 
and  DC=AB, 
.*.  £,FDC=  aFAB. 

Now  O  ABCD  with  a  i^I>C=figure  ABCF -. 
and  O  jEBCJJ'  with  A  .E-45=%ure  ABCF; 
.:  O  ^iiCD  with  A  FDC=CJ  EBCF  with  a  EJP 
.:  O  ABCD=CJ  EBCF. 


1,29. 
1.29. 
I.  34. 
L96. 


Oask  n.     If    the    sidp'!    AT),   EF    overlap    one    another, 

4     j?^— J 


the  same  metliod  of  proof  appiTe 
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Case  III.  If  the   sides   opposite   to   BQ  be  terminated  in 
the  same  point  i>. 


-B  C 

the  same  method  of  proof  is  applicable, 
~  but  it  is  easier  to  reason  thus  : 

Each  of  the  ZZ7s  is  double  of  A  BDG  ;  I.  34 

.-.  O  ABCD==nJ  DBGF. 

Q.  B.  D. 

Proposition  XXXVI.     Theorkm. 
Parallelograms    on    equal    bases,    and    between    the    s«mu 
parallels,  O/rt  equal  to  one  another. 


s  n  fa 

Lift;  the  Os  ABCD,  EFGH  be  on  equal  bases  BC,  FG, 
and  between  the  same  Us  AH,  BG. 

Then  must  £J  ABCD=^CJ  EFGH. 
Join  BE,  CH. 
Titoa  •.•  BC=FG,  Hyp. 

and  ER^FG;  1.34. 

.■.BC=^En; 
and  BC  is  ||  to  EH.  Hyp. 

.-.  EB  is  \\  to  CH;  I.  33. 

.•.  EBCH  is  a  parallelogram. 
Now  O  EBCII  =  LJABCD,  I.  35. 

*.*  they  are  on  the  same  base  BC  and  between  the  same  ||s  ; 

and  Z~  EBCE=€JEFGH,  I.  35. 

'.•  they  are  on  the  same  base  EH  and  between  the  same  ||s  ; 
fO  ABCD =CJ  EFGH 

Q.  E.  D. 
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Proposition  XXXVII.    Theorem. 

Triangles    vpnn    the    same    base,    and    beticeen    the    sanif 
parallels,  are  e^ual  to  one  another. 


Let  A  8  ABC,  DBC  be  on  the  saiue  base  BC  and  between 
the  same  ||s  AD,  BC. 

Th.eii  mtist  A  ABC=  A  DBC. 

From  B  draw  BE  \\  to  CA  to  meet  DA  produced  in  E. 
From  C  draw  CF  ||  to  BD  to  meet  AD  produced  in  F. 

Then  EBGA  and  FCBD  are  parallelograms, 

and  0  BBC  A  =  £J  FCBD,  I.  35. 

'.'  they  are  on  the  same  base  and  between  the  same  ||8. 

Now  A  ABC  is  half  of  £7  EBCA,  J.  34 

and  A  DBC  is  half  of  O  FCBD ;  I.  3-1. 

.-.  aABC=aDBC.  Ax.  7 

Q.  E.  n. 

Ex.  1.  If  P  be  a  point  in  a  side  AB  of  a  parallelofrraiii 
ABCD,  and  PC,  PD  be  joined,  the  triangles  FAD,  FBC  are 
together  equal  to  the  triangle  PDC. 

E.K.  2.  Two  straight  lines  AB,  CD  intersect  in  E,  and  the 
triangle  AEC  is  equal  V)  the  triangle  BED.  Shew  that  BC 
is  parallel  to  AD. 

Ex.  3.  U  A,  B  be  points  in  one,  and  C,  D  points  id 
another  of  two  parallel  straight  lines,  and  the  lines  AD,  BC 
intersect  in  E,  then  the  triangles  AEC,  BED  are  equid. 
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Proposition  XXXVIII.     Thborem. 

Triangles  ii/pon  equal  bases,  and  between  the  same  pareUleh 
are  equal  to  one  another. 


Let  AS  AB(t,  DEF  be  on  equal  bases,  BC,  EF,  and 
between  the  same  ||s  BF,  AD. 

Then  must  A  ABC=  A  DEF. 

From  B  draw  EG  \\  to  OA  to  meet  DA  produced  in  G. 
From  F  draw  FH  ||  to  ED  to  meet  AD  produced  in  H. 
Then  CG  and  EH  are  paralleloj^rams,  and  they  are  equal. 

•.•  they  are  on  equal  bases  BG,  EF,  and  between  the  same 
1)3  BF,  GH.  I.  36. 

Now  A  ABC  is  haK  of  O  CO, 
and  AZ>i;i^ishalf  of  £7i;J3'; 

.-.  aABC=aDEF.  Ax.  7. 

Q.  E.  D. 

Kx-  1.  Shew  that  a  straight  line,  drawn  from  the  vertex 
of  a  triangle  to  bisect  the  base,  divides  the  triangle  into  two 
equal  parts. 

Kx.  2.  If  the  triangles  in  the  Proposition  are  not  towards 
the  same  parts,  shew  that  the  straight  line,  joining  the  vertices 
of  the  triangles,  is  bisected  by  the  line  containing  the  bases. 

Kx.  3.  In  the  equal  sides  AB,  AC  oi  an  isosceles  triangle 
ABC  jxiints  D,  E  are  taken  such  that  1.'^=  AE.  Shew  that 
the  triangles  CBV,  ABE  are  equal. 
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Proposition  XXXIX.     Thborkm. 

Eqital  trianalex  uyoii  the  same  base,  and  upon  the  same  <*vit 
aj  it,  art  betiveen  the  same  pdralleh. 


Let  the  equal  A  s  ABC,  DBG  be  on  the  same  base  BCf  and 
on  the  same  Bide  of  it. 

Join  AD. 

Then  must  A  D  he  ||  to  BO. 

For  it  not,  throuijh  A  draw  .4  0  ||  to  EC,  so  as  to  meet  BD. 
ot  BD  produced,  in  0,  and  join  00. 

Then  •.•  as  ABC,  OBC  sltq  on  the  same  boae  and  between 
the  sdiiie  ||s, 

.-.  A  ABC=  A  OBC.  L  37 

But  A  ABC=  A  DBG ;  Hyp 

.-.  A  OBG=  A  DBC, 
the  les8=the  greater,  which  is  impossible  ; 
'.  AO\b  not  II  to  BG. 
In  the  same  way  it  may  be  shewn  that  no  other  line  passing 
fchrouyh  A  but  ^Z>  irf  ||  to  BG ; 

.-.  AD  is  !1  to  BC. 

q.  K.  D 

Ex.  \.  AD  is  parallel  to  BG ;  AC,  ED  meet  in  E ;  BC  is 
produced  to  P  so  th;>t  the  triangle  PEE  is  equal  to  the 
triancle  ABC:  shew  that  PD  is  p:irallel  to  AC. 

Ex.  2.  If  of  the  four  triangles  into  wMch  the  diagonals 
divide  a  quadrilateral,  two  opposite  ones  are  equal,  the  quad- 
rilateral has  two  opposite  sides  parallel 
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Pkoposition  XL.    Throrem. 

Equal  triangles  upon  eq^ial  ha-^is,  in  the  f.a/rn«  straigkt  line, 
aiui  towards  the  sa/nie  parts,  are  between  the  same  parallels. 


Let  the  equal  as  ABC,  DEF  be  on  equal  bases  BC,  Ei 
in  the  same  st.  line  BF  and  towards  the  same  parts. 
Jem  AD. 

Then  must  AD  be  \\  to  BF. 

For  if  not,  through  A  draw  AO  ||  to  BF,  so  as  to  meet  ED. 
or  ED  produced,  in  0,  and  join  OF. 

Then  a  ABC=  a  OEF,  v  they  are  on  equal  bases  and 
between  the  same  lis.  L  38. 

But  i\ABG=  i^DEF;  Hyp. 

.-.  ^  OEF  =  A  DEF, 
the  leas=the  p;reater,  which  is  impossible. 
,-.  J  0  is  not  II  to  BF, 
In  the  same  way  it  may  be  shewn  that  no  other  line  passing 
through  A  but  AD  is  ||  to  BF, 

,-.  vlD  is  II  to  Bl: 

Q.  K.  D. 

Ex.  1.  Tf  the  triangles  be  nnt  towards  the  same  parts,  shew 
that  the  straight  line  joining  tlie  vertices  of  the  triangles  is 
bisected  by  the  line  containing  the  bases. 

Ex.  2.  The  straight  hne,  joining  the  points  of  bisection  of 
two  sides  of  a  triangle,  is  parallel  to  the  base. 

Ex.  3.  The  straight  lines,  joining  the  middle  points  of  the 
8j(lo8  of  a  triangle,  div'rjo  it  inrn  four  eqn.il  tri,ii!gl<'s. 
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Proposition  XLI.     Theorem. 

If  a  paraUelogratH  and  a  triangle  be  ujtnn  the  same  base,  and 
between  the  satne  pa/rallelsy  the  fa/raUe.hgram,  is  double  of  Vu 
triangle. 


Let  the  O  A  BCD  and  the  A  EBC  be  ou  the  same  base  BC 
nd  between  the  same  ||s  AE,  BC. 

T}ien  must  CJ  ABCD  be  double  of  A  EBC. 

Join  A  C. 

Then  lABC=  is  EBC,  v  they  are  on  the  same  base  and 
between  the  same  ||d  ;  I.  37. 

and  O  ABCD  is  double  of  A  ABC,  •.•  ^C  is  a  diagonal  of 
A  SOD  ;  I.  34. 

.-.  O  ABCD  ia  double  of  A  EBC. 

Q.  E.  T). 

Ex.  1.  If  from  a  point,  without  a  parallelogram,  there  be 
drawn  two  straight  lines  to  the  extremities  of  the  two  opposite 
Rides,  between  wiiioh.  when  produced,  the  point  does  not  lie, 
the  difference  of  the  triangles  thus  formed  is  equal  to  half  the 
pariillelogr.im. 

Kx.  2.  The  two  trianglrs,  formed  by  drawing  straight  lines 
froii\  any  point  within  a  parallelogram  to  the  extreuulies  of 
it*"  opposite  sides,  are  together  half  of  tin;  parallelogram. 
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Proposition  XLII.     Problem. 

To  describe  a  imralldogram  that  shall  be  ".qual  to  a  given 
triangle,  and  luive  one  of  its  anyles  equal  io  u  given  angle. 

a 


Let  ABC  be  the  given  A ,  and  D  the  given  /  . 
It  is  required  to  describe  a  EJ  equal  to  A  ABC,  having  one 
of  its  is==  iD. 

Bisect  BC  in  E  and  join  AE.  I.  10. 

At  E  make  i  CEF=  l  D.  I.  23. 

Draw  AFG  \\  to  BG,  and  from  0  draw  CG  i|  to  F,». 
Then  FECG  is  a  parallelogram. 

Now  aAEB=aAEC, 
•.•  they  are  on  equal  bases  and  between  the  same  lis.  I.  38. 

.-.  A  ABC  is  dcmble  of  A  AEG. 
But  O  FECG  is  double  of  a  AEC, 

','  they  are  on  same  base  and  between  same  U.S.  i.  41. 

.  •.  O  FECG  =aABC,  a  X.  6. 

and  CJ  FECG  has  one  of  its  /  s,  CEF=.  L  D. 
.'.  O  FECG  has  been  described  as  was  reqd. 

Q.  E.  F. 

Ex.  1.  Describe  a  triangle,  which  shall  be  equal  to  a  piven 
parallelogram,  and  have  one  of  its  angles  equal  to  a  given 
rectilineal  angle. 

Ex.  2.  Construct  a  parallelogram,  equal  to  a  giver  tnaMgle, 
and  such  that  the  sun\  of  its  sides  shall  be  equal  to  the  sum 
of  the  sides  of  the  triangle. 

F,x.  3.  The  perimeter  of  an  isosceles  triangle  is  greaier  than 
the  perimeter  of  a  rectangle,  which  is  of  the  same  aititr.de 
vrilh.  and  equal  t<.,  tln^  -ivon  triingle. 
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Proposition  XLIII.     Theorem. 
Thi  compleTiient-x   of  the   ■parallelograms,   lohich   are  about 
the  diameter  of  any  parallelogram,  are  equal  to  one  another. 


Let  ABCJy  be  a  O,  of  which  BD  ia  a  diagonal,  and 
£0,  HK  the  Os  about  BD,  that  is,  through  which  BB 
pa-sses. 

and  AF,  FC  the  other  LJa,  which  make  up  the  whole 
figure  ABCD, 

and  which  are  .'.  c;illed  the  Compleuients. 
Then  mv^t  comjilemenl  AF=coni)lement  FC. 

For  ".•  BD  is  a  diagonal  of  O  A  C, 

.-.  A  ABD=  A  CDB  ,  I.  34. 

and  •.•  BF  is  a  diagonal  of  O  HK, 

.:  A  nBF=  aKFB;  L  34. 

and  •.•  FD  is  a  diagonal  of  O  £■(?, 

.-.  A  EFD=  A  GjDii'.  T.  34. 

Henw  sum  of  as  H^i*',  ^jp'j[)=sum  of  A s  KFB,  GDF 
Ti\kfl  these  equals  from  as  ABD,  CDB  respectively, 

thfin  remaining  O  uil^=  remaining  CJ  FC.  Ax.  3. 

Q.  E.  D. 
Ex.  1.  Tf    through     a    point    0,    within    a    parallelogram 
ABCD,  two  straight   lines   are  drawn  parallel  to  tlie   side", 
and  the  panillelograms    OB,  OD  are  equal  ;   the  point  0  is 
in  the  diagonal  AC. 

Ex.  i  ABCD  io  a  parallelogram,  AMN  a  straight  line 
meeting  the  sides  BC  CD  (one  of  them  being  produced)  in 
Af,  N  Shew  that  the  triangle  MBN  is  equal  to  the  triangle 
MDC. 


TO 
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Proposition  XLIV.     Problem. 

To  a  given  straight  line  to  upply  a  parallelogram,  which 
shall  be  eqiial  to  a  given  triangle,  and  have  otie  of  its  angles 
equal  to  a  given  angle. 


Let  AB  be  the  given  st.  line,  C  tlie  given  A,  .D  the 
given  I  . 

It  13  required  to  apply  to  AB  a  ZZ7  =  A  (7  and  having  one 
of  its  /.  s=  I  D. 

iVIake  a  0=>  A  C,  and  having  one  of  its  angles  =  i  D,     I.  42. 

and  suppose  it  to  be  removed  to  such  a  position  that  one  of 
the  sides  containing  this  angle  is  in  the  same  st.  line  with  AB, 
and  let  the  O  be  denoted  by  BEFG. 

Produce  FG  to  H,  draw  AH  ||  to  BG  or  EF,  and  join  BH. 
Then  •.•  FH  meets  the  \\s  AIT,  EF, 

.-.  sum  of  z  s  AEF,  HFE =two  rt.  z  s  ;  I.  20. 

.•.  sum  of  z  s  BHG,  HFE  is  less  than  two  rt.  ^  s  ; 
.'.  HB,  FE  will  meet  if  produced  towards  B,  B.  T'ost.  G. 

Let  them  meet  in  K. 
Through  K  draw  KL  ||  to  EA  or  FH, 
and  produce  HA,  GB  to  meet  KL  in  the  pts.  L,  M. 
Then  HJFKL  is  a  £7,  and  UK  is  its  diagonal ; 
and  AG,  ME  are  Os  about  IIK, 
.'.  complement  i?L= complement  BF,  T.  4?. 

.-.  CJBL^  ^C. 
Also  the  O  BL  has  one  of  its  z  s,   ABM=  l  EBG,  and 
.'.  equal  to  z  £>. 

o.  v..  T. 
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Proposition  XLV.     Problem. 

To  d escribe  a  parallelogram,  which  shall  he  equal  to  a 
given  rectilinear  jUjure,  and  have  one  of  its  angles  equal  to  a 
giwn  anyU. 


£1        n   ]ic  -1  j: 

Let  ABCD  be  the  given  rectil.  figure,  and  E  the  given  I , 
It  %s  required  to  describe   a  O  =  lo  ABCD.  having   one 
of  its  L  s=  I  E. 

Join  AC. 
Describe  a  O  FGHK=  A  ABC,  having  ^  FKH=-  l  E. 

I.  42. 
To  &H  apply  a  CJ  GHML^  a  CDA,  liaving  l  GHM=  l  E. 

I.  44. 
Tlien  FKML  is  the  O  reqd. 
For  •.•  i  GHM  and  L  FKII  iue  e:ich=  i  E  ; 
.-.   I  G]IM=  L  FKH, 
.:  suuj  of  L  s  GHM,  GHK=sum  ot    i  s  FKH,  GHK 
=  two  rt.   ^  s  ;  I.  29. 

.-.  KUM  is  a  St.  line.  I.  14. 

Again.  •.•  HG  meers  the  ||s  FG,  KM, 
iFGH='  lGHM, 
.:  8UU.  of  z  s  FGH,  iJrfl  ^smn  of  i  s  GHM,  LGH 
=  two  rt.  ^b;  T.  29. 

.-.  FGL  is  a  st.  line.  I.  14. 

Then  •.•  KF  is  n  to  HG,  and  HG  is  II  to  LM 

.'.  KF  is  II  to  LM  ;  1  30. 

ai>H  KM  has  been  shown  to  be  ||  to  FL, 

.'.  FKML  is  a  para  Hologram, 
and  -.•  FH=  .\  ABC,  and  GM^  a  f'i)^, 

.-.  O  i^V/- whole  rectil.  fi.j.  J  BCD, 
and  O  F.^f  has  one  of  its  /.  s,  FKM=  l  E. 
lu  ilit!  srtuie  way  ;i  lZ7  may  ho  of.nstmcted  e(|ual  to  a  given 
n'otil.  fig.  of  iiiy  number  of  siHos,  .•infl  having  one  of  its  angles 
cijual  to  a  given  .-iii^k-.  c^.  E   F. 
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Miscellaneous  Exeroiae». 

1.  If  one  diagonal  of  a  quadrilateial  bisect  the  other,  it 
*      divides  the  quadrilateral  into  two  equal  triangles. 

2.  If  from  any  point  in  the  diagonal,  or  the  diagonal  pro- 
duced, of  a  parallelogram,  straight  lines  be  drawn  to  the 
opposite  ^gles,  they  will  cut  off  equal  triangles. 

3.  In   a  trapezium  the  straight   line,   joining  the  middle 
^  points  of  the  parallel  sides,  bisects  the  trapezium. 

4.  The  diagonals  AC,  BD  of  a  parallelogi-am  intersect  in" 
0,  and  P  is  a  point  within  the  triangle  AOB  ;   prove  that  the 
ditfeience  of  the  triangles  APB,  GPD  is  equal  to  the  sum  of 
the  triangles  APC,  BPD. 

5.  If  either  diagonal  of  a  parallelogram  be  equal  to  a 
side  of  the  figiue,  the  other  diagonal  shall  be  greater  than 
any  side  of  the  figure. 

6.  If  through  the  angles  of  a  parallelogram  four  straight 
lines  be  drawn  parallel  to  its  diagonals,  another  parallelogram 
will  be  formed,  tlie  area  of  which  will  be  double  that  of  the 
original  parallelogram. 

7.  If  two  triangles  have  two  sides  respectively  equal  and 
the  included  angles  supplemental,  the  triangles  are  equal. 

8.  Bisect  a  given  triangle  by  a  straight  line  drawn  from 
a  given  point  in  one  of  tlie  sides. 

9.  If  the  base  of  a  triangle  ABC  be  produced  to  a  poiuc 
T)  such  that  BD  is  equal  to  AB,  and  if  straight  lines  be  drawn 
from  A  and  D  to  E,  the  middle  point  of  BG  ;  prove  that  lue 
triaugle  ADE  is  equal  to  the  triangle  ABC. 

.'  10.  Prove  that  a  pair  of  the  diagonals  of  the  parallelograms, 
a/  ^'^^^-^  *"^  about  the  diameter  of  any  parallelogram,  are  parallel 
'      to  each  other. 
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Proposition  XLVI.     Problem. 
To  dtDcribe  a  soitare  upon  a  given  stravjlil  Hha 


Lf-t  AB  he  the  given  st.  )ine. 
Jt  is  required  to  describe  a  square  on  AB. 
From  A  draw  AC  i.  to  AB. 

Id  ACmaUAD^AB. 
Through  D  draw  IJJE  II  to  AB. 
Throu^'h  B  draw  BE  \\  to  AD^ 
TuKTi  AE  is  d  paiallelogrum, 
and.'.  AB=-ED,  and  AD=BE. 
Bat  45-JD; 

.-.  AB,  BE,  ED,  DA  are  all  equal ; 

.',  AE  is  equilateral. 

And  L  BAD  is  a  right  angle. 

•.  JiE  is  a  square, 

and  it  is  described  ou  AB. 


I.  11.  Cor 

L31 
1.31 

1.34 


Def.  XXX 


Q.  E.  p. 


Kx.  I.  Shew  how  to  construct  a  rectangle  whose  sides  wt, 
equal  to  ♦wo  given  straight  lines. 

Ey  2.  Shew  that  the  squares  on  equal  straight  lines  are 
ecuaL 

Ex.  3.  Shew  that  equal  squares  must  be  on  equal  straight 
ipo'v 

Ko'JE.  The  theorems  in  E.\.  2  and  3  are  assumed  by  Euclid 
in  the  proof  of  Proji.  XLViti. 
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Proposition  XLVII.     Theorkm. 

In  any  Tight-angled  triangle  the  square  which,  u  atsvrcoed  on 
the  side  subtending  the  right  angle  is  ecual  to  the  squaref 
descril/ed  uii,  thu  sides  which  contain  the  ri-ght  angle. 


Let  ABC  be  a  right-angled  A  ,  having  the  rt.  j.  BA  C. 
Then  must  sq.  on  BG=  sum  of  sqq.  on  BA .  AC. 
Oil  BC  CA,  AB  aescr.  the  sqq.  BDEC,  CKHA,  AGFh 
Through  A  draw  AL  ||  to  JBD  or  CE,  and  join  AD,  b'V. 
Then  •.•  i  BAC  and  /.BAG  are  both  rt.  z  s, 

.'.  CAG  is  a  St.  line  ;  1.  14. 

and  '.•  /.  BAC  and  L  CAR  are  both  rt.  z  s  ; 

.•.J5 J.  77  is  a  St.  line.  I.  14. 

Now  •.•  I  DBC=  L  FBA,  each  being  a  rt.  i. , 
adding  to  each  i  ABC,  we  have 

iABD=iFBC.  Ax.  2. 

Theuin  As  ABD,  FBC, 

'.■  AB=FB,  and  BD  =  BC,  and  /  AliJL)-'  L  Fcv, 

.:  A  ABD  =t  FBC.  I.  ^. 

Now  CJ  BL  is  double  of  A  ABD,  on  same  base  BD  aua 

between  same  ||  s  AL,  BD,  1.  4J- 

and  sq.  BG  is  double  of  A  FBC,  on  same  base  FB  and  «,«,- 

tween  same  Ih  FB,  GG  ;  I.  J^J. 

,-.  O  7?L=sq.  BO. 
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Similarly,  by  joining  A  E,  BK  it  may  be  shewn  thut 
O  (7i  =  sq.  AK. 

No>>  dy.  c«iJO=suin  of  CJ  BL  and  O  OL, 
=suni  of  sq.  BG  and  sq.  J.i', 
•«3Um  of  sqq.  on  BA  and  ^0. 

Q.  B.  D. 

Ex.  1.  Prove  that  the  square,  described  upon  the  diagonal 
of  any  jriven  square,  is  equal  to  twice  the  given  square. 

Ex.  2.  Find  a  line,  the  square  on  which  shall  be  equal  to 
the  sum  of  the  scjuares  on  three  given  straight  lines.  t/ 

Ex  3.  If  one  angle  of  a  triangle  be  equal  to  the  sum  of 
the  other  two,  and  one  of  the  sides  containing  this  angle  being 
divided  into  four  equal  parts,  the  other  contains  three  of  those 
parts  ;  the  remaining  side  of  the  triangle  contains  five  such 
parts. 

E».  4  The  triangles  ABC,  DBF,  having  the  angles  ACB, 
DFE  right  angles,  have  also  the  sides  AB,  ^(7  equal  to  DE, 
DF,  each  to  each  ;  shew  that  the  triangles  are  equal  in  every 
respect. 

NoTK.  This  Theorem  has  been  already  deduced  as  a  Co- 
rollary from  Prop.  E,  page  43. 

Ex.  5.  Divide  a  given  straight  line  into  two  parts,  so  that 
the  squnre  on  one  part  shall  bo  double  of  tlie  square  on  the 
nther. 

Ex.  6.  If  from  one  of  the  acute  angles  of  a  right-angled 
triiLij,*x  a  line  i)e  drawTi  to  the  opposite  side,  the  squanss  on 
that  side  and  on  the  line  so  drawn  are  together  equal  to  the 
sum  of  the  squares  on  the  segment  adjacent  to  the  right  angle 
md  on  the  hypotenuse. 

Ex.  7.  In  any  triangle,  if  a  line  be  drawn  from  the  vertex  at 
right  angles  to  the  basi-,  the  difference  between  the  squares  on 
^,<L  sirjes  n  equal  to  the  difference  between  the  squares  on  the 
egments  of  tin*  base- 
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Pkoposjtion  XLVIII.     Theorem. 

Zj'  Ok  square  descn-ibect  upon  one  of  the  sidf.s  of  a  triangle  be 
eqtMi  to  the  squares  desa-ibed  upon  the  other  two  sides  of  it,  thi 
angle  contained  by  those  sidea  i^  a  right  angle. 


a 

TjeH.-  th?  sq.  on  BC,  a  side  of  ^ABC,  be  equal  to  the  sum  of 
tbe  sqq.  on  AB,  AC. 

Tlicn  laust  I  BAG  be  a  rt.  angle, 
"^r-iin.  pL.  A  draw  ^Z>  j.  to  AC.  I.  H . 

Make  AD  =  AB,  and  join  DC. 
i'hon  ■.■AD=AB, 

.:  sq.  on  AD=sq.  on  AB  ;         I.  46,  Ex.  2. 
add  to  each  sq.  on  AC . 
"•V^n  sum  of  sqq.  on  J  D,  AC=siim  of  sqq.  on  AB,  AC. 
But  •-•  I  DAC  is  a  rt.  angle, 

.'.  sq.  on  j[>C'=suni  of  sqq.  on  AD,  AG ;         I.  47 
and,  by  hypothesis, 

sq.  on  jBC'=sum  of  sqq.  on  AB,  AC ; 
•.  sq.  on  J>C'=sq.  on  BG ; 

.:  DO=BC.  i.  46,  Ey.  3. 

xUak)  AS  ABC,  ADC, 

■:  AB=AD,  and  AG\s  common,  and  BC=DC, 

.:  i.BAC=  iDAC:  I  a 

and  L  DAC'x?.  a  rt.  angle,  by  construction  ; 
r>  AG  is  a,  rt.  anffK". 
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INTRODUCTORY  REMARKS. 

TuK  j^eometricul  figuie  with  which  we  are  chiefly  concerned 
in  this  book  is  the  Kectangle.  A  rectangle  is  said  to  be  con- 
tained by  any  two  of  its  adjacent  sides. 

Thus  if  ABCD  be  a  rectangle,  it  is  said  to  be  contained  by 
AB,  AD,  or  by  any  other  pair  of  adjacent  sides. 
A h 


B  O' 

We  shall  use  the  abbreviation  reel.  AB,  AD  to  express  The 
words  "  the  rectangle  contained  by  AB,  AD." 

We  shall  make  frequent  use  of  a  Theorem  (employed,  but  not 
demonstrated,  by  Euclid)  which  may  be  thus  stated  and  proved  . 

Proposition  A.     Theorem. 
If  the  adjacent  sides  of  one  rectangle  be  equal  to  the  adjacent 
sides  of  j,aother  rectangle,  each  to  each,  the  rectangles  are  equal 
in  area 

Let  ABCD,  EFGH  be  two  rectangles  : 

and  let  AB=EF  and  BG=1''Q. 
^  D  E  rj 


Then  must  reel.  ABCD=rect.  EFGH. 
For  if  the  rect.  EFGH  be  applied  to  the  rect.  ABCD.  so 
that  EF  coincides  with  AB, 
then  FG  will  fall  on  BC,  '.•  l  EFG=  l  ABC, 

and  a  will  coincide  with  C,  •.•  BC=FG. 
Similarly  it  may  be  shewn  that  11  will  coincide  with  D,~ 
.'.  rpct.  EFGH.  coincides  \vith  and  is  therefore  equal  to  lect 
ABCD.  y.  E.  D. 
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Proposition  I.    Theorem. 

If  there  he  two  straight  lines,  one  of  which  is  divided  into 
any  nuinher  of  parts,  the  rectangle  contained  by  the  two  straight 
lines  is  equal  to  the  recta7igles  contained  by  the  nndAvided  line 
and  tlic  several  parts  of  the  divided  line. 


Let  AB  and  CD  be  two  given  st.  lines, 

and  let  CD  he  divided  into  any  purts  in  E,  F, 

Tlien  must  rect.  AB,  CD=sum  of  rect.  AB,  OE  and  red. 
AB,  EF  ami  rect.  AB,  FD. 

From  C  draw  CG  ±  to  CD,  and  in  CQ  make  CH=^AB. 
Through  H  draw  HM  \\  to  CD.  I.  3 J . 

Througli  E,  F,  and  D  draw  EK,  FL,  DM  \\  to  CH. 
Then  iiiiT  and  FL,  being  each=CiI,  are  each  =  ^J5. 

Now  (73f  =snm  of  CK  and  EL  and  FM. 
And  C'M'=rect.  AB,  CD,         :•  CH=AB, 
CK=rect.  AB,  CE,         v  CH^^AB, 
BL==rect.  AB,  EF,         '.-  EK=AB, 
FM===rect.  AB,  FD,        v  FL=AB ; 
.:  tect.  AB,  CD  =  sum  of  rect.  AB,  CE  and  rect.  AB,  EF 
fcnd  rect.  AB,  FD. 

Q.  E.  D. 

Ex.  If  two  straight  lines  be  each  divided  into  any  number 
of  parts,  the  rectangle  contained  by  the  two  lines  is  equal  to 
tiii^  n'ctanglts  contained  by  all  the  parts  of  the  nne  taken 
separately  with  all  the  parts  of  the  other, 
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Proposition  IT.     Theorem. 

Jf  a  straight  line  be  divided  into  any  tivo  jiartx,  the  rectavgn- 
contained  by  the  vhoh  and  each  of  the  jiarls  are  foi/viher  eqvo} 
to  the.  spfuure  on  the  whole  line. 


Let  the  st.  line  AB  be  divided  into  any  two  parts  in  0. 

2'ken  Ttuist 

iiq.  on  Ab  =  sum  of  red.  AB,  AC  and  red.  AB,  CB. 

On  AB  describe  the  sq.  ADEB  I.  4fi. 

Through  C  draw  CF  n  to  Al>  I.  31. 

Then  AE=sum  J  AF  and  CK. 
Now  AE'\9.  the  sq.  on  AB, 

AF=xect.  AB,  AC,        •■'  AD=AB, 
CE=Tect  AB,  CB,        '.•  BE=AB, 
:  sq.  on  .I7?=sum  of  rect.  AB,  yl(7:ind  rect.  AB,  CB 

Q.  E.  D 

Ex.  The  square  on  a  straight  Une  is  equal  to  four  times  the 
square  on  half  the  line 


So 
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Proposition  111.     Theorem. 

If  a  straight  line  be  divided  into  any  two  parts,  the  reA^tangle 
contained  by  the  vjhoie  and  one  of  the  farts  in  equal  to  the  rect- 
angle contained  by  the  two  parts  together  with  the  square  on  the 
aforesaid  part. 


Let  the  st.  line  AB  be  divided  into  any  two  parts  in  C. 

Then  nvust 

red  AB,  CB=sum  of  rect.  AC,  CB  and  sq.  on  CB. 

On  CB  describe  the  sq.  CDEB.  1.  16 

From  A  draw  AF  \\  to  CD,  meeting  ED  produced  in  F. 

Then  ^^=snm  of  AD  and  CE. 
Now  AE= rect.  AB,  CB,         v  BE^  CB, 
AD^rect.  AC,  CB,         v  CD=CB, 
CE:=sq.  on  CB. 
.:  rect.  AB,  CB=-snm  of  rect.  AG,  CB  and  sq.  en  CB. 

Q.  E.  D. 

Note.  When  a  straiglit  line  is  cut  in  a  point,  the  distances 
01  the  point  of  section  from  the  ends  of  the  line  are  called  the 
segments  of  the  line. 

If  a  line  AB  be  divided  in  C, 

AC  -d-nd  CB  are  called  the  internal  segments  of  AB. 

If  a  line  A  C  be  produced  to  B, 

J  S  and  CB  are  called  the  external  segments  of  AC. 
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Proposition  IV.     Thkouem. 

//  a  straight  line  be  divided  into  any  two  parts,  the  sqnare 
on  tlie  whole  line  is  equal  to  the  squarea  on  the  two  parts  together 
with  twice  thu  rectangU  contained  by  the  parts. 
A  a        B 


D  a       E 

Let  the  st.  line  AB  he  divided  into  any  two  parts  in  C. 
Then  must 
(q.  on  AB=snm  of  sqq.  on  AC,  CB  and  twice  rect.  AC,  CB. 

On  AB  describe  the  sq.  A  DEB.  I.  46 

From  AD  cut  off  AU  =  CB.     Then  HD^AC. 
Draw  CG  ||  to  AD,  and  HK  \\  to  AB,  meeting  CG  in  F. 

Then  •.•BK= AH,      .\BK=CB,  Ax.  i. 

•.  BK,  KF,  FC,  CB  are  all  equal  ;  and  KBC  is  a  rt.  z  ; 

.•.  CK  is  the  sq.  on  CB.  Def.  xxx 

Also  HG=sq.  on  A  C,        :•  HF  and  ED  earh  ^AC. 
Now  ^i:=sun.  of  EG,  CK,  AF,  FF, 
AF=sq.  on  AB, 


and 


EG =sq.  on  AC, 
CK=sq.  on  CB, 
AF  =rect.  AC,  CB, 
FF=vtict.  AC,  CB, 


CF=CB, 
FG=ACaMFK=CB. 


.:  sq.  on  ^iJ=8um  of  sqq.  on  AC,  CB  and  twice  rect.  AC,  CB. 

Q,  E.  D. 

Ex.  In  a  trianfrle,  whose  vertical  angle  is  a  right  angle,  a 
straight  line  is  drawn  from  tlie  vertex  perpeiulicnlar  to  the 
base.  Shew  that  the  rectangle,  contained  by  the  segnii-nts  of 
the  bivx.',  is  equal  to  tlie  ^qiiarf  nn  the  perpendicular. 
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Proposition  V.     TnEORESi. 

If  0j  straight  line  be  divided  into  two  equal  imrts  and  also 
into  two  unequal  parts,  the  rectangle  contained  by  tlie  unequal 
parts,  together  with  the  square  on  the  line  between  the  -points  oj 
section,  is  equal  to  the  square  on  half  the  line. 

D     S 


n 


x: 


cf     w 


Let  the  st.  line  AB  be  divided  equally  in  C  and  unequally 
ml). 

Then  must 

rect.  AD,  DB  together  with  sq.  on  CD=sq.  on  CB. 

On  CB  describe  the  sq.  CEFB.  L  4G. 

Draw  Dfr  \\  U^  CB,  and  from  it  cut  oS'  I) IT  =  DR.  I.  31. 

Draw  HLK  \\  to  A  D,  and  AK  \\  to  DIL  I.  31. 

Then  rect.  DF=rQct.  AL,  v  BF=AG,  and  BD-=CL 

Also  LG=sq.  on  CD,  V  LH^GD,  and  HG^CD 

Then  rect.  AD,  DB  together  witli  sq.  on  CD 
—  AH  together  with  Lfr 
•^-H'lm  of  AL  and  CH  and  LG 
=  snm  of  DF  and  CH  and  LQ 
^CF 
=sq.  on  CB. 


q.  E.  D. 


book  IL] 


PROPOSITJO.V  VI. 


83 


Proposition  VI.     Tiieorkm. 

//  a  straigh.l  Ihie  he  bisected  and  produced  to  any  point,  tlie. 
rectangle  contained  by  the  whole  line  thus  produced  and  the  jart 
of  it  produced,  togetlier  with  the  aquare  on  half  the  line  bisected, 
».?  eqvMl  to  the  square  on  the  straight  line  which  is  vioule  up  of 
the  half  atul  the  part  jirnductd. 


A             a              JB 

7) 

1 

II 

1 

K                L 

M 
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Let  the  st.  line  AB  bo  hisertprl  in  C  nnd  produced  to  D. 

Then  mnst 

red.  AD,  DB  together  with  sq.  on  CB=sq.  on  CD. 

On  CD  describe  the  sq.  CEFD.  I.  46. 

Draw  BG  ||  to  CE,  and  cut  off  BH=-BD.  I.  :U. 

Through  U  draw  KLM  ^  to  AD  I.  ;31. 
Through  A  draw  AK  ||  to  CB. 


JMow  •.'  BQ=  CD  and  BH=BD ; 
..HG=CB; 
.'.  rect.  MC=Kct.  AL. 

Then  rect.  AD,  DB  together  with  sq.  on  CB 
=  sum  of  A  M  and  LG 
=  8um  of  AL  and  CM  and  LQ 
=sum  of  MG  and  CM  and  LO 
=  CF 
■:aq.  on  CD. 


Ax.  3. 
IF.  A 


Q.  E.  D. 
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NoTR.    We   here  give  the  proof  of  an   uuportant  theorem, 
which  is  usually  placed  as  a  corollaiy  to  rroposition  V. 


Proposition  B.     Theorkm. 

Tht,  difference  between  the  squares  on  any  two  straight  lines 
IS  equal  to  tlie  rectangle  contained  by  the  sum  and  difference  oj 
those  lines. 


B B 


E  a    If 

Let  AC,  GD  be  two  st.  lines,  of  which  AG'\%  the  greater, 
and  let  them  be  placed  so  as  to  form  one  st.  line  AD, 
Produce  AT)   to  JS,  making  CB=AC. 
Then  ^D=the  sum  of  the  lines  AC,  CD, 
and  DB= the  difference  of  the  lines  AC,  CD. 
Then  itiust  difference  beticeen  sqq.  on  AC,  CD=rect.  AD,  DB. 
On  CB  describe  the  sq.  CEFB.  I.  46. 

Draw  DO  \\  to  CB,  and  from  it  cut  off  DH=DB.  I.  31. 

Diaw  HLK  ii  to  AD,  and  AK  \\  to  DH.  I.  31. 

Then  rect.  I>J^=rect.  AL,   .■  BF=AC,  and  BD=  CL. 
Also  XG=sq.  on  CD,      ■.  ■  LH=  CD,  and  TW=CD. 
'Chen  difference  between  sqc^.  on  AC,  CD 

=  difference  between  sqq.  on  CB,  CD 

---sum  of  CB  and  DF 

«=sum  of  CD  and  AL 

^AH 

«=rect.  AD,  DH 

^leci.  AD,  DB. 

Q.  K.  D. 

Ex.  Shew  that  Propositions  V.  and  VT.  might  be  deduced 
from  this  Proposition. 
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Proposition  VII      Thkoukm. 

If  a  straight  line  he  divided  into  any  two  parts,  th« 
tquares  on  the  whole  liiie  and  on  one  of  the  'jiarts  are  equal 
to  twice  the  rectangle  contained  by  the  whole  and  Uiut  part 
together  with  the  square  on  Ihi  other  ^art. 


4                  an 

s 

a 

f 

J 

>                 J 

5-    I 

} 

Let  AB  be  divided  into  any  two  parts  in  C 
Then  must 
*qq.  on  AB,  BC=ticice  red.  AB,  BG  together  with  sq.  on  AC. 
On  AB  describe  the  sq.  A  DEB.  1.  40. 

From  AD  out  ofiF  AH=  CB. 

Draw  CF  II  to  AD  and  HGK  i|  to  AB.  I.  31. 

Then  fiJ'=sq.  on  AC,  and  CA'=sq.  on  CB. 

Then  8qq.  on  AB,  BC=sma  of  AE  and  CK 

.=sum  of  AK,  HF,  GE  and  CK 
=sum  of  AK,  HF  and  CE. 

Now  ^^==rect.  AB,  BC,         :•  BK=BC  ; 
C£=rect.  AB,  BC,         V  BE=AB  ; 
HF=6q.  on  AC. 
.:  sqq.  on  AB,  J5C=twice  rect.  AB,  ^Otofrether  with  sq.  on  AG 

Q.  E.  D. 

Ex,  If  8trai{,'ht  lines  be  drawn  from  G  to  B  and  from  0 
to  D,  shew  that  BOD  is  a  straiglit  line. 
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Proposition  VIII.     Theorem. 

If  a  straight  line  he  divided  into  amj  tivo  parts,  fom 
times  the  redaiujle  contained  by  the  whole  line  and  one  of  tlu 
partfi.  together  wiili  the  square  on  the  other  'part,  is  equal  to 
the  square  on  the  straight  line  which  is  made  up  of  tlte  whole 
and  tlie  first  port. 


M 


0 


TT 


Let  the  Pt.  line  AB  be  divided  into  any  two  parts  in  G. 

Produce  AB  to  D,  so  that  BD=BC. 
Th^n  must  four  times  red.   AB,  BC  together  with  sq.   on 
A<U=sq.  on  AD. 

On  AB  describe  the  sq.  AEFB.  I.  46. 

From  AE  cut  off  AM  and  MX  each=CiB. 
Through  C,  B  draw  CH,  BL  \\  to  AE.  I.  31. 

Through  M,  X  draw  MGKN,  XPBO  \\  to  AD.     I.  31. 
Now  •••  XE=AG,  and  XP=AC,  .'.  XE=sq.  on  AC. 

Also  AG=MP^PL=BF,  LL  a. 

and  CK=GR= BN=  KO  ;  IL  a. 

,'.  sum  of  these  eight  rectangles 

=four  times  the  .sum  of  AG,  CK 
=»four  times  AK 
=four  times  rect.  AB,  BC. 
Then  four  times  rect.  AB,  BC  and  sq.  on  ^C 
=  sum  of  the  eight  rectangles  and  A'^ff 
=  AEFD 
=sq.  on  AD.  Q-  e.  d. 
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Proposition  IX.     Theokkm. 

If  a  straiyht  liiie,  he  divided  into  two  equal,  and  aho  into 
two  unequal  parts,  the  squaiP3  an  the  two  unequal  parts  arc 
together  double  0/  the  square  on  half  the  line  aiul  of  thi' 
square  on  the  line  between  the  points  of  section. 


Let  AB  ho  div.iied  equnlly  in  C  and  unequally  in  D. 
Then  must 
tura  of  sqq.  on  AD,  DB  =  tnnce  sum  of  sqq.  on  AC,  CD. 
Draw  CE^AC  at  rt.  z  s  to  AB,  ;ind  join  EA,  EB. 
Draw  DF  at  rt.  z.  s  to  AB,  meeting  EB  in  F. 
Draw  FG  at  rt.  Lslo  EC,  and  join  AF 
Then  •.'  z  ACE  is  a  it  i , 
.".  sum  of  ^  s  AEC,  EAC^-a  n    ^  ; 
and  •.•  z  AEC=  l  EAC, 
.-.  zJlE(7=  half  art.  i. 
So  also  z  BEC  and  i  EEC  are  each  =  half  a  rt.  z  . 

Hence  /.  AEF  is  a  rt  i . 
Also,  •.•  L  GEF  is  half  a  rt.  i,  and  i  EGF  is  a  rt.  z  ; 
.-.  L  EFG  is  half  a  rt.  l  ; 
.-.  I  EFG==  L  GEF,  and  .-.  EG  =  GF. 
So  also  i  BED  is  h^ilf  a  rt.  /  ,  and  BD=DF. 


1.32. 
La. 


I.  B.  Cor. 


Now  sum  of  sqq.  on  A  D,  DB 

=  5q.  on  AB  to;;ether  with  sq.  on  DF 
=sq.  on  AF  I.  47. 

=aq.  on  AE  togethfr  with  sq.  on  EF  I.  47. 

=sqq.  on  AC,  EC  together  with  sqq.  on  EG,  GF  I.  47. 
=  twice  s.q.  on  AC  jo'^ether  with  twice  sq.  cm  GF 
=  twice  sq.  on  AC  togetht-r  with  twice  sq.  on  CD. 

'■i.  B.  D. 
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PROPOSITION  X.     Theorem. 

If  a  $frairiht  lin-e  ho,  Jmeded  and  produced  to  any  point, 
trie  square  on  the  ivhole  line  thus  produced  and  the  square  on 
the  ]>art  of  it  produced  are  together  clonhle  of  the  square  on 
half  the  line  bisected  and  of  the  square  on  the  line  made  up 
of  the  half  and  tjie  part  produced. 


Let  thn  St.  line  AB  be  bisected  in  C  and  produced  to  D. 

Th,en  mvM 

svm.  of  sqq.  on  AD,  BD^'tmce  sum  of  sqq.  on  AC,  CD. 

Draw  CBj.  to  AB,  and  make  CE=AC. 
Join  EA,  EB  and  draw  EF  \\  to  AD  and  DF  l|  to  CE. 
Then  •.*  i  s  FEB,  EFD  are  together  less  than  two  rt.  z  s, 
/.  EB  and  FD  will  meet  if  produced  towards  B,  D 
in  801329  pt.  O. 

Join  AG. 

llien  •.•  L  ACE  \?,  art.  l, 

/.    /  R  EAC,  AEC  together=a  rt.  I , 

and  •.•  lEAO=^  /.AEC, 

.-.  z  ^E6'=  half  art.  z. 

So  also  z  s  BEC,  EBC  each = half  a  rt  z . 

.*.  z  AEB  is  a  ii.  z  . 
Also  z  DBG,  which  =  z  EBC,  is  half  a  rt.  ^ , 
and  .'.  z  BGD  is  half  a  rt.  z  ; 
.-.  BD  =  DG. 


L  A. 


I.  B.  Cor. 

=half  a  rt.  z  ,  and  L_EFGjsa.xt,  z  ,  L  34. 

'  I.  R  Cor. 


Again,  •.'  z  FGK-- 

.-.  I  FEG  =  \v.\\i  a  rt.  z  ,  and  EF=FG. 
Then  sum  of  sqq.  on  .-li),  DT?    . 

i.:^t;um  of  sqq.  on  AD.  DG 

=sq,  on  AG  I.  47. 

—sq.  on  .4K  together  with  s-q.  on  EG  H'^T. 

=sqq.  on  Af\  EC  togetliei  with  sqq.  on  EF,  FG    I.  47. 

=twice  sq.  cu  ^dC  together  with  twice  sq.  on  EF 

=  twiee  sq.  on  AG  together  with  twice  sq.  on  CD    <).  k.  n 
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PuorosiTioN  XI.     Problem. 

To  divule.  a  given  dralijhl  line  into  ttvo  parts,  so  that  the  rect- 
angle coutmned  hy  the  whole  and  one  of  tJu  parts  shall  be  equal 
to  th(.  square  a  th*  ether  part, 

F ..^ (r 


1.46. 
I.  10. 

1.46. 


liet  ABhp  thf  pnfpn  pt.  T^ue. 

On  ^J5  desor  the  sq.  ADrB, 

Bisect  AD  in  E  tmd  joir  EB. 

Produce  DA  to  F,  innkinfr  EF=SB. 

On  AT  dfscr.  the  sq.  AFGE. 

Then  AB  u  diviikd  in  II  so  that  rect.  AB,  BH=$g.  on  AH. 

Produce  GH  to  K. 
Then  •.■  DA  is  hispcted  in  E  and  produced  tc  Ft 
.:  rect.  DF,  FA  together  with  sq.  on  JE 
=sq.  on  EF 

=8q.  on£A         :■  EB=EF, 
=8iim  of  sqq.  on  AB,  AE. 
Take  from  each  the  .square  on  AE. 

Then  rect.  DF,  FA=m.  on  AB. 


II.  6 

1.47. 


Now  FK = rect.  DF,  FA,        \-  FG = Fa . 

.-.  FK=^AC. 

Take  from  each  the  common  pa  it  AK. 

Tlien  FII=TTC: 

that  is,  sq.  on  J//=rfct.  AB,  BE,        :•  BC=  A  B. 

Thus  AB  is  divided  in  E  as  tras  reqd. 

Q.  E.  R. 

Ex.  Shew  iliat.  tl;e  squaics  oimue  whole  line  and  one  of  thp 
parts  are  equal  to  three  times  the  square  on  the  other  part. 
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PnorosrTidN  XII.     Theorem. 

In  obtusp^ar) r/Ied  triangles,  if  a  perpendicular  be  drawn  from 
eitlier  of  the  acute  angles  to  the  opposite  side,  produced,  the  square 
on  the  aide  subtending  the  obtuse  angle  is  greater  than  the  squares 
on  the  sides  containing  the  obtuse  'angle,  'nf  tjvice  the  rectangle 
contained,  by  the  side,  upon  vjhich,  wlien  'produced,  tlie  perpendi- 
cular falls,  and  the  straight  line  intercepted  without  the  triangle 
between  th^  perpendicular  and  the  obtuse  angle. 


Let  ABG  be  an  obtnse-anerled  A ,  haring  /  ACB  obtnse. 

From  A  draw  AD  ±  to  BC  produced. 
Then  must  sq.  on  AB  be  greater  than  sum  of  fqq.  on  BC, 
CA  by  tv/ice  rect.  BC,  CD. 

For  siBce  BD  is  divided  into  two  pans  in  C, 
sq.  on  jBD=sum  of  sqq.  on  BC,  CD,  and  twice  rect.  BC,  CD. 

II.  4. 
Add  to  each  sq.  on  DA  :  then 
sum  of  sqq.  on  BD,  Z)4=sum  of  sqq.  on  BC,  CD,  DA  and 
twice  rect.  BC,  CD. 

Now  sqq.  on  BD,  DA  =sq^.  on  AB,  I.  47. 

and  sqq.  on  CD,  i)J.=sq.  on  CA  ;  I.  47. 

.'.  sq.  on  ^i>'=sum  of  sqq.  on  BC,  CA  and  twice  rect  BC,  CD. 
.'.  sq.  on  AB  is  greater  than  sum  of  sqq.  on  BC,  CA  by 
twice  rect.  BC,  CD. 

Q.   E.    D. 

Ex.  The  s(j',Kircs  on  the  diagonals  of  a  trapezium  are 
together  equal  to  the  squares  on  its  two  sides,  which  are  not 
pftrallel,  and  twice  the  netangle  contained  by  the  sides,  which 
arc  parallel. 
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Proposition  XIII.     Theorem. 

In  every  trintiyle,  the  sqnare  on  the  side  subtending  any  oj 
the  aciite  angles  u  less  than  the  squares  on  tli-e  sides  containing 
that  angle,  by  ttvice  Ou  rectangle  contained  by  either  of  these  sides 
and  tlie  straight  line  intercepted  bdween  the  pevjiendicular,  lei 
fall  upon  it  from,  the  opposite  an^le,  and  the  acute  angle. 

Iha.  1 


c        ;i  c 

Let  ABdhe  any  A,  having  the  z  ABC  acute. 
From  A  draw  AD  ±  to  BC  or  BC  profkiced. 
Then  viust  $q.  on  AC  be  lexs  than  the  sum  of  sqq.  on  AB 
BC,  by  twice  reel.  BC.  BD. 

For  in  Fig.  1  BC  h  divided  into  two  parts  in  D, 
and  in  Fig.  2  BD  is  divided  into  two  ]jarts  in  O; 

.'.  ii!  both  cases 
sum  of  sqq.  on  BC,  BD=sum  of  twice  rect.  BC,  BD  and 

3(1  on  CD.  II.  7. 

Add  to  each  the  sq.  on  DA,  then 

sum  of  sqq.  on  BC,  BD,  DA=snwL  of  twice  rect.  BC,  BD 
and  sqq.  on  CD,  DA  ; 

.*.  sum  of  sqq.  on  BC,  J.J5=8um  of  twice  net.  BC,  BD  and 
sq.  on  AC;  I.  47 

/.  sq.  on  AC\s  less  than  sum  of  sqq.  on  AB,  BC  hy  twice 
rect,  BC,  BD. 

Tho  ca.se,  iu  which  the  perpendicular  AD  coincides  with  AC 
net^s  no  proof. 

Q.   K    D 

Ex  Prove  th.it  the  sum  of  the  squares  on  any  two  sid'  *  A 
A  trian^'Ie  is  equal  to  twice  the  sum  nf  the  squaies  on  li.',\/  lue 
base  and  on  the  line  joining  the  vertical  angle  with  the  middle 
point  of  the  base. 
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Proposition  XIV.     Problem. 

To  describe  a  square  that  shall  he  equal  to  a  given  rectih'vear 
figure. 


> 


Let  A  be  flic  crivcn  rectil.  fifnire. 
It  is  reqd.  to  describe  a  s(ptare  that  shall=A. 
Describe  the  rectangular  ZZ7  BCDE=A.         I.  45. 
Then  if  BE=ED  the  O  BCDE  is  a  square, 
and  what  was  reqd.  is  done. 

But.  if  BE  be  not ^EB,  produce  BE  to  F,  so  that  EF-^ED. 
Bisect  BF  in  G  ;  and  with  centre  G  and  distance  GB, 
describe  the  semicircle  BHF. 
Produce  DE  to  H  and  join  Gil. 

Then,  •.*  BF  is  divided  equally  in  G  and  unequally  in  E, 
.:  rect.  ££?,  EF  together  with  sq.  on  GE 

=sq.  on  GF  II.  5. 

=sq.  on  GIT 

=  sum  of  sqq.  on  EH,  GE.  I.  47. 

Take  from  each  the  square  on  GE. 

Then  roct.  BE,  Jf?F=sq.  on  T^/f. 
But  rect.  BE,  EF=BD,        :'  EF= ED ; 
.-.  sq.  on  EE=BD; 
.'.  sq.  on  ^7f— roctU.  figure  A. 

Q.  jr..  r. 

T^v.   Shew  hmv   t  i   describe  a  rectangle    equal   to  a  given 
sqnnro,  and  baring  one  of  its  sides  efjnal  to  a  given  straight 
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Mvtcellaneous  Exercises  on  Booh  II. 

1.  In  a  triangle,  whose  yertical  angle  is  a  nVht  an^le,  a 
straight  line  is  drawn  from  the  vertex  perpendicular  to  the 
base ;  shew  that  the  square  on  either  of  the  sides  adjacent  to 
the  right  angle  is  eijual  to  the  rectangle  contained  by  the 
base  and  the  segment  of  it  adjacent  to  that  side. 

2.  The  squares  on  the  diagonals  of  a  parallelogram  are  to- 
gether equal  to  the  squares  on  the  four  sides. 

3.  If  ABCD  be  any  rectangle,  and  0  any  point  either 
within  or  without  the  rectangle,  shew  that  the  smn  of  the 
squares  on  OA,  OC  is  equal  to  the  sum  of  the  squares  on  OB, 
OD. 

4.  If  either  diagonal  of  a  parallelogram  be  equal  to  one  ol 
the  sides  aV>nut  the  opposite  angle  of  the  figure,  the  square  on 
it  shall  be  less  than  the  square  on  the  other  diameter,  by  twice 
the  square  on  the  other  side  about  that  opposite  angle. 

5.  Produce  a  given  straight  line  ^i?toC,  so  thut  the  rect 
angle,  contained  by  the  sum  and  ditference  oi  AB  and  AC,  luay 
oe  equal  to  a  given  square. 

6.  Shew  that  the  sum  of  the  squares  on  the  diagonals  of  any 
quadrilateral  is  less  than  the  sum  of  the  squares  on  the  four 
sides,  by  four  times  the  square  on  the  line  joining  the  middle 
points  of  the  diagonals. 

7.  If  the  square  on  one  perpendicular  from  the  vertex  of  a 
triangle  is  equal  to  the  rectangle,  contained  by  the  segments 
of  the  base,  the  vertical  angle  Ls  a  right  angle. 

8.  Produce  a  given  straight  line  so  that  the  rectangle  con- 
tained by  the  whole  line  thus  produced  and  another  given 
straight  line  may  be  equal  to  the  square  on  the  produced 
{>art. 

9.  ABC  is  a  triangle  right-angled  at  A  ;  in  tlif  Iiypoie- 
nuse  two  points  J>.  E  avp  taken  such  that  BD  =  BA  nnd 
CE=CA  ;  shew  that  the  sqiiarf-  on  DE  is  equal  to  t\\ice  the 
rectangle  contained  by  BE,  CD. 
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10.  In  any  quadrilateral  the  squares  on  the  diagonals  are 
together  equal  to  twice  the  sum  of  tne  sqnaies  on  the  straight 
lines  joining  the  middle  points  of  opposite  sides. 

11.  If  straight  lines  be  drawn  from  each  angle  of  a  triangle 
to  bisect  the  opposite  sides,  four  times  the  sum  of  the  squaies 
on  these  lines  is  equ;U  to  three  times  the  sum  of  the  squares  on 
the  sides  of  the  triangle. 

12.  CD  is  drawn  perpendicular  to  AB.,  a  side  of  the  triangle 
ABC,  in  which  AG=  AB.  Shew  that  the  square  on  CD  is 
equal  to  the  square  on  BD  together  with  twice  the  rectangle 
AD,  DB. 

13.  If  in  any  triangle  BAG  a,  line  AD  be  drawn  bisecting 
BC  in  D,  shew  that  the  sum  of  the  squares  on  AB,  AC  \s 
equal  to  twice  the  .sum  of  the  squares  on  AD,  BD. 

14.  If  ABC  be  an  equilateral  triangle,  and  AD,  BE  bt 
perpendiculars  to  the  oppo.site  sides  intersecting  in  F  ;  shew 
that  the  square  on  AB  is  equal  to  three  times  the  square  on 
AF. 

15.  Divide  a  given  straight  line  into  two  parts,  so  that 
the  rectangle  contained  by  them  shall  be  equal  to  the  square 
desoibed  upon  a  straight  line,  which  is  Jess  than  b&lf  the  iine 
divided. 
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Note  G. — Oii  the  Measuremevt  of  Areas. 

To  nuxuntren  MiijTtiitude,  we  Hx  upon  some  magnitude  of  the 
same  kind  to  serve  as  a  standard  or  unit ;  and  then  any 
ma^niitude  of  that  kind  is  measured  by  the  immber  of  times  it 
contains  rliis  unit,  and  this  number  is  called  the  Mk^surk  of 
the  quantity. 

Suppose,  for  instance,  we  wish  to  measure  a  straijiht  line 
AB.     We  take  another  straight  line  EF  for  our  st'andard, 


/t  B  C  D  E    F 

and  then  we  say 

li  AB  contain  EF  three  times,  the  measure  ot  AB  is  3, 

if four 4, 

if X    X. 

Next  suppose  we  wish  to  measuie  two  straight  lines  AB, 
CD  by  the  same  standard  EF. 

If  AB  contain  EF  m  times 

and  CD  n  times, 

where  7h  and  n  stand  for  numbers,  whole  or  fractional,  we  say 
that  AB  and  CD  are  commensurahle. 

But  it  may  happen  that  we  may  be  able  to  find  a  standard 
line  EF,  such  that  it  is  contained  an  exact  numVior  of  times  in 
AB  ;  and  yet  there  is  no  number,  whole  or  fractional,  which 
will  express  the  number  of  times  EF  is  contained  in  CD. 

In  such  a  case,  where  no  unit-line  can  be  found,  such  that  it 
is  contained  an  exact  number  of  times  in  each  of  two  lines 
AB,  CD,  these  two  lines  are  called  incom.wevsitrahle. 

In  the  processes  of  Geometry  we  constantly  meet  with 
incommensurable  magnitudes.  Thus  the  side  and  diagonal  of 
a  square  are  iucommensu rabies  ;  and  so  are  the  diameter  and 
circumference  if  a  circle. 
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Next,  suppose  two  lines  AB^  AG  to  be  at  right  angles  to 
each  other  and  to  be  comtnensurablo,  so  that  AB  contains  four 
times  a  certain  unit  of  linear  measurement,  which  is  containod 
by  AC  three  times. 

A 


\ 

Ji 

^ 

T) 

c 

Divide  AB,  AG  into  four  and  three  ei^^ual  parts  respectively, 

and  draw  hues  through  the  points  of  division  parallel  to  AC, 
AB  respectively  ;  then  the  rectangle  ACDB  is  divided  into  a 
number  of  equal  squares,  each  constructed  on  a  line  equal  to 
the  unit  of  linear  measurement. 

If  one  of  these  squares  be  t.ilcen  as  the  unit  of  area,  the 
measure  of  the  area  of  the  rectangle  ACDB  will  be  the  luxmber 
of  these  squares. 

Now  this  number  will  evidently  be  tlie  same  as  that  obtained 
by  multiplying  the  measure  of  AB  by  the  measure  of  AG; 
that  is,  ttio  measure  of  AB  being  4  and  the  measure  of  A  C  3, 
the  measure  of  ACDB  is  4  X  3  or  12.    (Algebra,  Art.  38.) 

And  generally,  if  the  measures  of  two  adjacent  sides  of  a 
rectangle,  supposed  to  be  commensurable,  be  a  and  b,  then  the 
measure  of  the  rectangle  will  be  ab.     (Algebra,  Art.  39.) 

If  all  lines  were  connnensurable,  then,  whatever  might  be  the 
length  of  two  adjacent  sides  of  a  rectangle,  we  might  select  the 
unit  of  length,  so  that  the  measures  of  the  two  sides  should  be 
whole  luiinbers  ;  and  then  we  might  apply  the  processes  of 
Algebra  to  establish  many  Propositions  in  Geometry  by  simpler 
metiiods  than  those  adopted  by  Euclid. 

Take,  for  example,  the  theorem  in  Book  ii.  Prop.  iv. 

If  all  lines  were  commensurable  we  might  proceed  thus  ; — 
Let  the  meature  of  -4  C  be  x, 

ofCB  ...  y. 

Then  the  measure  of  AB  is  z-^-y. 

Now  (x  +  y)-  =  .r''  +  >/  +  2xy, 

which  proves  the  theorem. 


Books  1.  a.  n.\   OX  Tilt.  AJl-,AM'At:A//:\T  OJ-  AfiEAS.   g; 

i'.ut,  Inasmuch  as  all  lines  are  not  conitiiensuiahle,  we  liavf 
in  Geometry  to  trent  of  ma(j}iit')ules  and  not  of  lAA-uxures . 
that  is,  when  we  use  the  symbol  A  to  represent  a  Ime  (as 
ill  I.  22),  J.  stands  for  the  line  itself  and  not,  as  in  Algebni . 
for  the  number  of  units  of  length  contained  by  the  line. 

The  method,  adopted  by  Euclid  in  Book  II.  to  explain  thf 
relations  betsveen  the  rectangles  contained  by  certain  lines,  is 
more  exact  than  any  method  founded  upon  Algebraical  prin- 
ciples can  be  ;  because  his  method  applies  not  merely  to  the 
'jase  in  which  the  sides  of  a  rectangle  are  commensurable,  but 
ilso  to  the  case  in  which  they  are  incommensurable. 

The  student  is  now  in  a  position  to  understand  the  practical 
application  of  the  theory  of  Equivalence  of  Areas,  of  which 
the  foundation  is  the  35th  Proposition  of  Book  I,  We  shall 
give  a  few  examples  of  the  use  made  of  this  theory  in  Men- 
samtion. 


A I  tM  of  a  Pa/rallelogram. 

The  area  of  a  parallelogram  ABCD  is  equal  to  the  area 
of  the  rectangle  ABEF  on  the  same  base  AB  and  between 
nhtj  same  parallels  AB,  FC 

y  D  ft O 


Now   BE  is  the  altitude  of  the  parallelogram  ABCD  if 
AB  he  taken  as  the  base. 

Hence  area  of  O  J/jC/>  =  rect.  AB,  BE. 

If  then  the  me;isure  of  the  base  be  denoted  by  b, 

and   altitude  h, 

the  measure  of  the  area  of  the  ZZ7  will  be  denoted  by  oh 
That  is,  when  the  base  and  altitude  are  commensurable, 
measure  of  area  =  iiieii>:Mi-e  if  lia»e  into  nu-iusure  of  altitude. 
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Arta  of  a  Triangle. 

If  from  one  of  the  ;ingular  points  J.  of  a  triangle  ABC,  a 
perpendicular  AD  be  drawa  to  BC,  Fig.  1,  or  to  BC  produced, 

Fig.  2, 


Ji  2)      C  .B  C 

and    if,  in    both   cases,  a  parallelogram  ABCE  be  completed 
of  which  AB,  BC  axe  adjacent  sides, 

area  of  A  ABC=haM  of  area  of  O  ABCE. 
Now  if  the  measure  of  BC  be  b, 

and AD  ..  h, 

measure  of  area  of  ZZ7  ABCE  is  bh  ; 

.*,  measure  of  area  of  A  ABC  is  — . 

Area  of  a  Eh&mbus. 

Let  ABCD  be  the  given  rhombus. 

Draw  the  diagonals  AC  and  BD,  cutting  one  another  in  0 

n 


It  is  easy  to  prove  that  A  C  and  BD  bisect  each  other  at 
right  angles. 
Then  if  the  measure  oi  AC\>q  a;, 

and BD  ...y, 

measure  of  ar^a  of  rhombus=twice  measure  of  A  ACD. 


= twice 
~   2- 


xy 
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..    ..    .  i^.ll'ji./Ji'M. 


'}} 


Area  of  a  Trapezium. 

Let  A  BCD  be  the  given  trapezium,  hiiving  the  tfides  AB, 
CD  parallel. 

Draw  AJi  at  right  angles  to  CD. 


Produce  DC  to  F,  making  CF=AB. 

Joiu  AF,  cutting  JSC  in  0. 

Then  in  t.&  AOB; COF, 

■:  L  BA0=  l  CFO,  and  i  AOB=  c  FOC,  sn^  AB=CF; 

.:  hCOF^AAOB.  I.  26. 

Ilence  trapezium  ABCD=  t^ADF. 

Now  suppose  the  measures  of  AB,  CD,  J  E  to  be  m,  »,  p 
respectively ; 

.-.  measure  o{DF=m  +  n,  :'  CF=AB. 

Then  measure  of  area  of  trapezium 

=  i  (mea.sure  of  DF  X  measure  of  AE) 
«=i  (m  +  n)  X  p. 

That  is,  the  measure  of  the  area  of  a  trapezinra  is  found  by 
(nultiplying  half  the  measure  of  the  sum  of  tlie  parallel  sides 
by  the  measure  of  the  perpendicular  distance  between  the 
parallel  sidos. 
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Are,a  of  an  Irregular  Polygon. 

There  are  three  methods  of  finding  the  area  of  an  irregtdar 
polygon,  which  we  shall  here  briefly  notice. 

I.  The  polygon    may  be  divided    into   triangles,  and    the 
area  of  each  of  these  triangles  be  found  separately. 

J3 


:e  d 

Thuq  the  area  of  the  irregular  polygon  ABODE  is  equal 
to  the  sum  of  the  areas,  of  the  triangles  ABE,  EBD,  DBG. 

II.  The  polygon  may  be  converted  into  a  single  triangle 
of  equal  area. 

If  ABODE  be  a  pentagon,  we  can  convert  it  into  au 
vquiralent  quadrilateral  by  the  following  process  : 


Join  BD  and  draw  CF  parallel  to  BD,  meeting  ED  pro- 
duced in  F,  and  join  BF. 

Then  will  quadrilateral  ^£#E= pentagon  ABODE. 

For  A  BDF=  a  BOD,  on  same  base  BD  and  between 
same  parallels. 

Tf,  then,  from  the  pentagon  we  remove  A  BOD,  and  add 
L.BDF  to  the  remainder,  we  obtnin  a  quadrilateral  ABFE 
eanivalent  to  the  pentanon  A  BODE. 
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The  quadrilateral  may  then,  by  a  similar  process,  be  con- 
verted into  an  equivalent  triangle,  and  thus  a  polytjon  of  any 
number  «if  sides  may  be  giadiially  converted  into  an  equiva- 
lent triangle. 

The  area  of  this  triangle  may  then  be  found. 

III.  The  third  method  is  chiefly  employed  in  practice  by 
Surveyors. 


Let  ABCDEFG  be  an  irregular  polygon. 

Draw  AE,  the  lonojest  diagonal,  and  drop  perpendiculars 
on  AE  from  the  other  angular  points  of  the  polygon. 

The  polygon  is  thus  divided  into  figi'jres  which  are  either 
right-angled  triangles,  rectangles,  or  tr^peziuma  ;  and  the  areas 
of  each  of  these  figures  may  be  readily  calculated. 
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Note  7.     Or?,  Projection*, 


The  projection  of  a  j^oiwf  iJ,  on  a  straight  line  of  unlimited 
length  AE,  is  the  point  M  at  the  foot  of  the  perpendicular 
drr>pped  from  7?  on  AE 

The  projection  of  a  straight  line  BC,  on  a  straight  line  of 
unlimited  length  AE,  is  MN, — the  part  oi  AE  intercepted 
between  perpendiculars  drawn  from  JB  and  G. 

When  two  lines,  as  AB  and  AE,  form  an  angle,  the  pro- 
jection o£  AB  on  AE  is  AM, 


We  might  employ  the  term  projection  with  advantage  to 
shorten  and  luakc  cieurer  the  enunciations  of  Props,  xii.  and 
xiii.  of  Book  II. 

Thus  the  enunciation  of  Prop.  xii.  might  be  : — 

"  In  oblique-angled  triangles,  the  square  on  the  side  sub- 
tending the  obtuse  angle  is  greater  than  the  squares  on  the 
sides  containing  that  angle,  by  tM-ice  the  rectangle  contained 
by  one  of  these  sides  and  the  projection  of  the  other  on  it." 

The  enunciation  of  Prop.  xiii.  might  be  altered  in  a  similar 
manner. 
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Note  8.     On  Loci. 

Suppose  we  have  to  determine  the  position  of  a  point, 
v\hich  is  equidistant  from  the  extremities  of  a  given  straight 
Une  BC. 

There  is  an  infinite  number  of  points  satisfying  this  con 
dition,  for  the  vertex  of  any  isosceles  triangle,  described  on 
BV  aa  ita  base,  is  equidistant  fiom  B  and  (U 


Let  ABO  be  one  of  the  isosceles  triangles  deeciibed  on 

na 

If  BO  be  bisected  in  D,  MN,  a  perpendicular  to  BC 
drawn  through  D,  will  pass  through  A. 

It  is  easy  to  shew  that  any  point  in  MN,  or  MN  produced 
in  either  direction,  is  equidistant  from  B  and  C. 

It  may  also  be  proved  that  no  point  out  of  MN  is  equi 
distant  from  B  and  C. 

The  line  MN  is  called  the  Locos  of  all  the  points,  infiniti 
in  iiuml)er,  which  are  equidistant  from  B  and  C. 

I)KF.  In  piano  Geometry  Locus  is  the  name  given  to  n 
line,  straight  or  curved,  all  of  whose  points  satisfy  a  certain 
geometrical  condition  (or  have  a  common  jn^pcrty),  to  the 
exclnsion  of  all  other  puints. 
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Next,  suppose  we  have  to  determine  the  position  of  a  point, 
which  is  equidistant  from  three  given  points  A^  B,  C,  not  in 
the  asuoQ  straight  line. 


If  we  join  A  and  B,  we  know  that  all  points  equidistant 
from  A  and  B  lie  in  the  line  PD,  which  bisects  AB  At  right 
angles. 

If  we  join  B  and  C,  we  know  that  all  points  equidistant 
from  B  and  C  lie  in  the  line  QE,  which  bisects  BG  at  right 
angles. 

Hence  0,  the  point  of  intersection  of  FD  and  QE,  is  the 
only  point  equidistant  from  A,  B  and  G. 

FD  is  the  Locus  of  points  equidistant  from  A  and  B, 

QE Band  C, 

aud   the   Intersection   of  these  Loci  determines    the    point, 
which  is  equidistant  from  A,  B  and  C. 

Exwm/ples  of  Loci. 
Find  the  loci  of 

(1)  Points  at  a  given  distance  from  a  given  point. 

(2)  Points  at  a  given  dist;mce  from  a  given  straight  line. 

(3)  The  middle  points  of  straight  lines  drawn  from  a 
given  point  to  a  given  straight  line. 

(4)  Points  equidistant  from  the  arras  of  an  angle. 

(5)  Points  equidistant  from  a  given  circle. 

(6)  Points  equally  distant  from  two  straight  lines  which 
intersect. 
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NoTK  9.   0/i.  tiu  ifethods  employed  in  tlm  solution  of 
Problertis. 

In  tbe  solution  of  Geometrical  Exercises,  certain  methods 
maybe  applied  with  success  to  particular  classes  of  questions. 

We  propose  to  make  a  few  remarks  on  these  methods,  so  far 
as  they  are  applicable  to  the  first  two  books  of  Euclid's 
Elements. 

The  Mctltod  of  Synthesis. 

In  the  Exercises,  attached  to  the  Propositions  in  the  pre- 
ceding pages,  the  construction  of  the  diagram,  necessary  for  the 
solution  of  each  question,  has  usually  been  fully  described,  or 
sufficiently  suggested. 

The  student  has  in  most  cases  been  required  simply  to 
apply  the  geometrical  fact,  proved  in  the  Proposition  preceding 
the  exercise,  iu  order  to  arrive  at  the  conclusion  demanded  in 
the  question. 

This  way  of  proceeding  is  called  Syuthesis  ((rvi'5€o-ty  =  com- 
position), because  iu  it  we  proceed  by  a  regular  chain  of  reason- 
ing from  w^hat  is  given  to  what  is  sought.  This  being  the 
method  employed  by  Euclid  throughout  the  Elements,  we  have 
no  need  to  exemplify  it  here. 

The  Method  of  Aiialysis, 

The  solution  of  many  Problems  is  rendered  more  easy  by 
supposing  the  prnhlem  solved  and  the  diagram  constructed. 
It  is  then  often  possible  to  observe  relations  between  lines, 
angles  and  figures  in  the  diagram,  which  are  suggestive  of  the 
steps  by  which  the  necessary  constraction  might  have  been 
effected. 

This  is  called  the  Method  of  Analysis  (ai'aXv(rit= resolution). 
It  is  a  method  of  discovering  tnith  by  reasoning  concerning 
things  unknown  or  propositions  merely  supposed,  as  if  the  one 
were  given  or  the  other  were  really  true.  The  process  can 
best  be  explained  by  the  following  examples. 

Uur  first  example  of  the  Analytical  process  shall  be  the  31s< 
Proposition  of  Euclid's  First  Book. 
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Ex.  1.  To  draw  a  straight  line  through  a  given  point  parallel 
to  a  given  straight  hue. 

Let  A  be  the  given  point,  and  BC  be  the  given  straight  line. 

Suppose   the   problem  to  be  effected,  and  EF  to  be  the 
straight  line  required. 

M ^ J* 


Now  we  know  that  any  straight  line  AD  drawn  from  A  to 
meet  BC  makes  equal  angles  with  EF  and  BC.    (i.  29.) 

This  is  a  fact  from  which  we  can  work  backward,  and  arrive 
at  the  steps  necessary  for  the  solution  of  the  problem  ;  thus  : 

Take  any  point  JJ  in  BC,  join  AD,  make  i  EAD=  L  ADC 
and  produce  EA  to  F:  then  EF  must  be  parallel  to  BC. 

Ex.  2.   To  inscribe  in  a  triangle  a  rhombus,  having  one  of  its 
angles  coincident  witii  an  angle  of  the  triangle. 

Let  ABC  he,  tlie  given  triangle. 

Suppose  the  problem  to  be  effected,  aud  DBFE  to  be  the 
rhombus. 


Then  if  J?J3  be  joined,  t  DBE=  l  FEE. 
This  is  a  fact  from  which  we  can  work  backward,  imd  deduce 
the  necessary  construction  ;  thus  : 
Bisect  L  ABC  by  the  straight  line  BE,  meeting  AC  in  if?. 
Draw  ED  and  EF  parallel  to  BC  and  AB  respectively. 
Then  DBFE  is  the  rhombus  required.     (See  Ex.  4,  p.  69.) 
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Ex.  3.  To  determine  the  jioint  in  a  given  straight  line,  al 
which  straight  lines,  drawn  from  two  given  I'oints,  on  the  aanu 
vide  of  the  given  line,  make  equal  angles  loith  it. 

Let  CD  be  the  given  line,  and  A  and  B  the  given  points. 

Suppose  tJie  problem  to  be  effected,  and  P  to  be  the  point 
tequired. 


We  then  reason  thus  : 

If  BF  were  produced  to  some  point  A', 

L  CPA',  being  =  i  BPD,  will  be=  ^  APG. 
Again,  if  PA'  be  made  equal  to  PA, 

AA'  will  be  bisected  by  GP  at  right  angles. 

This  is  a  fact  from  which  we  can  work  backward,  and  find 
the  steps  necessary  for  the  solution  of  the  problem  ;  thus : 

From  A  draw  .40  ±  to  CD. 

Produce  .40  to  A',  making  OJL'«»»OL(1, 

Join  BA',  cutting  OD  in  P. 

Then  P  is  the  point  required. 

Note  10.     On  Symmetry. 

The  problem,  which  we  have  just  been  considering,  Buggestf 
the  following  remarks  : 

If  two  points,  A  and  A',  be  so  situated  with  respect  to  a 
straight  line  CD,  that  CD  bisects  at  right  angles  the  straight 
line  joming  A  and  A',  then  A  and  A'  are  said  to  he  symmetrica  I 
with  regard  to  CD. 

The  importanco  of  Byumietrical  relations,  as  suggestive  of 
li.ethnda  fnr  tho  Roliifjon  r,f  proHoms,  c-Miiii»t  be  fully  shewn 
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to  a  learner,  who  is  unacquainted  with  the  properties  of  the 
circle.  The  following  example,  however,  will  illustrate  this 
part  of  the  subject  sufficiently  for  our  purpose  at  present 

Find  a  point  in  a  given  straight  line,  such  that  the  sum  of  its 
distances  from  two  fixed  points  on  the  same  side  of  the  line  is  a 
minimum,,  tlmt  is,  less  than  the  sum  of  the  distances  of  any  other 
point  in  the  line  from  the  fixed  points. 

Taking  the  diagram  of  the  last  example,  suppose  CD  to  be 
the  given  line,  and  A,  B  the  given  points. 

Now  if  A  and  A'  be  symmetrical  with  respect  to  CD,  we 
know  that  every  point  in  CD  is  equally  distant  from  A  and  A'. 
(See  Note  8,  p.  103.) 

Hence  the  sum  of  the  distances  of  any  point  in  CD  from  A 
and  B  is  equal  to  the  sum  of  the  distances  of  that  point  from 
A' and  B. 

But  the  sura  of  the  distances  of  a  point  in  CD  from  A'  and 
B  is  the  least  possible  when  it  lies  in  the  straight  ILiib  joining 
A' and  B. 

Hence  the  point  P,  determined  as  in  the  last  exa/inple,  is  the 
point  required. 

Note.  Propositions  ix.,  x.,  xi.,  xii.  of  Book  L  give  good 
examples  of  symmetrical  constructions. 


Note  11.     Euclid! s  Proof  of  I.  6. 

The  angles  oi,  the  base  of  in  isosceles  triangle  are  equal  to  one 
anoth-er  ;  and  if  the  equal  sides  be  produced,  the  angles  upnn  ilu 
other  side  of  the  base  shall  be  equal. 

Let  ABC  be  jin  isosceles  A,  having  J.JB=-  40 

Produce  AB,  AC  to  D  and  E. 

Then  must  L  ABC—  i  ACB, 

and  L  DBC^  l  ECB 


Books  I.  &  II.]       EUCLIjyS  PROOF  OF  I.   5. 


log 


In  BD  take  auy  pt.  F. 

From  AE cut  oflF  AG'=-A'B, 
Join  FG  and  GB. 


Then  in  ah  AFG,  AOB, 

V  FA  =  GA,  and  AC^^AB,  and  iFAG=  i  GAB, 
.:  FC-=GB,  and  z  AFG=  i  AGB,  and  z  JCF=  i  ABO. 


Again,  •.•  AF=AG, 

of  which  the  parts  J.i>,  A  G  are  equal, 
.'.  remainder  £i''=  remainder  GO. 

Then  in  A  s  BFG,  CGB, 
:•  BF=GG,  and  FG=GB,  and  z  J5ii'C=  z  CGB, 
.:  L  FBG=  L  0GB,  and  z  £(7J?'=  z  GBO, 

jSow  it  haa  been  proved  that  z  ACF=  z  ^iJC, 
of  which  the  parts  z  BGF  and  z  OBG  are  t-ciual  ; 

.•.  remaining  z  J.  C5= remaining  z  ^£(7. 
flibo  it  has  been  proved  that  z  FBC=  z  GCJ5, 
that  la,  z  I>£C'=  z  ffCi?. 


1.4 


Ax.  3 


14. 


Ar  ^ 


Q.  K.  n. 
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NoTB  12.     Euclid! s  Froof  of  L  6. 
If  two   angles   of  a  triangle   be  eq->inl  to  one  another,  the 
sides  also,  whick  mbtciid  the  equal  angles,  shoUl  b*  egual  to 
o'lie  miothtr. 


B  cf 

In  aABG  let  z  ACB^  /  ABa 
Then  must  AB=AG. 
For  if  not,  AB  is  either  greater  or  less  than  AOL 
Suppose  AB  to  be  greater  than  AC 
From  AB  cut  off  BD=AG,  and  join  Ua 
Then  in  &s  DBC,  AGB, 
-.'  .DB=^AG,  and  BG  is  coinmon,  and  i  DBG^  l  AGB, 

.'.  t^DBC=  aAGB;  i.  4, 

that  is,  the  less = the  greater  ;  which  ia  absurd. 
.'.  ^J5*is  not  greater  than  AG. 
Simikrly  it  may  be  shewn  that  AB  is  not  less  than  AC; 
.'.  AB=AG. 

Q.  B.  D. 

Note  13.     Mvdid^s  Proof  of  I.  7. 

Upon  the  same  base  and  on  the  same  side  of  it,  there 
cnnnot  be  two  triangles  that  liave  their  sides  which  are  ter- 
minated in  one  extremity  of  the  base  equal  to  one  another, 
and  their  sides  which  are  terminated  in  the  other  extremity 
uf  tlvt  base  equal  also. 

If  it  be  possible,  on  the  same  base  AB,  and  on  the  same 
side  of  it,  let  there  be  two  a  s  ^  CB,  ADB,  such  that  ^C=.4jD, 
and  also  BG=BD. 

Join  Gil 
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First,  whoii  the   vertex  of  each   of  the  as  is  outside  the 
other  A  (Fig.  1.) ; 


Pio  1.  Pro.  2 

<7 P 


V  AD=AC, 
.:  iAGD=  lADa  1.5. 

Bat  ^407)  is  greater  than  z  jBCD  ; 

.-.  I  ADO  is  greater  than  z  .BCD  ; 
much  more  is  z  jBDO  greater  than  z  J3CD. 
Again,  •.'  BC=BD, 

.:  L  BDC=  L  BCD, 
fliat  is,  z  BDC  is  both  equal  to  and   greater  than   z  jBCJJ  ; 
which  is  absurd. 

Secondly,  when  the  vertex  D  of  one  of  the  A  8  falls  icithin 
the  other  A  (Fig.  2) ; 

Produce  AC  and  AD  to  E  and  F 
Then  ■.•AC=AD. 

.-.  z  M?I>=  z  FDC.  Ju  5. 

But  z  ECD  is  greater  than  z  BCD  ; 

.-.  z  .FDC  is  greater  than  i  BCD  ; 
nanch  more  is  z  JBDC  greater  than  z  £CZ). 
Again,  •.•  BC=BD, 

/.  z  J5D0=  z  BCD  ; 
that  is,  z  BDC  is  both  equal  to  and  greater  than  z  £Ci^  .^ 
which  is  absurd. 

Lastly,  when  the  vertex  D  of  one  of  the  as  falls  on  :i 
side  BC  of  the  other,  it  is  plnin  that  BC  nnd  BD  cmnot 
be  equal.  'i-  e.  d. 
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l^OTE  14.     Euclid: s  Proof  of  I.  8. 

If  two  triangles  have  two  sides  of  the  one  equal  to  two 
sides  of  the  other,  each  to  each,  and  have  likewise  their  bases 
equal,  the  angle  which  is  contained  by  the  tioo  sides  of  the 
one  must  he  equal  to  the  angle  contained  by  the  t/wo  sides  of 
the  other. 


Let  the  sides  of  the  A  s  ABG,  DEF  be  equal,  each  to  each^ 
that  is,  AB==DE,  AC =DF  and  BG=EF. 

Then  must  i  BAC=  /.  EDF. 


Apply  the  c,  ABG  to  the  a  DEF. 

so  that  pt.  B  is  on  pt.  E,  and  BC  on  EF. 
Then  '.•  BC=EF, 

.'.  G  will  coincide  with  F, 
and  BG  will  coincide  with  EF. 
Then  AB  and  J.Craust  coincide  with  DE  and  DF. 

For  if  AB  and  AG  have  a  different  position,  as  6E,  GF, 
then  upon  the  same  base  and  upon  the  same  side  of  it  there 
can  be  two  A  s,  which  have  their  sides  which  are  terminated  in 
one  extremity  of  the  base  equal,  and  their  sides  which  are  ter- 
minated in  the  other  extremity  of  the  base  also  equal :  which 
is  impossible.  I.  7. 

.*.  since  base  BG  coincides  with  base  EF, 

AB  must  coincide  with  DE,  and  AG  with  DF ; 
,'.  I  5^  (7  coincides  with  and  ''a  equal  to  /  EDF. 

Q.  E.  D. 
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»M 


Note  15.  Another  Proof  of  I.  24. 

In  the  A3  ABC,  DEF,  let  AB-=DE  and  AC<=DF,aHiA 
let  I  BAC  be  greater  than  l  EDF. 
Then  muit  BC  be  greater  than  EF. 


Apply  the  A  BEF  to  the  A  ABO 

80  that  DE  coincides  with  AB. 
Then  •.'  i  EDF  is  less  than  l  BAC, 
1)F  will  tall  between  BA  and  AC, 
and  F  will  fall  o/i,  or  above,  or  below,  BC. 
I.  If  i'  fall  on  BC, 
BF  is  less  than  BC ; 
.-.  jyj*  is  less  than  BC. 

n.  If  F  fall  a6(we  BO, 

£^,  FA  together  are  less  than 

BC,  CA, 
mdFA=^CA  ; 

..BF\s\esstha.nBG; 

.'.  EF  is  less  than  BG. 


III.  KFMLbdmoBC, 
letAFcntBCin  0. 


Then  BO,  OF  together  are  greater  than  BF,  I.  20 

and  OC.  AO AC;  I.  20. 

.:BC,AF £2*',  ^(7  together, 

an.l  AF==AC, 
.-.  BC  is  t,'reatcr  than  BF ; 
and  .•.  EF  is  less  than  BC.  q.  e.  d. 

aa. 


il4 
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Note  16.  Euclid's  Proof  of  I.  26. 

If  two  triangles  ha/ve  tivo  angles  of  the  one  equal  to  two  angles 
of  the  other,  each  to  each,  and  oiu  side  equal  to  one  side, 
viz.,  either  tlw  sides  adjacent  to  the  equal  angles,  or  the  sides 
opposite  to  equal  angles  in  each ;  then  shall  the  other  sides  be 
equal,  each  to  each  ;  and  also  the  iki/rd  angle  of  the  one  to  the 
third  angle  of  the  otiier. 


a  J3 

In  AsABCDEF, 
Let  z  ABG  =  A  DEF,  and  l  ACB  =  z  DFE ; 
and  fvrst, 

Let  the  sides  adjacent  to  the  equal  i  s  in  each  be  equal, 

that  is,  let  BC=EF. 
Then  must  AB=DE,  and  AC=DF,  and  i  BAG  =  i  EDF 

For  if  AB  be  not =DE,  one  of  tliem  must  be  the  greater. 
Let  AB  be  the  greater,  and  make  GB=DE,  and  join  GG. 

Then  in  As  GBG,  DEF, 
V  QB=DE,  and  BC=EF,  and  z  GBG  =  l  DEF, 

.:  L  GGB=  ^  DFE.  I.  4. 

But  I  ACB  =  I  DFE  by  hypothesis ; 

.-.  z  GGB=  L  ACB  ; 
tbttt  is,  the  less = the  greater,  which  is  impossible. 
.'.  AB  is  not  greater  than  DE. 

In  the  same  way  it  may  be  shewn  that  AB  Ss,  not  less  than 

DE; 

.-.  AB=DE. 

Then  in  i^s  ABC,  DEF, 

:•  AB=  DE,  and  BG^EF,  and  z  ^5(7=  z  DEF, 

.-.  AG^DF.  and  i  BAr<=-  l  EDF  T.  4. 
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Nixt,  let  the  sides  which  are  opposite  to  eqaal  angles  in  each 
triangle  be  equal,  viz.,  AB=DJE. 
Tli€iL  must  AG=DF,  and  BC=EF,  aiid  L  BAG  =  L  EDF. 


Forif  BG  be  not=  EF,  let  BC  hr  *he  greater,  and  make 
RII=  EF,  and  join  AH. 

Then  in  £,sABH,DEF, 

:■  A  B=DE.  and  BH=EF,  and  i  ABB^  l  DEF, 

.:  L  AHB=  L  DFE.  I.  4. 

But  L  A  VB  =  /  DFE,  by  hypothesis, 

.-.  L  AHB  =  z  AGB  ; 
that  is,  the  exterior  i  oi  h  AHC  is  equal  tr  *}m»  iptAnor  and 
opposite  I  ACB,  which  is  impossible. 

/.  BG  13  not  greater  than  EF. 

Id  the  same  way  it  may  be  shewn  that  BG  is  not  le«3  t-h^^P 

I'JF; 

.:  BG=EF. 

ITienin  i^a  ABG,  DEF, 

:■  AB='DE,  and  BG=EF,  and  z  ABG=  L  DEF, 

. .  AC'^DF,  and  i  BAG=  l  EDF.  I.  4 

Q.  S.  D. 
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Miscellaneous  Exercises  on  Books  I.  and  II. 

1.  AB  and  CD  are  equal  straight  lines,  bisecting  one  another 
at  right  angles.     Shew  that  ACBD  is  a  square. 

2.  From  a  point  in  the  side  of  a  parallelogram  draw  a  line 
dividing  the  parallelogram  into  two  equal  parts. 

3.  Draw  through  a  point,  lying  between  two  lines  that 
intersect,  a  line  terminated  by  the  given  lines,  and  bisected  in 
the  given  point. 

4.  The  square  on  the  hypotenuse  of  an  isosceles  right-angled 
triangle  is  equal  to  four  times  the  square  on  the  perpendicular 
from  the  right  angle  on  the  hypotenuse. 

5.  Describe  a  rhombus,  which  shall  be  equal  to  a  given 
triangle,  and  have  each  of  its  sides  equal  to  one  side  of  the 
triangle. 

6.  Shew  how  to  describe  a  square,  when  the  difference 
between  the  lengths  of  a  diagonal  and  a  side  is  given. 

7.  Two  rings  slide  on  two  straight  lines,  which  intersect  at 
right  angles  in  a  point  0,  and  are  connected  by  an  inextensible 
string  passing  round  a  peg  fixed  at  that  point.  Shew  that  the 
rings  will  be  nearest  to  each  other  when  they  are  equidistant 
from  0. 

8.  ABCD  is  a  parallelogram,  whose  diagonals  AC,  BD  in- 
tersect in  0  ;  shew  that  if  the  parallelograms  AOBP,  DOCQ 
be  completed,  the  straight  line  joining  P  and  Q  passes  through 
0. 

9.  ABCD,  EBCF  are  two  parallelograms  on  the  same  base 
BC,  and  so  situated  that  CF  passes  through  A.  Join  DF, 
and  produce  it  to  meet  BE  produced  in  K;  join  FB,  and 
provo  tliat  the  triangle  FAB  equals  the  triangle  FEK. 

10.  The  alternate  sides  of  a  polygon  are  produced  to  meet ; 
shew  that  all  the  angles  at  their  points  of  intersection  together 
with  four  right  angles  are  equal  to  all  the  interior  angles  of 
tlie  polygon. 

11.  Shew  that  the  perimeter  of  a  rectangle  is  always  greater 
than  that  of  the  square  equal  to  the  rect>vigle. 
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12.  Shew  that  the  opposite  sides  of  an  equiangular  hexagon 
;ire  panillel,  though  they  be  not  equal ;  and  that  any  two  sides 
that  are  adjacent  are  together  equal  to  the  two  which  aie 
[larallel. 

13.  If  two  equal  straight  lines  intersect  each  other  anywhere 
at  right  angles,  shew  that  the  area  of  the  quadrilateral  formed 
by  joining  their  extremities  is  invariable,  and  equal  to  one-halt 
the  square  on  either  line. 

"14.  Two  triangles  AGB,  ADB  are  constracted  on  the  same 
side  of  the  same  base  AB.  Shew  that  if  AC—BD  and 
AD=BC,  then  CD  is  parallel  to  AB  ;  but  if  J 0=5(7 and 
AD=BD,  then  CD  is  perpendicular  to  AB. 

15.  AB  is  the  hypotenuse  of  a  right-angled  triangle  ABV  : 
find  a  point  D  in  AB,  such  that  DB  may  be  equal  to  the  per- 
pendicular from  D  on  AC. 

16.  Find  the  locus  of  the  vertices  of  triangles  of  equal  area 
on  the  same  base. 

17.  Shew  that  the  perimeter  of  an  isosceles  triangle  is  less 
than  that  of  any  triangle  of  equal  area  on  the  same  base. 

18.  If  each  of  the  equal  angles  of  an  isosceles  triangle  be 
equal  to  one-fourth  the  vertical  angle,  and  from  one  of  them  a 
perpendicular  be  drawn  to  the  base,  meeting  the  opposite  side 
produced,  then  wUl  the  part  produced,  the  perpendicular,  and 
the  remaining  side,  form  an  equilateral  triangle. 

19.  If  a  straight  line  terminated  by  the  sides  of  a  triangle 
be  bisected,  shew  that  no  other  line  terminated  by  the  same' 
two  sides  can  be  bisected  in  the  same  point. 

20.  From  a  given  point  draw  to  two  parallel  straight  lines 
two  equal  straight  lines  at  right  angles  to  each  other. 

21.  Given  the  lengths  of  the  two  diagonals  of  a  rhombus,  con- 
struct it. 

22.  ABCD  is  a  quadrilateral  figure  :  construct  a  triangle 
whose  base  shall  be  in  the  line  AB,  such  that  its  altitude  shall 
be  equal  to  a  given  line,  and  its  area  equal  to  that  of  the 
quadrilateral 

23.  If  ABC  be  a  triangle  in  which  0  is  a  right  angle, 
shew  how  to  draw  a  straight  line  parallel  to  a  given  straight 
line,  80  as  to  be  terminated  by  CA  and  CB  and  bisected  by 
AB. 
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24.  If  ABC  be  a  triangle,  in  which  0  is  a  right  angle,  and 
BE  be  drawn  from  a  point  D  in  AG  at  right  angles  to  J.JB, 
prove  that  the  rectangles  AB,  AE  and  AG,  AD  are  equal. 

25.  A  line  is  drawn  bisecting  parallelogram  ABGD,  and 
meeting  AD,  BG  in  E  and  F :  shew  that  the  triangles  EBF, 
GED  are  equal. 

26.  Upon  the  hypotenuse  BG  and  the  sides  GA,  AB  of  a 
right-angled  triangle  ABG,  squares  BDEG,  AF  and  ^Gare 
described  :  shew  that  the  squares  on  DG  and  EF  are  together 
equal  to  five  times  the  square  on  BG. 

27.  If  from  the  vertical  angle  of  a  triangle  three  straight 
lines  be  drawn,  one  bisecting  the  angle,  the  second  bisecting 
the  base,  and  the  third  perpendicular  to  the  base,  shew  that 
the  first  lies,  both  in  position  and  magnitude,  between  the 
other  two. 

28.  If  ABG  be  a  triangle,  whose  angle  J.  is  a  right  angle, 
and  BE,  GF  be  drawn  bLsecting  the  opposite  sides  respectively, 
shew  that  four  times  the  sum  of  the  squares  on  BE  and  GF  is 
equal  to  five  times  the  square  on  BG. 

29.  Let  AGB,  ADB  be  two  right-angled  triangles  having 
a  common  hypotenuse  AB.  Join  GD  and  on  GD  produced 
both  ways  draw  perpendiculars  AE,  BF.  Shew  that  the  sum 
of  the  squares  on  GE  and  GF  is  equal  to  the  sum  of  the  squares 
on  DE  and  DF. 

30.  In  the  base  AG  oi  &  triangle  take  any  point  D :  bisect 
AD,  DG,  AB,  BG  at  the  points  E,  F,  G,  H  respectively. 
Shew  that  EG  is  equal  and  parallel  to  FH. 

31.  If  AD  be  drawn  from  the  vertex  of  an  isosceles  triangle 
A  BG  to  a  point  D  in  the  base,  shew  that  the  rectangle  BD,  DG 
is  equal  to  the  difi"erence  between  the  squares  on  AB  and  AD. 

32.  If  in  the  sides  of  a  square  four  points  be  taken  at  equal 
distances  from  the  four  angular  points  taken  in  order,  the 
figure  contained  by  the  straight  lines,  which  join  them,  shall 
also  be  a  square. 

33  If  perpendiculars  AP,  BQ,  GR  be  drawn  from  the 
anj^/'.r  points  of  a  triangle  ABG  upon  the  sides,  shew  that 
th"y  "'*y  aisc'4;  the  angles  of  the  triangle  PQK. 
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34.  If  of  the  four  triangles,  into  which  the  diagonals  divide 
a  quadrilateral,  any  two  opposite  ones  am  equal,  the  quadrila- 
teral is  a  trapezium. 

36.  ABCD,  AECF  are  two  parallelo!:,Tani8,  EA,  AD  beuig 
in  a  straight  line.  Let  FG,  drawn  parallel  to  AC,  meet  BA 
produced  in  0.  Then  the  triangle  ABE  equals  the  triangle 
ADG. 

36.  From  AC,  the  diagonal  of  a  square  ABCD,  cut  oflF  AE 
equal  to  one-fourth  of  AC,  and  join  BE,  DE.  Shew  that  the 
figure  BADEia  equal  to  twice  the  square  on  AE. 

37.  If  .450  be  a  triiingle,  with  the  angles  at  i)  and  Ceach 
double  of  the  angle  at  A,  prove  that  the  square  on  AB  is 
equal  to  the  square  on  BC  together  with  the  rectjingle  AB, 
BC. 

38.  If  two  sides  of  a  quadrilateral  be  parallel,  the  triangle 
contained  by  either  of  the  other  sides  and  the  two  straight 
lines  drawn  from  its  extremities  to  the  middle  point  of  the 
opposite  side  is  half  the  quadrilateral. 

39.  If  two  opposite  angles  of  a  quadrilateral  be  right  angles, 
the  angles  subtended  by  either  side  at  the  two  opposite  angular 
points  will  be  equal. 

40.  If  the  sides  of  a  triangle  taken  in  order  be  produced  to 
twice  their  original  lengths,  and  the  outer  extremities  be 
joined,  the  triangle  so  formed  will  be  seven  times  the  original 
triangle. 

41.  If  one  of  the  acute  angles  of  a  right-angled  isosceles 
triangle  be  bisected,  the  opposite  side  will  be  divided  by  the 
bisecting  line  into  two  parts,  such  that  the  square  on  one  will 
be  double  of  the  square  on  the  other. 

42.  ABC  is  a  triangle,  right-angled  at  B,  and  BD  is  drawn 
perpendicular  to  the  base,  and  Ls  produced  to  E  until  EGB  is 
&  right  angle  ;  prove  that  the  square  on  BC  is  equal  to  the  sum 
of  the  rectangles  AD,  DC  and  BD,  DE. 

43.  Shew  that  the  sum  of  the  squares  on  two  lines  is  greater 
than  twice  the  rectangle  contained  by  the  lines. 

44.  In  any  triangle  the  snin  of  tlio  squares  on  the  stmight  . 
lines.  dr^MTT   from    rhe   qnglp."  to   the  middle   points   of  the 
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opposite  sides,  is  equal  to   three-fourths  of  the  sum  of  the 
squares  on  the  sides  of  the  triangle. 

45.  If  any  number  of  parallclograras  he  constructed  having 
their  sides  of  given  lengtti,  shew  that  the  sum  of  the  squares 
on  the  diagonals  of  each  will  be  the  same. 

46.  ABGD  is  a  right-angled  parallelogram,  and  AB  is  double 
of  BC ;  on  AB  an  equilateral  triangle  is  constructed  :  shew 
that  its  area  will  be  less  than  that  of  the  parallelogram. 

47.  A  point  0  is  taken  within  a  triangle  ABC,  such  that  the 
angles  BOO,  COA,  AOB  are  equal  ;  prove  that  the  squares  on 
BC,  CA,  AB  are  together  equal  to  the  rectangles  contained  by 
OB,  00 ;  00,  OA  ;  OA,  OB  ;  and  twice  the  sum  ot  the 
squares  on  OA,  OB,  00. 

48.  In  any  quadrilateral  the  squares  on  the  diagonals  to 
gether  equal  four  times  the  sum  of  the  squares  on  the  lines 
joining  the  middle  points  of  opposite  sides. 

49.  If  a  straight  line  be  divided  into  three  parts,  the  square 
on  the  whole  line  is  equal  to  the  sum  of  the  squares  on  the  parts 
together  with  twice  the  rectangle  contained  by  each  two  f)f  the 
parts. 

50.  Given  one  side  of  a  rectangle  which  is  equal  in  area  to  a 
given  square,  find  the  other  side, 

51.  AB,  AC  are  the  two  equal  sides  of  an  isosceles  triangle  : 
from  B,  BD  is  drawn  perpendicular  to  AC,  meeting  it  in  Z> ; 
shew  that  the  square  on  BD  is  greater  than  the  square  on  CD 
by  twice  the  rectangle  AD,  CD. 

52.  Assuming  that  in  any  triangle  ABC,  the  lines  drawn 
from  the  angular  points,  to  the  middle  points  of  the  opposite 
sides  meet  in  a  point  G,  shew  that  three  times  the  sum  of  the 
squares  on  AG,  BG,  CG  is  equal  to  the  sum  of  the  square? 
on  BC,  CA,  AB, 
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Postulate. 

h  POINT  13  within,  or  without,  a  circle,  according  as  its 
distance  from  the  centre  is  less,  or  greater  than,  the  radius  of 
tho  circle. 

Def.  I.  A  straight  lino,  as  PQ,  drawn  so  as  to  cut  a  circle 
ABCDy  is  called  a  Secant. 


That  such  a  line  can  only  meet  the  circumference  in  two 
points  may  be  shewn  thus : 

Some  point  within  the  circle  is  the  centre  ;  let  this  be  0. 
.Jniu  OA.  Then  (Kx.  1,  i.  IG)  we  can  draw  one,  and  only  one, 
stniit^'ht  line  from  0,  to  meet  the  straight  line  PQ,  such  that 
it  shall  be  equal  to  OA.  Let  this  lino  be  OC.  Then  A  and 
C  are  the  only  points  in  PQ,  which  are  on  the  circumference 
of  the  circle. 
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Def.  II.  The  portion  AG  oi  the  secant  PQ,  intercepted  by 
the  circle,  is  called  a  Chord. 

Def.  III.  The  two  portions,  into  which  a  chord  divides 
the  circumference,  as  ABC  and  ABG^  are  called  Arcs. 


Def.  rV.  The  two  figures  into  which  a  chord  divides  the  circle, 
as  ABO  and  ABC,  that  is,  the  figiu-es,  of  which  the  boun- 
daries are  respectively  the  arc  ABG  and  the  chord  AC,  and 
the  arc  AI>G  and  the  chord  AG,  are  called  Segments  of  the 
circle. 

Def.  V.  The  figure  AOGD,  whose  boundaries  are  two  radii 
and  the  arc  intercepted  by  them,  is  called  a  Sector. 

Def.  VI.  A  circle  is  said  to  be  described  about  a  rectilinear 
figure,  when  the  circumference  passes  through  each  of  the 
angular  points  of  the  figure. 


And  the  figure  is  s:nd  to  be  ivfcrihed  in  the  cire?*. 
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Proposition  I.    Theorem. 

Thf,  line,  which   bisects  a  chord  of  a  circle  <U  right  angles, 
must  co7itain  the  centre. 


Let  ABC  be  the  given  ®. 
Let  the  st.  line  CE  bisect  the  chord  AB  at  rt,  angles  in  JX 

'^hen  the  centre  of  the  ©  must  lie  in  GE. 

For  if  not,  let  0,  a  pt.  out  of  CE,  be  the  centre  ; 
and  join  OA,  OB,  OB. 

Then,  in  a  s  ODA,  ODB, 
*.*  AD  =  BD,  and  DO  is  common,  and  OA  =  OB ; 

.-.  z  ODA  =  L  ODB  ;  I.  c. 

and  .',  L  ODB  is  a  right  l  .  I.  Def.  9 

Bat  I  CDB  is  a  riglit  z  ,  by  construction  ; 
.*.  z  ODB  —  L  CDB,  which  is  impossible  ; 
.'.  0  is  not  the  centre. 
Thus  it  may  be  shewn  that  no  point,  out  of  CE,  can  tie  the 
centre,  and  .'.  the  centre  must  lie  in  CE. 

Cor.  If  the  chord  CE  be  bisected  in  F,  thf.n  F  is  the  centre 
nf  the  rircle. 
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Proposition  II.     Theorem. 

}f  any  two  points  he  taken  in  the  circumference  of  a  circle, 
the  straight  line,  which  joins  them,  must  fall  within  tits 
cirde. 

c 


Let  A  and  B  be  any  two  pts.  in  the  Oce  of  the  ®  ABG. 

Th,en  must  the  st.  line  AB  fall  within  the  0 . 

Take  any  pt.  D  in  the  line  AB. 

Find  0  the  centre  of  the  ® .  III.  1,  Cor. 

Join  OA,  OD,  OB. 
Then  •/  i  OAB  =  l  OBA,  I.  a. 

and  z  ODB  is  greater  than  z  OAB,  I.  Hi. 

.•.  I  ODB  is  greater  than  /  OBA  ; 
and  .-.  OB  is  greater  than  OD.  I.  10. 

.".  the  distance  of  D  from  0  is  less  than  the  radius  of  the  © , 
and  .'.  D  lies  within  the  ©.  Post. 

.'^nd  the  same  may  be  shewn  of  any  other  pt.  in  AB. 
.'.  AB  lies  entirely  within  the  ®. 

Q,  E.  D. 
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Proposition  III.    Theorem. 

//  a  straight  lim,  draivn  through  the  centre  of  a  cirde,  biaect 
a  chord  of  the  circle,  which  does  not  pass  through  the  centre,  it 
mtcst  cut  it  at  right  angles  :  and  conversely,  if  it  cut  it  at  right 
angles,  it  must  bisect  it. 


In  the  ®  ABC,  let  the  chord  AB,  which  does  not  pass 
through  the  contre  <),  bo  bisected  in  E  by  the  diameter  ('D. 
Then  must  CD  be  ±  to  AB. 

Join  OA,  OB. 
Then  in  as  AEO,  BEO, 
V  AE=BE,  and  EG  is  common,  and  OA=OB, 

.-.  /c  OEA^  L  OEB.  I.  c. 

Hence  OE  is  ±  to  AB,  I.  Def.  9. 

that  is,  CI)  is  ±  to  AB. 

Next  let  CD  be  ±  to  AB. 

TJicn  must  CD  bisect  AB. 

For  ".•  OA  =  OB,  and  OE  is  common, 

in  the  right-angled  A  s  AEO,  BEG, 
.-.  AE=BE,  I.  E.  Cor.  p.  43. 

that  is,  CD  bisects  AB.  q.  e.  d. 

Ex.  1.  Shew  that,  if  CD  does  not  cut  AB  at  right  angles, 
it  cannot  bisect  it. 

Ex.  2.  A  line,  which  bisects  two  parallel  chords  in  a  circle, 
i.s  also  perpendicular  to  them. 

Ex.  3.  Tliroiigh  a  given  point  within  a  circle,  which  is  not 
the  centre,  drnw  a  chord  which  fdinil  be  bisected  in  that  point. 
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Proposition  IV.    Theorem. 

If  in  a  circle  two  chords,  which  do  not  both  pass  through,  ihe 
centre,  cut  one  another,  they  do  not  bisect  each  other. 


Let  the  chords  AB,  CD,  which  do  not  both  pass  through  the 
centre,  cut  one  another,  in  the  pt.  E,  in  the  ©  ACBD. 

Then  AB,  CD  do  not  bisect  each  other. 

If  one  of  them  pass  through  the  centre,  it  is  plainly  not 
bisected  by  the  other,  which  does  not  pass  through  the  centre. 

But  if  neither  pass  through  the  cf.ntre,  let,  if  it  be  possible, 
AE^EB  and  GE=ED  ;  find  the  centre  0,  and  join  OE. 

Then  *.*  OE,  passing  through  the  centre,  bisects  AB, 

.-.  I  OEA  is  a  rt.  z  .  III.  3. 

And  •."  OE,  passing  through  the  centre,  bisects  CD, 

.:  L  OEC  is  a  rt.  z  ;  III.  3. 

.•.  L  OEA  =  L  OEC,  which  is  impossible  ; 
.*.  AB,  CD  do  not  bisect  each  other.  q.  e.  d. 


Ex.  1.  Shew  that  the  locus  of  the  points  of  bisection  of  all 
parallel  chords  of  a  circle  is  a  straight  line. 

Ex.  2.  Shew  that  no  parallelogram,  except  those  wliich  are 
rectangular,  can  be  inscribed  in  a  circle. 
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Proposition  V.     Thkorem. 
TJ  iwo  circles  cut  one  another,  they  cannot  have  the  same  centre. 


If  it  be  possible,  let  0  be  the  common  centre  of  the  ®s 
ABC,  ADC,  which  cut  one  another  in  the  pts.  A  and  0. 

Join  OA,  and  draw  OEF  meeting  the  ©s  in  jS  and  F. 
Then  •.•  O  h  the  centre  of  ©  ABG, 

.•.OE=OA;  I.Def.  13. 

and  •.•  0  is  the  centre  of  ©  ADC, 

.•.OF=OA;  I.  Def.  13. 

.*.  0E=  OF,  which  is  impossible  ; 
,'.  0  is  not  the  ct)mmon  centre. 

«i.  K.  u. 

Ex.  Two  circles,  whose  centres  are  A  and  B,  intersect  in 
0 ;  throu^^h  C  two  chords  DCE,  FCG  are  drawn  equally  in- 
clined to  AB  and  terminated  by  the  circles  :  prove  that  DE 
and  FG  are  equal. 

Note.  Circles  which  have  the  same  centre  are  called  Conr 
centric 
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Note  1.   On  the  Contact  of  Oircles. 

Def.  VII.  Circles  are  said  to  touch  each  other,  which  meet 
bnt  do  not  cut  each  other. 

One  circle  is  said  to  touch  another  internally,  wnen  one 
point  of  the  circumference  of  the  former  lies  on,  and  no  pomt 
without,  the  circumference  of  the  other. 

Heiife  for  internal  contact  one  circle  must  be  smaller  than 
the  other. 

Two  circles  are  said  to  touch  externally,  when  one  point  of 
the  circumference  of  the  one  lies  on,  anri  no  point  ivithin  the 
circumference  of  the  other. 

N.B.  No  restriction  is  placed  by  these  definitions  on  the 
number  of  points  of  contact,  and  it  is  not  till  we  reach  Prop. 
Aiii.  that  we  prove  that  there  can  be  but  one  point  of  coKvMt. 
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Proposition  VI.     Theorem. 

Tf  one  cirde  touch  another  internally,  they  cannot  have  Uu 
same  centre. 


Jjfit  9  ADE  touch  ©  ABC  internally, 

and  let  A  be  a  point  of  contact. 
Then  some  point  E  in  the  Oce  ADE  lies  within  ©  ABC. 

Def.  7. 
If  it  be  possible,  let  0  be  the  common  centre  of  the  two  0  s. 
Join  OA,  and  draw  OEC,  meeting  the  Ocas  in  E  and  C 
Then  •.•  0  is  the  the  centre  of  ©  ABG^ 

.■.OA  =  OG;  I.De£13. 

and  •.•  0  is  the  centre  of  ®  ADE, 

.:  OA  =  OE.  I.  Def.  13. 

Heuce  0E=00,  which  is  impossible  ; 

a.  0  id  not  the  common  centre  of  the  two  ©a 

a  B.  o. 


I30 


EUCLID'S  ELEMENTS. 


LBook  ill. 


Proposition  VII.    Theorem. 

If  from  any  point  loithin  a  circle,  which  is  not  the  centre, 
straight  lines  be  draivti  to  the  circumference,  the  greatest  of  these 
lines  ii  ikat  which  passes  through  the  centre. 


Let  ABG  be  a  © ,  of  which  0  is  the  centre. 

From  P,  any  pt.  within  the  © ,  draw  the  st.  line  PA.  pass- 

ing  through  0  and  meeting  the  Oce  in  A. 

Then  must  PA  be  greater  than  any  other  st.  Une, 
drawn  from  P  to  the  Oce. 

For  let  PB  be  any  other  st,  line,  drawn  from  P  to  meet  the 
Oce  in  B,  and  join  BO. 

Then  •.•  AO=BO, 

.'.  4P=sum  of  BO  and  OP. 

But  the  sum  of  BO  and  OP  is  greater  than  JSP,         1.  20. 

and  .'.  AP  is  greater  than  BP.  q.  e.  d. 

Ex.  1.  If  AP  be  produced  to  meet  the  circumference  in 
D,  shew  that  PD  is  less  than  any  other  straight  line  that  can 
be  drawn  from  P  to  the  circumference. 

Ex.  2.  Shew  that  PB  continually  decreases,  as  B  passes 
from  A  to  D. 

Ex.  ."i.  Shew  that  two  straight  lines,  but  not  three,  that  shall 
bo  ('(jual,  can  bo  drawn  from  P  to  the  circumference. 
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PuorosiTioN  VIII.     Theokoi. 
If  from  any  point  without  a  circle  straight  lilies  be  drawn  to 
tlie  circumfercnct,  the  least  of  these  lines  is  that  which,  when  pro- 
duced, pa.:<stxs  through  the  centre,  and  the  greatest  is  thai  which 
passes  through  the  centre. 


Let  AIi(^  he  a  ©,  of  which  0  is  the  centre. 
From  P  any  pt.  outside  the  © ,  draw  the  st.  line  PA  00^ 
nieeiiug  the  Oce  in  A  and  C. 

Then,  must  PA  be  less,  and  PC  greater,  titan  any  other  st.  line 
drawn  from  P  to  the  Qce. 

For  let  PB  be  any  other  st.  line  draua  from  P  to  meet  the 
Oce  in  B,  and  join  BO. 
Then  •.•  sum  of  PB  and  BO  is  greater  than  OP,  I.  LO. 

.".  sum  of  PB  and  BO  is  greater  than  suui  of  AP  and  AO. 
ButBO=AO; 

.'.  PB  is  greater  than  A  P. 
Again  •.•  PB  is  less  than  the  sum  of  PO,  OB, 
.:  PB  is  less  than  the  sum  of  PO,  OC  ; 
.-.  PB  is  less  than  PC. 
Ex.  1.  Shew   that   PB  continually  increases  as  B  passes 
from  J  Ui  C. 

E.x.  2.  Sliew  that  from  P  two  straight  lines,  but  not  three, 
that  shall  be  equal,  can  be  drawn  to  tlie  circumference. 

Note.  From  Props,  vii.  and  viii.  wn  deduce  the  fiHowing 

Coroilary,  which  v;e  shall  use  in  the  proof  fif  I'rnps.  xi.  and  xiii. 

Cor.  //  a  point  be  lalcn,  vnthin  or  xcithoid  a  circle,  of  all 

utraight  lines  drawn  from  it  to  the  circumference,  the,  greatest  is 

that  wlju'ch Tuecfs  the nrcumference after passingtlirottgh  fhc centre- 


I.  20. 


Q.  E.  D. 
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Proposition  IX.     Theorem. 

If  a  point  he  taken  within  a  circle,  from  which  there  fall  more 
than  two  equal  straight  lines  to  the  circumference,  ilmt  point  it 
ffu  centre  of  tlu,  ci/rde. 


Let  0  be  a  pt.  in  the  ©  ABC  from  which  more  than  two  at 
lines  OA,  OB,  00,  drawn  to  the  Oce,  are  equal. 

Then  must  0  he  the  centre  of  the  © . 

Join  AB,  BC,  and  draw  OD,  OE  ±  to  AB,  BG. 
Then  •.'  OA  =  OB,  and  OD  is  common, 
in  the  right-angled  as  AOD,  BOD, 

.'.  AD=DB  ;  L  E.  Cor  p.  4a 

.*.  the  centre  of  the  ©  is  in  DO.,  III.  1. 

Similarly  it  may  be  shown  that 

the  centre  of  the  ®  is  EO  ; 
«%  0  is  the  centre  of  ti>4  D. 
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Proposition  X.    Theorem. 

Tmpo  circles  cannot  have  more  than  two  points  comTOOn  to 
both,,  ioithovi  coinciding  entirebj. 


If  it  be  possible,  let  ABC  and  ADE  be  two  ©s  which  have 
more  than  two  pts.  in  coranion,  as  A,  B,  G. 

Join  AB,  BC. 

Then  .•  AB  is  a  chord  of  each  circle, 

.•.  the  centre  of  each  circle  lies  in  the  straight  line,  which 
bisects  AB  at  right  angles  ;  III.  1. 

and  •.•  BC  is  a  chord  of  each  circle, 

.•.  the  centre  of  each  circle  lies  in  the  straight  line,  which 
bisectd  BO  at  right  angles.  III.  1. 

.*.  the  centre  of  each  circle  is  the  point,  in  which  the  two 
straight  lines,  which  bisect  AB  and  BC  at  right  angles,  meet. 

.•.  the  ©8  ABC,  ADE  have  a  common  centre,  which  is 

impossible  :  III.  5  and  6. 

.•.  two  ©8  cannot  have  more  than  two  pts.  common  to  both. 

Q.  E.  D. 

Note.  We  here  insert  two  Propositions,  Eucl.  iii.  25  and 
rv.  5,  which  are  closely  connected  with  Theorems  i.  and  x.  of 
this  book.  The  learner  should  compare  with  this  portion  of 
the  subject  the  note  on  Loci,  p.  103. 
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Proposition  A.    Problem.    (Eucl.  iii.  25.) 

An  aire  of  a  circle  being  given,  to  complete  the  ci/rcU  of  which 
%tita  part. 


Let  ABC  be  the  given  arc. 

It  %$  required  to  complete  the  ©  of  which  ABC  is  a  part. 

Take  B,  any  pt.  in  arc  ABC,  and  join  AB,  BC. 

From  D  and  E,  the  middle  pts.  of  AB  and  BC, 

draw  DO,  EO,  X  s  to  AB,  BC,  meeting  in  O. 

Then  •.*  AB  is  to  be  a  chord  of  the  © , 

.*.  centre  of  the  ©  lies  in  DO  ;  III.  1. 

and  •.•  BC  is  to  be  a  chord  of  the  ®, 

/.  centre  of  the  ®  lies  in  EO.  III.  1 

Hence  0  is  the  centre  of  the  ®  of  which  ABC  is  an  arc, 
and  if  a  ©  be  described,  with  centre  0  and  radius  OA,  this 
will  be  the  ®  reauired. 

Q.  K.  F. 


J 
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Proposition  B.     Problem.    (Eucl.  iv.  6.) 
To  describe  a  circle  about  a  given  triangU. 


Let  ABC  be  the  given  A . 

It  is  required  to  describe  a  ©  about  the  A . 

From  D  and  E,  the  middle  pts.  of  AB  and  AC,  draw  DO, 
BO,  j.a  to  AB,  AC,  and  let  them  meet  in  0. 

Then  •/  JB  is  to  be  a  chord  of  the  ©, 

.•.  centre  of  the  ©  lies  in  DO.  III.  1. 

And  •.•  AC  is  to  be  a  chord  of  the  ®, 

.•.  centre  of  the  ©  lies  in  EO.  III.  1. 

Hence  0  is  the  centre  of  the  ©  which  can  be  described 
about  the  A ,  and  if  a  ©  be  described  with  centre  0  and  radius 
OA,  this  will  be  the  ©  required. 

Q.  E.  F. 

Ex.  1.  If  BAC  be  a  right  angle,  shew  that  0  will  coincide 
with  the  middle  point  of  BC. 

Ex.  2.  If  BAC  be  an  obtuse  angle,  shew  that  0  will  fall 
on  the  side  of  BC  remote  from  A. 
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Proposition  XI.    Theorem. 

If  one,  circle  touch  another  internally  at  any  point,  the 
centre  of  tJie  interior  circle  must  lie  in  that  radius  of  th« 
other  circle  which  passes  through  that  point  of  contact. 


Let  the  ©  ADE  touch  the.©  ABC  internally,  and  let  A  b« 
a  pt.  of  contact. 

Find  0  the  centre  of  ©  ABC,  and  join  OA. 
Then  must  the  centre  of  ©  ADE  lie  in  the  radius  OA. 

For  if  not,  let  P  be  the  centre  of  ©  ADE. 

Join  OP,  and  produce  it  to  meet  the  Oces  in  D  and  B. 

Then  •.'  P  is  the  centre  of  ©  ADE,  and  from  0  are  drawn 
to  the  Oce  of  ADE  the  st.  lines  OA,  OD,  of  which  OD  passes 
through  P, 

.-.  OD  is  greater  than  OA.  III.  8,  Cor. 

But  OA  =  OB; 

.'.  OD  is  greater  than  OB, 

which  is  impossible. 

•'.  the  centre  of  ®  ADE  is  not  out  of  the  radius  OA. 

.*.  it  lies  in  OA. 

Q.  E.  D. 
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Proposition  XII.     Theorem. 

If  two  circles  touch  one  another  externally  at  any  point,  the 
straMt  line  joining  the  centre  of  one  toith  that  point  of  contact 
must  when  produced  pass  through  the  centre  of  the  other. 


Let  (9  AhC  touch  ©  ADE  externally  af.  the  pt.  A. 
Let  0  be  the  centre  of  ©  ABC. 
Join  OA,  and  produce  it  to  E. 
Then  must  the  centre  of  0  ADE  lie  in  AB. 

For  if  not,  let  P  be  the  centre  of  0  ADE. 

Join  OP  meeting  the  ©s  in  5,  D  ;  and  join  AP. 
Then  •.•  OB=OA, 
and  PD=^AP, 

.:  OB  and  PD  together  =0^  and  AP  together  ; 
.•.  OP  is  not  less  than  OA  and  AP  together. 
But  OP  is  less  than  OA  and  AP  together,  I.  20. 

which  is  impossible  ; 

.".  the  centre  of  0  ADE  cannot  lie  out  of  AE. 

Q.  E.  D. 

Ex.  Three  circles  touch  one  atiothor  externally,  whose 
centres  are  A,  B,  C  Shew  that  the  difference  between  AB 
and  AC  is  half  as  grent  as  the  tlifferoncc  between  the  diameters 
nf  the  circles,  whose  centres  are  B  and  C. 
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Proposition  XIII.     Theorem. 

Ont  circle  cannot  touch  another  at  more  points  tlum  one, 
whetlier  it  touch  it  internally  or  extemoJlij 

First  let  the  ©  J  DE  touch  the  ©  A  BC  internally  at  pt.  A. 
Then  there  can  he  no  other  point  of  cord<Kt, 


Take  0  the  centre  of  ©  ABC 
Theii  F,  the  centre  of  ®  ADE,  lies  in  OA.  III.  11. 

Tiike  any  pt.  E  in  the  Qca  of  the  ©  ADE,  and  join  OE. 
Then  •."  from  0,  a  pt.  within  or  without  the  ©  ADE,  two 
lines    OA,   OE  are  drawn  to  the  Qcq,  of  which  OA  passes 
tiirough  the  centre  P, 

.-.  OA  is  greater  than  OE,  III.  8,  Cor. 

and  .*.  ^  is  a  point  within  the  0  ABC.  Post. 

Similarly  it  may  be  shewn  that  every  pt.  of  the  Qce  of  the 
©  ADE,  except  A,  lies  within  the  ©  ABC  ; 

.'.  A  is  the  only  point  at  which  the  ©s  meet, 
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Next,  let  the  ©  s  ABOy  ADE  touch  externally  at  the  pt.  A. 
Then  ihe*6  can  be  no  other  point  of  contact. 


Take  0  the  centre  of  the  ©  ABC. 
Then  P,  the  centre  of  the  ©  ADE,  lies  in  OA  produced. 

III.  12. 
Take  any  pt.  D  in  the  Qce  of  the  ©  ADE,  and  join  OD. 
Then  •."  from  0,  a  pt.  without  the  0  ADE,  two  lines  OA, 
OD  are  drawn  to  the  Qce,  of  which  OA  when  produced  passes 
through  the  centre  P, 

.:  OD  is  greater  than  OA  ;  III.  8. 

.'.  Z>  is  a  point  without  the  ©  ABO.  Post. 

Similarly,  it  may  be  shewn  that  every  pt.  of  the  Qfx  of 
ADE,  except  A,  lies  without  the  ©  ABC  ; 

.*.  A  is  the  only  point  at  which  the  ®s  meet. 

Q.  E.  D. 

Def.  VIII.  The  distance  of  a  chord  from  the  centre  is 
measured  by  the  length  of  the  perpendicular  drawn  from  the 
centre  to  the  chord. 
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Proposition  XIV.     Theorem. 

Equal  chords  in  a  circle  are  equally  distant  from  the  centre  ; 
and  conversely,  those  which  are  equally  distant  from  the  centre, 
are  equal  to  one  another. 


Let  the  chords  AB,  CD  in  the  ©  ABDC  be  equal 
Then  must  AB  and  CD  he  equally  distant  from  the  centra  0, 
Draw  OP  and  nq  j.  to  AB  and  CD  ;  and  join  AG,  CO. 
Then  P  and  Q  are  the  middle  pts.  of  AB  and  CD :      III.  3. 

and  •.•  AB=CD,  .:  AP=CQ. 
Then  •/  AP=  CQ,  and  A0=  CO, 
in  the  right-angled  As  AOP,  COQ, 

.:OP=OQ;  I.  E.  Cor.  p.  43. 

and  .'.  AB  and  CD  are  equally  distant  from  0.  Def.  8. 

Next,  let  AB  and  CD  be  equally  distant  from  O. 
Then  must  AB=CD. 

For  •.•  OP=OQ,  and  AO=CO, 
in  the  right-angled  as  AOP,  COQ, 

.•.AP=CQ,  I.  KCor. 

a.nd.:AB^CI) 

Q.  K.  D. 

Ex.  In  a  circle,  whose  diameter  is  10  inches,  a  chord  is 
drawn,  which  is  8  inches  long.  If  another  chord  be  drawn,  at 
a  distance  of  3  inches  from  the  centre,  shew  whether  it  is  equal 
or  not  *.o  the  former. 
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Proposition  XV.     Tueorem. 

The  diameter  is  the  greatest  chord  in  a  circle,  and  of  all  others 
that  which  is  nearer  to  the  centre  is  always  greater  than  one 
more  remote  ;  and  the  greater  is  nearer  to  the  cenire  than  Uu 
Im. 


Let  AB  be  a  diameter  of  the  ©  ABDC,  whose  centre  is  0. 
and  let  CD  be  any  other  chord,  not  a  diameter,  in  the  © , 
nearer  to  the  centre  than  the  chord  EF. 

Then  must  AB  be  greater  than  CD,  and  CD  greater  than  EF. 
Draw  or,  OQ  x  to  CD  and  EF  ;  and  join  OC,  OD,  OE. 

Then  •.•  AO^CO,  and  OB=OD,        I.  Def.  13. 
.:  AB==s\im  of  CO  and  OD, 
and  .-.  AB  is  greater  than  CD.  I.  20. 

Again,  •.  •  CD  is  nearer  to  the  centre  than  EF, 

.:  OP  is  less  than  OQ.  Def.  8. 

Now  •.•  sq.  on  0C= sq.  on  OE, 
.'.  sum  of  sqq.  on  OP,  PC=sum  of  sqq  on  OQ,  QE.     I.  47. 
But  sq.  on  OP  is  less  than  sq.  on  OQ  ; 
.  •.  sq.  on  PC  is  greater  than  sq.  on  QE ; 
.-.  PO  is  greater  than  QE  ; 
and  .-.  CD  is  greater  than  EF. 
Next,  let  CD  be  greater  than  EF. 
Then  must  CD  be  nearer  to  the  centre  than  EF. 
For  •.•  CD  IS  (^leater  than  EF, 
.-.  PC  is  ;;nater  than  QE. 
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Now  the  sum  of  sqq.  on  OT,  PC=  sum  of  sqq.  on  OQ,  QE. 

But  sq.  on  PC  is  greater  than  sq.  on  QE  ; 

.'.  sq.  on  OP  is  less  than  sq.  on  OQ  ; 

,-.  OP  is  less  than  OQ  ; 

and  .•.  CD  is  nearer  to  the  centre  than  EF, 

a  E.  T>. 

Ex.  1.  Draw  a  chord  of  given  length  in  a  given  circle,  which 
shall  be  bisected  by  a  given  chord. 

Ex.  2.  If  two  isosceles  triangles  be  of  equal  altitude,  and 
the  sides  of  one  he  equal  to  the  sides  of  the  other,  shew  that 
their  bases  must  be  equal. 

Ex.  3.  Any  two  chords  of  a  circle,  which  cut  a  diameter  in 
the  same  point  and  at  equal  angles,  are  equal  to  one  another. 

Def.  IX.  A  straight  line  is  said  to  be  a  Tangent  to,  or  to 
touch,  a  circle,  luhen  it  meets  and,  being  produced,  does  not  cut 
the  circle. 

From  this  definition  it  follows  that  the  tangent  meets  the 
circle  in  one  point  only,  for  if  it  met  the  circle  in  two  points 
it  would  cut  the  circle,  since  the  line  joining  two  points  in  the 
circumference  is,  being  produced,  a  secant.     (III.  2.) 

Def.  X.  If  from  any  point  in  a  circle  a  line  be  drawn  at 
right  angles  to  the  tangent  at  that  point,  the  line  is  called  a 
Normal  to  the  circle  at  that  point. 

Def.  XI.  A  rectilinear  figure  is  said  to  be  described  about  a 
Orcle,  when  each  side  of  the  figure  touches  the  circle. 


And  the  circle  is  said  to  be  inscribed  in  the  figure. 


Book  UL] 


PROPOSITION  XVI. 


t43 


Proposition  XVI.     Theorem. 

The,  straight  line  drawn  at  right  angles  to  the,  diameter  of  a 
eirde,  from  the  extremity  of  it,  is  a  tangent  to  the  circle. 


Let  ABChea.®,oi  which  the  centre  is  0, and  the  diameter 
AOB 

Through  B  draw  DE  at  right  angles  to  AOB.       I.  1 1 

TJien  must  DE  be  a  tangent  to  the  © . 

Take  any  point  P  in  DE,  and  join  OP. 

Then,  •.•  /  OBP  is  a  right  angle, 

.•.  z  OPB  is  less  than  a  right  angle,  L  17 

and  .-.  OP  is  greater  than  OB.  L  10 

Hence  P  is  a  point  without  the  ©  ABC.  P<ist. 

In  the  same  way  it  may  be  shewn  that  every  point  in  DE, 
or  DE  produced  in  either  direction,  except  the  point  B,  lies 
without  the  © ; 

Def.  9. 


.*.  DE  is  a  tangent  to  the  © . 


Q.  E.  D. 
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Proposition  XVII.     Problem. 
To  draw  a  straight  line  from  a  given  point,  eitlier  without 
or  ON  t/te  circumference,  which  shall  touch  a  given  circle. 


Let  A  be  the  given  pt.,  witJiout  the  ©  BCD. 
Take  0  the  centre  of  ©  BCD,  and  join  OA. 
Bisect  OA  in  E,  and  with  centre  E  and  radius  EO  describe 
»  ©  ABOD,  cutting  the  given  ©  in  5  and  D. 

Join  AB,  AD.     These  are  tangents  to  the  ©  BCD. 
Join  BO,  BE. 
Then  '.•  OE^BE,  .:  i  OBE=  l  BOE  ;  I.  a. 

.-.  z  AEB  =  lv,ice  L  OBE  ;  I.  32. 

and  •.•  AE=^BE,  .:  /  ABE=  l  BAE  ;  I.  a. 

.-.  /  OEB  =  twice  /  ABE  ;  I.  32. 

.-.  sum  of zs  AEB,  OEB= twice  sum  oils  OBE,  ABE, 
that  is,  two  right  angles  =  twice  z  OB  A  ; 

.'.  z  OB  A  is  a  right  angle, 
and  .-.  AB  is  a  tangent  to  the  ©  BCD.       III.  16. 
Similarly  it  may  be  shewn  that  AD  is  a  tangent  to  ©  BCD. 
Next,  let  the  given  pt.  be  on  the  Qce  of  the  ©,  as  J5. 
Then,  if  BA  be  drawn  ±  to  the  radius  OB, 

BA  is  a  tangent  to  the  ©  at  B.  III.  16, 

Q.  E.  D. 

Ex.  1.  Shew  that  the  two  tangents,  drawn  from  a  point  with- 
out the  circumference  to  a  circle,  are  equal. 

Ex.  2.  If  a  quadrilateral  ABCD  be  described  about  a  circle, 
shew  that  the  sum  of  AB  and  CD  is  equal  to  the  sum  of  AC 
and  BD 
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Proposition  XVIII.     Theorem. 

If  a  straight  line  touch  a  circle,  the  straight  line  drawn  from 
the  centre  to  the  point  of  contact  must  be  perpendiciilar  lo  th« 
line  toruhing  the  circle. 


Let  the  st.  line  DE  touch  the  ©  ABC  in  the  pt.  O. 
Find  0  the  centre,  and  join  00. 

Then  must  00  be  x  to  DE. 

For  if  it  be  not,  draw  OBFx  to  DE,  meeting  the  Oce  in  B. 

Then  •.•  i.  OFC  ia  a  rt.  angle, 

*.  I  OOF  is  less  than  a  rt.  angle,  I.  17. 

and  .'.  00  is  greater  than  OF.  I.  19. 

But  00=  OB, 

.*.  OB  is  greater  than  OF,  whicli  is  impossible  ; 

.•.  OF  h  not  ±  to  DE,  and  in  the  same  way  it  may  be 
shewn  that  no  other  line  drawn  from  0,  but  00,  is  ±  to  DE ; 

.-.  OCis±toD£. 

Q.  E.  D. 

Ex.  If  two  straight  lines  intersect,  the  centres  of  all  circles 
touched  by  both  lines  lie  in  two  lines  at  right  angles  to  each 
other. 

NoTK.  Prop.  XVIII.  might  be  stated  thus  : — All  radii  of  a 
circle  are  normal$  to  the  circle  at  the  points  where  they  meet  the 
circumference. 
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Proposition  XIX.     Theorem. 

If  a  straight  Uva  touch  a  circle,  and  from  the  point  of  con 
tact  a  straight  line  he  drawn  at  right  angles  to  ths  touching  line, 
the  centre  of  ilie  circle  must  be  in  that  line. 


Let  the  st.  line  DE  touch  the  ©  ABC  at  the  pt.  C,  and 
from  C  let  GA  be  drawn  ±  to  DK 

Then  must  the  centre  of  the  ©  he  in  CA. 

For  if  not,  let  F  be  the  centre,  and  join  FC. 

Then  •.•  DGFj  touches  the  ®,  and  FC  Is  drawn  from  centre 
to  pt.  of  contact, 

.-.  z  FCE  is  a  rt.  angle.  III.  18. 

But  z  A  CE  is  a  rt,  angle. 

.'.  z  FCE  =  z  ACE,  which  is  impossible, 

In  the  same  way  it  may  be  shewn  that  no  pt.  out  of  CA 
can  be  the  centre  of  the  © ; 

.'.  the  centre  of  the  ©  lies  in  CA. 

Q.  B.  D. 

Ex.  Two  concentric  circles  being  described,  if  a  chord  of 
the  greater  touch  the  less,  the  parts  of  the  chord,  intercepted 
between  the  two  circles,  sire  equal. 

Note.  Prop.  xix.  might  be  stated  thus  :—  Every  normal  (i> 
a  circle  pa-<fes  thronqh  the  rchfrc. 
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Proposition  XX.     Theorem. 

Tht  angle  at  the  centre  of  a  circle  is  double  of  the  angle  at  the 
ciTcuviJerence .  subtended  Inf  the  sa/me  arc. 

Let  ABC  he  a  ©,  0  the  centre, 
BC  any  arc,  A  any  pt.  in  the  Oce. 

^  Then  must  l  BOG  =  tmce  l  BA  C. 

First,  suppose  0  to  be  iii  one  of  the  lines  containing  the 
I  BAG. 


Then  •.•  OA  =  OG, 

:.L  OGA  =  lOAG; 

,*,  snm  of  z  s  OGA,  OAG  ==  twice  z.  OAG. 

iJat  z  £00=  sum  of  z  s  OGA,  OAG, 

•.  I  BOG  =  twice  z  OAC. 

that  is,  z  BOG  =  twice  l  BAG. 


I.  A. 


1.  32. 
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Next,  suppose  0  to  be  within  (fig  1),  or  without  (fig.  2)  the 
I  BAG. 


Join  AO,  and  produce  it  to  meet  the  Oce  in  D. 
Then,  as  in  the  first  case, 

L  GOB  =  twice  z  GAD, 
ond  I  BOD  =  twice  z  BAD  ; 


fig.  1,  sum  of  z  s  COD,  BOD  =  twice  sum  of  z  s  CAD, 


BAD, 


that  is,  z  BOG  =  twice  z  5^C. 


And,  fig.  2,  difference  of  z  s  COD,  BOD  =  twice  difference 
of  z  s  GAD,  BAD,  that  is,  z  BOG  =  twice  z  ^^a 

Q.  E.  D. 

Ex.  1.  The  centre  of  the  circle  CBED  is  on  the  circum- 
ference of  ABD.  If  from  any  point  A  the  lines  ABC  and 
A  ED  be  drawn  to  cut  the  circles,  the  chord  BE  is  parallel  to 
CD. 


Ex.  2.  From  any  point  in  a  straight  line,  touching  a  ciMe, 
a  straight  line  is  drawn  through  the  centre,  and  is  terminated 
by  the  circumference  ;  tlie  angle  between  these  two  straight 
lines  is  bisected  by  a  straight  line,  whicli  intersects  the  straight 
line  joining  their  extremities.  Shew  that  the  angle  between 
the  last  two  lines  is  h;ilf  a  liqht  angle. 


Bookin.]  NOTE  11.  149 

Note  2.   On  Flat  and  Rejkx  Angles. 

We  have  already  explained  (Note  3,  Book  I.,  p.  28)  how 
Euclid's  definition  of  an  angle  may  be  extended  with  advan- 
tage, so  as  to  include  the  conception  of  an  angle  equal  to  two 
right  angles  :  and  we  now  proceed  to  shew  how  the  Definition 
given  in  that  Note  may  be  extended,  so  as  to  embrace  angles 
greater  than  two  right  angles. 


"T y^ 


Let  WQ  be  a  straight  line,  and  QE  its  continuation. 

Then,  by  the  Definition,  the  angle  made  by  WQ  and  QE, 
which  we  propose  to  call  a  Flat  Angle,  is  equal  to  two  right 
angles. 

Now  suppose  QP  to  be  a  straight  line,  which  revolves  about 
the  fixed  point  Q,  and  which  at  first  coincides  with  QE. 

When  QP,  revolving  from  right  to  left,  coincides  with  QW, 
it  has  described  an  angle  equal  to  two  right  angles. 

When  QP  has  continued  its  revolution,  so  as  to  come  into 
the  position  indicated  in  the  diagram,  it  has  described  an 
angle  EQP,  indicated  by  the  dotted  line,  greater  than  two 
right  angles,  and  this  we  call  a  Reflex  Angle. 

To  assist  the  learner,  we  shall  mark  these  angles  with  dotted 
lines  in  the  diagrams. 

Admitting  the  existence  of  angles,  equal  to  and  greater  than 
two  right  angles,  the  Proposition  last  proved  may  be  extended, 
as  we  now  proceed  to  shew. 
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Proposition  C.     Theorem. 

Ttm  angle,  not  less  than  two  right  angles,  at  the  centre  of  a 
circle  is  double  of  the  angle  at  the  circumference,  subtended  by 
the  sa/me  arc. 


Fig.L 


Fig.  2. 


In  the  ®  AGBD,  let  the  angles  AOB  (not  less  than  two 
right  angles)  at  the  centre,  and  ADB  at  the  circumference,  be 
subtended  by  the  same  arc  ACE. 

Then  must  l  AOB=ti(nce  l  ADB. 
Join  DO,  and  produce  it  to  meet  the  arc  ACB  in  C. 

Then  •.•  z  ^0<7=twice  z  ADO,  III.  20. 

and  z  BOC=  twice  z  BDO,  III.  20. 

.'.  Bum  of  z  s  AOC,  £0C= twice  sum  of  z  s  ^  DO,  BDO, 
that  is,  z  J.  05= twice  z  ADB. 

Q.  E.  D. 

Note.  In  fig.  1,  z  AOB  is  drawn  a  flat  angle, 
and  in  fig.  2,  z  ^  OB  is  drawn  a  reflex  angle. 

Def.  XII.  The  angle  in  a  segment  is  the  angle  contained  by 
two  straight  lines  drawn  from  any  point  in  the  arc  to  the  ex- 
tremities of  the  choFci- 
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Proposition  XXI.    Theorek. 

Tht  angles  in  the  same  segment  of  a  circle  are  equal  to  on* 
another. 


Let  BA  Q,  BDG  be  angles  in  the  same  segment  BA  DC. 

Then  must  L  BAC=  i.  BDC. 
First,  when  segment  BADC  is  greater  than  a  semicircle. 

From  0,  the  centre,  draw  OB,  OC.  (Fig.  1.) 

Then,  •.•  /.  £0C=  twice  i  BAG, '  III  20. 

and  I  BOO  =twice  L  BBC,  III.  20. 

.■.lBAC=  I  BDC. 
Next,  when  segment  BADC  is  less  than  a  semicircle, 

Let  E  be  the  pt.  of  intersection  of  AC,  DB.   (Fig.  2.) 
Then  :■  l  ABE=  l  DCS,  by  the  first  case, 

&iid/.BEA=  L  CED,  I.  15. 

.-.  L  EAB=  L  EDC,  I.  32. 

that  is,  ^  BAC=  i  BDC.  q.  e.  d. 

Ex.  1.  Shew  that,  by  assuming  the  possibility  of  an  angle 
being  greater  than  two  right  angles,  both  the  cases  of  this 
proposition  may  be  included  in  one. 

Ex.  2.  AB,  AC  are  chords  of  a  circle,  D,  E  the  middle 
points  of  their  arcs.  If  DE  be  joined,  shew  that  it  will  cut 
ofiF  equal  parts  from  AB,  A  C. 

Ex.  3.  If  two  straight  lines,  whose  extremities  are  in  the 
circumference  of  a  circle,  cut  one  another,  the  triangles  formed 
by  joining  their  extremities  are  equiangular  to  each  otlier 
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Proposition  XXII.     Theorem, 

The  opposite  angles  of  any  quadrilateral  figure,  inscrihed.  in 
•  eircUj  are  together  equal  to  two  right  angles. 


Let  ABCD  be  a  quadrilateral  fig.  inscribed  in  a  ©. 

Then  mriust  each  pair  of  its  opposite  i  s  be  together  equal  to 
two  rt.  I  s. 

Draw  the  diagonals  AC,  BD. 

Then  •.*  /  ADB=  l  ACB,  in  the  same  segment.         III.  21. 

and  z  BDC=  i  BAG,  in  the  same  segment  ;        III.  21. 

.-.  sum  of  z  s  ADB,  BDC=sum  of  /  s  ACB,  BAC ; 

that  is,  I  ADC=sum  of  z  s  ACB,  BAG. 

Add  to  each  z  ABC. 

Then  z  8   ADC,   ABC   together=sum   ofzs   ACB,   BAC, 
ABC, 

and  .•.  z  s  ADC,  ABC  together=two  right  z  s.  I.  32. 

Similarly,  it  may  be  shewn, 

that  z  s  BAD,  BCD  together = two  right  z  s. 

Q.  E.  D. 

Note. — Another  method  of  proving  this  proposition  is  given 
on  page  177. 
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Ex.  1.  If  one  side  of  a  quadrilateral  figure  inscribed  in  a 
circle  be  produced,  the  exterior  angle  is  equal  to  the  opposite 
•ingle  of  the  quadrilateral. 

Ex.  2.  Tf  the  sides  AV>,  DC  of  a  quadrilateral  iasorbcd  in 
a  circle  be  produced  to  meet  in  E,  ilien  the  triangles  EU(J, 
EAD  will  be  equiangular. 

Ex.  3.  Phew  that  a  circle  cannot  be  described  about  a 
rhonibiis. 

Ex.  4.  The  lines,  biscctinf:^  any  angle  of  a  quadrilateral  figure 
inscribed  in  a  circle  and  the  opposite  exterior  angle,  meet  in 
the  circumference  of  the  circle. 

Ex.  5.  AB,  a  chord  of  a  circle,  is  the  base  of  an  isosceles 
triangle,  whose  vertex  G  is  without  the  circle,  and  whose 
t'qual  sides  meet  the  circle  in  T),  E  :  shew  that  CD  is  equai 
to  CE. 

Ex.  6.  If  in  any  quadrilateral  the  opposite  angles  be  to- 
gether equal  to  two  right  angles,  a  circle  may  be  described 
about  that  quadrilateral. 

Propositions  xxiii.  and  .xxiv.,  not  being  required  in  the 
method  adopted  fur  proving  the  subsequent  Propositions  in 
this  book,  are  removed  to  the  Appendix.  Proposition  xxv. 
has  been  already  proved. 


Note  3.  (Jii-  the  Method  of  Superposition,  as  apjjlied 
to  Circles. 

In  Props,  xxvr.  xxvii.  xxviii.  xxix.  we  prove  certain 
relations  existing  between  chords,  arcs,  and  angles  in  equal 
circleo.  As  we  shall  enqiloy  the  Method  of  Superposition,  we 
must  state  the  principles  which  render  this  methi>d  appli- 
cable. IS  a  test  of  equality,  in  the  case  of  figures  with  circnlar 
boinidaries. 
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Def.  XIII.  Equal  circles  are  those,  of  which  the  radii  a/rt 
equal. 


c  c 

For  suppose  ABC,  A'B'C  to  be  cii'cles,  of  which  the  radii 
are  equal. 

Then  if  ©  A'B'C  be  applied  to  ©  ABC,  so  that  (7,  the 
centre  of  A'B'C,  coincides  with  0,  the  centre  of  ABC,  it  is 
evident  that  any  'particular  point  A'  in  the  Qce  of  the  former 
must  coincide  with  some  point  A  in  Q ce  of  the  latter,  because 
of  the  equality  of  the  radii  O'A'  and  OA. 

Hence  Qcq  A'B  C  must  coincide  with  Qce  ABC, 
that  is,  ©  A'B'C  =@  ABC. 

Further,  when  we  have  applied  the  circle  A'B'C  to  the 
circle  ABC,  so  that  the  centres  coincide,  we  may  imagine  ABC 
to  remain  fixed,  while  A'B'C  revolves  round  the  common 
centre.  Hence  we  may  suppose  any  particular  point  B'  in  the 
circumference  of  A'B'C  to  be  made  to  coincide  with  any  par- 
ticular point  B  in  the  circumference  of  ABC. 

Again,  any  radius  O'A'  of  the  circle  A'B'C  may  be  made  to 
coincide  with  any  radius  OA  of  the  circle  ABC. 

Also,  if  A'B'  and  AB  be  equal  arcs,  they  may  be  made  to 
coincide. 

Again,  every  diameter  of  a  circle  divides  the  circle  into 
equal  segments. 

For  let  AOB  be' a  diameter  of  the 
circle  ACBD,  of  which  0  is  the  centre. 
Suppose  the  segment  ACB  to  be  ap- 
plied to  the  segment  ADB,  so  as  to 
keep  AB  n  common  boundary :  then 
the  arc  ACB  must  coincide  with  the 
arc  ADB,  because  every  point  in 
each  is  equally  distant  from  0. 
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Proposition  XXVI.     TnEOREM. 

In  eq^ial  circles,  the  arcs,  which  subtend  equal  angles,  whether 
they  be  ai  the  centres  or  at  the  circumferences,  must  be  equal. 


Let  ABC,  DEF  be  equal  circles,  and  let  /.  s  BGC,  EHF  at 
tbeir  centres,  and  z  s  BAG,  EDF  at  their  O^^^s,  be  equal. 

Then  must  arc  BKC=airc  ELF. 

For,  if  ©  J  50  be  applied  to  ©  DEF, 

80  that  G  coincides  with  H,  and  GB  falls  on  TIEy 

then,  •.•  GB=HE,  .:  B  will  coincide  with  E. 
And  •.•  z  BGC=  l  EHF,  .:  GG  will  faU  on  HF ; 

and  •.•  GC=HF,  .:  0  will  coincide  with  F. 
Then  •.•  B  coincides  with  E  and  C  with  F, 
.-.  arc  BEG  will  coincide  with  and  be  equal  to  arc  ELF. 

Q.  E.  D. 

Cor.  Sector  BGCK  is  equal  to  sector  EIIFL. 

Note.  This  and  the  three  followintr  Propositions  arc,  and 
will  hereiifter  be  assumed  to  be,  true  for  the  same  drcle  as  well 
as  for  eqrial  circles. 
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Proposition  XXVII.     Theorem. 
In  equal  circles,  the  angles,  which  are  suhtendcd  by  equal  arcs, 
whether  they  are  at  the  centres  or  at  the  circumferences,  must  be 


Let  ABC,  DEF  be  equal  circles,  and  let  z  s  BGG,  EHF  at 
their  centres,  and  /  s  BAG,  EDF  at  their  Qces,  be  subtended 
by  equal  arcs  BKC,  ELF. 

Then  must  L  BGC=  L  EHF,  and  l  BAC=  l  EDF. 

For,  if  ©  ABC  be  applied  to  ©  DEF, 
so  that  G  coincides  with  J?,  and  GB  falls  on  HE, 
then  •.•  GB  =  HE,  .-.  B  will  coincide  with  E  ; 
and  •.•  arc  BKG=a.rc  ELF,  .:  G  will  coincide  with  F. 
Hence,  GG  will  coincide  with  HF. 
Then  •.■  EG  coincides  with  EH,  and  GG  with  HF, 

.".  z  BGG  will  coincide  with  and  be  equal  to  i  EHF. 

Again,  •.•  z  jB^O=half  of  z  BGC,  III.  20. 

and  z  EDF=hii}i  of  z  EHF,  III.  20. 

.-.  iBAC=  ^  EDF.  I.  Ax.  7. 

Q.  E.  D. 

Ex.  1.  If,  in  a  circle,  AB,  CD  be  two  arcs  of  given  magni- 
tude, and  AC,  BD  be  joined  to  mee\;  in  E,  shew  that  the  angle 
AEB  is  invariable. 

Ex.  2.  The  straight  lines  joining  the  extremities  of  the 
chords  of  two  equal  arcs  of  the  same  circle,  towards  the  same 
parts,  are  parallel  to  each  other. 

Ex.  3.  If  two  equal  chords,  in  a  given  circle,  cut  one  an- 
other, the  segments  of  the  one  shnll  be  equal  to  the  segments 
of  the  other,  onrh  to  ciich. 
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Proposition  XXVIII.    Theorem. 

In  equal  circles,  the  area,  which  are  subtended  by  equal 
chords,  must  be  equal,  the  gieater  to  the  greater,  and  the  less  to 
the  less. 


Let  ABC,  DEF  be  equal  circles,  and  BC,  EF  equal  chords, 
subtending  the  major  arcs  BAC,  EDF, 

and  the  minor  arcs  BGC,  EHF. 
Then  must  arc  BAC  =  arc  EDF,  and  arc  BGC  =  arc  EHF. 
Take  the  centres  K,  L,  and  join  KB,  KC,  LE,  LF. 
Then  v  KB=LE,  and  KC=LF,  and  BC=EF, 

.-.  z  BKC  =  L  ELF.  I.  G 

Hence,  if  ©  ABC  be  applied  to  ©  DEF, 

80  that  K  coincides  with  L,  and  KB  falls  on  LE, 

then  •.•  z  BKC  =  i  ELF,  .:  KC  will  fall  on  LF ; 

and  •.•  KC  =  LF,  .:  C  will  coincide  with  F. 

Then  ".•  B  coincides  with  E,  and  C  with  F, 

.'.  arc  BAC  will  coincide  with  and  be  equal  to  arc  EDF, 

and  arc  BGC EIIF. 

Q.  E.  D. 

Ex.  1.  If,  in  a  circle  A  BCD,  the  arc  AJB  be  equal  to  the 
arc  DC,  AD  must  be  parallel  to  BC. 

Ex.  2.  If  a  straight  line,  drawn  from  A  the  middle  point 
of  an  arc  BC,  touch  the  circle,  shew  that  it  is  parallel  to  the 
chord  BC. 

Ex.  3.  If  two  chords  of  a  circle  intersect  at  right  angles, 
the  portions  of  the  circumference  taken  alternately  are  toizi  tlier 
equal  to  half  the  rirciiinference. 
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Proposition  XXIX.     Theorem. 

tti  equal  circles,  the  chords,  which  subtend  equal  arcs,  must 
be  equal. 


Let  ABC,  DEF  be  equal  circles,  and  let  BC,  EF  be  chords 
subtending  the  equal  arcs  BGC,  ERF. 

Then  must  chord  BG  =  chord  EF. 

Take  the  centres  K,  L. 

Then,  if  ©  ABC  be  applied  to  ©  DEF, 

so  that  K  coincides  with  L,  and  B  with  E, 

and  arc  BGC  falls  on  arc  EHF, 

'.'  arc  BGG=a.rG  EHF,  .:  C  will  coincide  with  F. 

Tlien  •.'  B  coincides  with  E  and  0  with  F, 

,•.  chord  BG  must  coincide  with  and  be  equal  to  chord  EF. 

Q.  E.  D. 

Ex.  1.  The  two  straight  lines  in  a  circle,  which  join  the 
extremities  of  two  parallel  chords,  are  equal  to  one  another. 

Ex.  2.  If  three  equal  chords  of  a  circle,  cut  one  another  in 
the  same  point,  within  the  circle,  that  point  is  the  centre. 
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Note  4.   0?i  t^«  Symmetrical  properties  of  the  Circle  with 
regard  to  its  diameter. 

The  brief  remarks  ou  Symmetry  in  ip,  107,  108  may  now 
be  extended  in  the  following  way  : 

A  figure  is  said  to  be  symmetrical  with  regard  to  a  line, 
when  every  perpendicular  to  the  line  meets  the  figure  at 
points  wliich  are  equidistant  from  the  line. 

Hence  a  Circle  is  Symmetrical  with  regard  to  its  Diameter, 
because  the  diameter  bisects  every  chord,  to  which  it  is  per- 
pendiculac 


Further,  suppose  AB  to  be  a  diameter  of  the  circle 
ACBD,  of  which  0  is  the  centre,  and  CD  to  be  a  chord 
perpendicular  to  AB. 

Then,  if  lines  be  drawn  as  in  the  diagram,  we  know  that 
AB  bisects 

(1.)  The  chord  CD,  III.  1. 

(2.)  The  arcs  CAD  and  CBD,  III.  26. 

(3.)  The    angles    CAD,    COD,   CBD,   and   the   reflex 
angle  DOC.  I.  4 

Also,  chord  C'ZJ  =  chord  !>£,  1.4. 

and  chord  .4  C=  chord  AD.  I.  4. 

These  Symmetrical  relations  should  be  carefully  observed, 
because  thpy  are  often  suggestive  of  methods  for  the  solution 
of  problems. 
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Peoposttion  XXX.    Problem. 
To  bisect  a  given  arc 


Let  ABC  be  the  given  arc. 

It  is  required  to  bisect  the  arc  ABC. 

Join  AG,  and  bisect  the  chord  ACia  D.         I.  10. 
From  D  draw  DBj.  to  AC.  I.  11. 

Then  will  the  arc  ABC  be  bisected  in  B. 

Join  BA,  BC. 

Then,  in  A    ADB,  CDB, 

•.'  AD=CD,  and  DB  is  common,  and  i  ADB  =  l  CDB, 

.:  BA=BC.  I.  4. 

But,  in  the  same  circle,  the  arcs,  which  are  subtended  by 
equal  chords,  are  equal,  the  greater  to  the  greater  and  the 
less  to  the  less  ;  III.  28. 

and  •.•  BD,  if  produced,  is  a  diameter, 

.*.  each  of  the  arcs  BA,  BC,  is  less  than  a  semicircle, 

and  .•.  arc  BA=axG  BC. 

Thus  the  arc  ABC  is  bisected  in  B. 

Q.  K.  F. 

Ex.  If,  from  any  point  in  the  diameter  of  a  semicircle, 
there  be  drawn  two  straight  lines  to  the  circumference,  one 
to  the  bisection  of  the  circumference,  and  the  other  at  right 
angles  to  the  diameter,  the  squares  on  these  two  linea  are 
together  double  of  the  square  on  the  radius 
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Proposition  XXXI.    Theorem. 

In,  a  circle,  the  angle  in  a  semicircle  is  a  right  angle ;  and 
the  angle  in  a  segment  greater  than  a  semicircle  is  less  than  a 
right  angle ;  and  the  angle  in  a  segment  less  than  a  semicircle 
is  greater  than  a  right  angle. 


Let  ABC  be  ft  ® ,  0  its  centre,  and  BC  a  diameter. 
Draw  AC,  dividing  the  ©  into  the  segments  ABC,  ADC. 

Join  BA,  AD,  DC,  AO. 
Then  must  the  L  in  the  semicircle  BAC  be  a  rt.  l  ,  and  l  in 
legment  ABC,  greater  than  a  semicircle,  less  than  art.  l  ,  and  i 
in  segment  ADC,  less  than  a  semicircle,  greater  than  art.  i . 
First,  •.•  BO=AO,  .:  l  BA0=  l  ABO ;  I.  a. 

.-.  I  CO  A  =  twice  z  BAO  ;  I.  32. 

and  •.•  CO=AO,  .:  i  CAO=  l  ACO  ;  I.  A. 

.-.  L  BOA  =  twice  i  CAO  ;  I.  32. 

.*.  sum  of  z  a  COA,  BOA  =  twice  sum  of  z  s  BAO,  CAO,  that 
is,  two  right  angles  =  twice  z  BAC. 

.:  L  BAC  is  a  right  angle. 
Next,  •.•  z  BAG  is  a  rt.  z  , 
.*.  L  ABC  is  less  than  a  rt.  z  .  I.  17. 

LaBtly,  •.•  sum  of  z  s  ABC,  ADC=tyvo  rt.  z  8,       III.  22. 
and  z  ABC  is  less  than  a  rt.  z  , 
.'.  z  ADC  is  greater  than  a  rt.  z  .  Q.  e.  d. 

Note. — For  a  simpler  proof  see  page  178. 
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Ex,  1.  If  a  circle  be  described  on  the  radius  of  another  circle 
as  diameter,  any  straight  line,  drawn  from  the  point,  where 
they  meet,  to  the  outer  circumference,  is  bisected  by  the  in- 
terior one. 

Ex.  2.  If  a  straight  line  be  drawn  to  touch  a  circle,  and  be 
parallel  to  a  chord,  the  point  of  contact  will  be  the  middle 
point  of  the  arc  cut  off  by  the  chord. 

Ex.  3.  If,  from  any  point  without  a  circle,  lines  be  drawn 
touching  it,  the  angles  contained  by  the  tangents  is  double  of 
the  angle  contained  by  the  line  joining  the  points  of  contact, 
and  the  diameter  drawn  through  one  of  them. 

Ex.  4.  The  vertical  angle  of  any  oblique-angled  triangle 
inscribed  in  a  circle  is  greater  or  less  than  a  right  angle,  by  the 
angle  contained  by  the  base  and  the  diameter  drawn  from  the 
extremity  of  the  base. 

Ex.  5.  If,  from  the  extremities  of  any  diameter  of  a  given 
circle,  perpendiculars  be  drawn  to  any  chord  of  the  circle  that 
is  not  parallel  to  the  diameter,  the  less  perpendicular  shall  be 
equal  to  that  segment  of  the  greater,  which  is  contained  between 
the  circumference  and  the  chord. 

Ex.  6.  If  two  circles  cut  one  another,  and  from  either  point 
of  intersection  diameters  be  drawn,  the  extremities  of  these 
diameters  and  the  other  point  of  intersection  lie  in  the  same 
straight  line. 

Ex.  7.  Draw  a  straight  line  cutting  two  concentric  circles, 
so  that  the  part  of  it  which  is  intercepted  by  the  circumference 
of  the  greater  may  be  twice  the  part  intercepted  by  the  circum- 
ference of  the  less. 

Ex.  8.  Describe  a  square  equal  to  the  difference  of  two  given 
squares. 

Ex.  9.  If  from  the  point  in  which  a  number  of  circles  touch 
each  other,  a  straight  line  be  drawn  cutting  all  the  circles,  shew 
that  the  lines,  which  join  the  points  of  intersection  in  each 
circle  with  its  centre,  will  all  be  parallel. 
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Proposition  XXXII.     Theorem. 
If  a  straight  line  touch  a  circle,  and  from  the  point  of  covlaci 
a  strai'iht  line  be  drawn  cutting  the  circle,  the  angles  made  by 
this  Hue  icith  the  line  towhing  the  circle  must  be  equal  to  the 
angles,  which  a/re  in  the  alt.ernate  segments  of  the  circle. 


Let  tlie  St.  line  AB  touch  the  ©  CDEF  in  F. 
Draw  the  chord  FD,  dividintr  the  ©into  segnionts  FCD,  FEB. 
Tlien  m^ist  l  DFB=  l  in  segment  FCD, 
and  L  DFA=  L  in  segment  FED. 
From  F  draw  the  chord  FCx  to  AB. 

Then  FC  is  a  diameter  of  the  0.  ill.  1£. 

Take  any  pt.  E  in  the  arc  FED,  and  join  FE,  ED,  DC. 
Then  •.•  FDC  is  a  semicircle,  .-.  i  FDC  is  a  rt.  z  ;     III.  31. 
.-.  sum  of  z  s  FCD,  CFD=a.  rt.  l  .  I.  Z9.. 

Also,  sum  of  z  s  DFB,  CFD=a  rt.  z  . 
.-.  sum  of  z  s  DFB,  GFD =&um  of  z  s  FCD,  CFD. 
a.ud.:  I  DFB  =  i  FCD, 
that  is,  z  DFB=  z  in  segment  FCD. 
Again,  *.'  CDEF  is  a  quadrilateral  fig.  inscribed  in  a  f^  , 

.-.  sum  (if  z  s  FED,  FCD  =  t\vo  rt.  z  s.  111.  22. 

Also,  sum  of  z  s  DFA,  DFB^two  rt.  z  s.  I.  13. 

.-.  sum  of  z  s  DFA,  />F/J  =  snm  of  z  s  FED,  FCD  ; 
and  z  DFB  has  been  proved  =  z  FCD  ; 

.•.lDfa=  I  fed, 

that  is,  z  DFA  =  z  in  segment  FED. 

Q.  E.  n. 

Ex.  The  rhnrd  inininfr  the  points  of  contact  of  parallel   lan- 
f'Pnts  i''  a  diant'*!"". 


EUCLID'S  ELEMi^-XIS. 


Proposition  XXXIII.     Problem. 
On  a  given  straight  line  to  describe  a  segment  of  a  ci/rcle 
capable  of  containing  (f.n  angle  equal  to  a  given  angle. 


L 


Let  AB  he  the  givon  st.  line,  and  C  the  given  L  . 
It  is  required  to  describe  on  AB  a  segment  of  a  ®  which 
shall  contain  an  L  =  l  C 

At  pt.  A  in  St.  line  AB  make  l  BAD=  l  G.       I.  23. 

Draw  AEa.  to  AD,  and  bisect  AB  in  F. 

From  F  draw  FGx,to  AB,  meeting  AE  in  G. 

Then  in  AS  AGF,  BGF  ; 

'.'  AF=BF,  and  FG  is  common,  and  z  AFG=  L  BFG  ; 

.:GA=GB.  1.4. 

With  G  as  centre  and  GA  as  radius  describe  a  ©  ABH. 

Then  will  AHB  be  the  segment  reqd. 
For  '.'  AD  is±to  AE,  a  line  passing  through  the  centre, 

.-.  AD  is  a  tangent  to  the  ©  ABH.  III.  16. 

And  •.*  the  chord  AB  is  drawn  from  the  pt.  of  contact  A, 

.-.  /  BAD=  L  in  segment  AHB,  III.  32. 

that  is,  the  segment  AHF)  contains  an  z  =  z  C, 
and  it  is  described  on  AB,  as  was  reqd. 

Q.  E.  F. 

Ex.  1.  Two  circles  intersect  in  A,  and  through  A  is  drawn 
a  straight  line  meeting  the  circles  again  in  P,  Q.  Prove  that 
the  angle  between  the  tangents  at  P  and  Q  is  equal  to  the 
angle  between  the  tangents  at  A. 

Ex.  2.  From  two  given  points  on  the  same  side  of  a  straight 
line,  given  in  position,  draw  two  straight  lines  which  shall  con- 
tain a  given  angle,  and  be  tcrnnnnted  in  the  given  line. 
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Proposition  XXXIV,    Problesi. 

To  cut  off  a  segment  from  a  given  circle,  capable  of  con- 
taining an  angle  equal  to  a  given  angle. 


Let  ABC  be  the  given  © ,  and  D  tlie  given  /  . 

It  is  required  to  cut  off  from  ©  ABC  a  segment  capable  Oj 
containing  an  l  =  l  D. 

Draw  the  st.  line  EBF  to  touch  the  circle  at  B. 

At  B  make  z  FBC  =  i  D. 

Then  ".•  the  chord  BC  is  diawn  from  the  pt.  of  contact  B, 

.:  L  FBC  =  z  in  segment  BAC,  III.  32. 

that  is,  the  segment  BAG  contains  an  z  =  z  X) ; 
and  .'.  a  segment  has  been  cut  off  from  the  ©,  as  was  reqd. 

Q.  E.  F. 

E.x.  1.  If  two  circles  touch  internally  at  a  point,  any  strai^lit 
line  passing  through  the  point  will  divide  the  circles  into  seg- 
ments, capable  of  containing  equal  angles. 

Ex.  2.  Given  a  side  of  a  triangle,  its  vertical  angle,  and  the 
radius  of  the  circumscribing  circle  :  construct  the  triangle. 

Ex.  3.  Given  the  base,  vertical  Jingle,  and  the  perpendicular 
fmni  the  extremity  of  the  base  on  the  opposite  side  :  construct 
the  triangle. 
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Proposition  XXXV      Theorem. 
If  two  chords  in  a  circle  cut  one  another,  the  rectangle  con- 
tained by  the  segments  of  one  of  them,  is  equal  to  the  rectangle 
contained  by  the  segments  of  the  other,^ 


Let  the  cTiords  AC,  BD  in  the  0  ABCD  intersect  in  the  pt.  P. 

Then  must  reel  AP,  PC=rect.  BP,  PD. 

From  0,  the  centre,  draw  OM,  OiV  jls  to  AC,  BD, 

and  join  OA,  OB,  OP. 

Then  *.•  AC  is  divided  equally  in  M"and  unequally  in  P, 

.-.  rect.  AP,  PC  with  sq.  on  MP=sq.  on  AM.      II.  5. 

Adding  to  each  the  sq.  on  MO, 

rect.  AP,  PC  with  sqq.  on  MP,  iVfO=sqq.  on  AM,  MO  ; 

.-.  rect.  AP,  PC  with  sq.  on  OP=sq.  on  OA.       I.  47. 
In  the  same  way  it  may  be  shewn  that 

rect.  BP,  PD  with  sq.  on  OP =sq.  on  OB. 
Then  •.■  sq.  on  0^=sq.  on  OB, 
.'.  rect.  AP,  PC  with  sq.  on  0P= rect.  BP,  PD  with  sq 
on  OP  ; 

.-.  rect.  AP.  P(7=rect.  BP,  PD.  q.  e.  d. 

Ex.  1.  A  and  B  are  fixed  points,  and  two  circles  are 
described  passing  through  them  ;  PCQ,  PCQ'  are  chords  of 
these  circles  intersecting  in  C,  a  point  in  AB ;  shew  that  the 
rectangle  CP,  CQ  is  equal  to  the  rectangle  CP',  CQ'. 

Ex.  2.  If  through  any  point  in  the  common  chord  of  two 
circles,  which  intersect  one  another,  there  be  drawn  any  two 
other  chords,  one  in  each  circle,  their  four  extremities  shall  all 
lie  in  the  circumference  of  a  circle. 
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Proposition  XXXVI.    Theorem. 

//,  /rom  a?iy  'point  without  a  circle,  tivo  straight  lines 
be  drawn,  one  of  which  cuts  the  circle,  and  the  other  tonclies 
it ;  the  rectangle  covininul  hy  (he  ichole  line  which  cuts  the 
circle,  and  the  part  of  it  without  the  rircle,  ncuat  oe  €*fial  to 
the  squarti  an  tiui  liiie  which  touches  it. 


Let  D  be  any  pt.  without  the  ©  ABG, 

and  let  the  st.  lines  DBA,  DC  be  drawn  to  cut  and  touch  the  ©. 

Tlien  must  rect.  AD,  DB=sq.  on  DC. 

From  0,  the  centre,  draw  OM  bisecting  AB  in  M, 

and  join  OB,  OC,  OD. 
Then  *.•  AB  is  bisected  in  M  and  produced  to  D, 
.:  rect.  AD,  DB  with  sq.  on  Af5=sq.  on  MD.     II.  6. 
Adding  to  each  the  sq.  on  MO, 
rect.  AD,  DB  with  sqq.  on  MB,  MO=sqq.  on  MD,  MO. 
Now  the  angles  at  M  and  C  are  rt.  /  s  ;    III.  3  and  18. 
.'.  rect.  AD,  DB  with  sq.  on  OB=sq.  on  OD  ; 
.-.  rect.  AD,  DB  with  sq.  on  0£=sqq.  on  OC,  DC.     I.  47. 
And  sq.  on  0^=sq.  on  00; 
.'.  rect.  AD,  DB=sq.  on  DC.  Q.  e.  d. 

Ex.  1.  Two  circles  iatersect  in  A  and  B  ;   shew  that  AB 
produced  bisects  their  common  tangent. 

Ex.  2.  If  the  circle,  inscribed  in  a  triangle  ABC,  touch  jBC'in 
D,  the  circles  described  about  A  HI).    I  CD  will  touch  each  other 
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Proposition  XXXVII.  Theorem. 
If,  from  a  'point  without  a  circle,  there  he  drawn  tivo  straight 
lines,  one  of  which  cuts  the  circle,  and  the  other  meets  it ;  if 
the  rectangle  contained  by  the  whole  line  which  cuts  the  circle, 
and  the  part  of  it  without  the  circle,  he  equal  to  the  square  on 
the  hne,  vslvkh  meets  it,  the  line  n-hich  meets  muit  touch  the  circle. 


Let  ^  be  a  pt.  without  the  0  BCD,  of  which  0  is  the  centre. 

From  A  let  two  st.  lines  ACD,  AB  be  clniwD,  of  which 

AGD  cuts  the  ©  and  AB  meets  it. 

'rhe7i  if  rcct.  DA,  AG=sq.  on  AB,  AB  must  touch  tlie  0. 

Draw  AE  touching  the  ©  in  E,  and  join  OB,  OA,  OE. 

Then  •.•  AGD  cuts  the  © ,  and  AE  touches  it, 

.-.  rect.  DA,  J.C=sq.  on  AE.  III.  30. 

But  rect.  DA,  ^(7=sq.  on  AB ;  Hyp. 

.'.  sq.  on  J.i>  =  sq.  on  AE ; 
.'.  AB=^AE. 
Then  in  the  A  s  OAB,  OAE, 
'.'  OB=OE,  and  OA  is  common,  and  AB=AE, 


.:  L  ABO  =  L  AEO. 
But  I  AEOm  a  rt.  i  ; 
.*.  /  ABO  is  a  rt.  z  . 
Now  BO,  if  produced,  is  a  diameter  of  the  © ; 
/.  AB  touches  the  ®. 


I.e. 
III.  18. 


III.  16. 

Q.  E.  D. 

Ex.  If  two  circles  cut  each  other,  and  from  any  point  in  the 
straight  line  produced,  which  joins  their  intersections,  two 
tangents  be  drawn,  one  to  each  circle,  they  sliall  be  equal. 
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Miscellaiicoxifi  Exercises  on  Book  III. 

1.  The  se<rinents,  into  wliicli  a  circle  is  cut  by  any  str;iii,'ht 
line,'  contain  angles,  whose  diti'orence  is  equal  to  the  inclination 
to  each  other  of  the  straij^'ht  lines  touching  the  circle  at  the  ex- 
tremities of  the  straight  line  which  divides  the  circle. 

2.  If  from  the  point  in  which  a  number  of  circles  touch  each 
other,  a  strais^ht  line  be  drawn  cuttmi,'  all  the  circles,  shew 
that  the  lines  which  join  the  points  of  intersection  in  each  circle 
with  its  centre  will  be  all  parallel. 

3.  From  a  point  Q  in  a  circle,  QN  is  drawn  perpendicuhir  to 
a  chord  PP',  and  QM  perpendicular  to  the  tangent  at  P :  shew 
that  the  triangles  ^QP',  QPM  are  equiangular. 

4.  If  a  circle  be  described  round  the  triangle  ABG,  and  a 
straight  line  be  drawn  bisecting  the  angle  BAG  and  cutting 
the  circle  in  Z>,  shew  that  the  angle  DOB  will  equal  hidi'  the 
angle  BAG. 

5.  One  angle  of  a  quadrilateral  figure  inscribed  in  a  circle  is 
a  right  angle,  and  from  the  centre  of  the  circle  perpendiculars 
are  drawn  to  the  sides,  shew  that  the  sum  of  their  squaies  is 
equal  to  twice  the  square  of  the  radius. 

6.  AB  is  the  diameter  of  a  semicircle,  D  and  E  any  two 
paints  on  its  circumfei-ence.  Shew  that  if  the  chords  joining 
A  and  B  with  D  and  E,  either  way,  intersect  in  F  and  G,  the 
tangents  at  D  and  E  meet  in  the  middle  point  of  the  line  FG, 
and  that  FG  produced  is  at  right  angles  to  AB, 

7.  If  a  straight  line  in  a  circle  not  pa.ssing  through  the  centre 
be  bisected  by  another  and  this  by  a  third  and  so  on,  prove  that 
the  points  of  bisection  continually  approach  the  centre  of  the 
circle. 

8.  If  a  circle  be  described  passing  through  the  opposite 
angles  of  a  parallelogram,  and  cutting  the  four  sides,  and  the 
points  of  intci'scction  be  joined  so  as  to  form  a  hexagon,  the 
straight  lines  taus  dniwn  shall  bo  parallel  to  each  other. 

9.  If  two  circles  touch  each  other  externally  and  any  third 
sii'de  touch  both.  T>rove  tliat  thf*  dilforenfe  of  the  distances  of 
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the  centi'e  of  the  third  circle  from  the  centres  of  the  other  two 
is  invariable. 

10.  Draw  two  concentric  circles,  such  that  those  chords  ol 
the  outer  circle,  which  touch  the  inner,  may  equal  its  diameter. 

11.  If  the  sides  of  a  quadrilateral  inscribed  in  a  circle  be 
bisected  and  the  middle  points  of  adjacent  sides  joined,  the 
circles  described  about  the  triangles  thus  formed  are  all  equal 
and  all  touch  the  original  circle. 

12.  Draw  a  tangent  to  a  circle  which  shall  be  parallel  to  a 
given  finite  straight  line. 

13.  Describe  a  circle,  which  shall  have  a  given  radius,  and 
its  centre  in  a  given  straight  line,  and  shall  also  touch  anothei 
straight  line,  inclined  at  a  given  angle  to  the  former. 

14.  Find  a  point  in  the  diameter  produced  of  a  given  circle, 
from  which,  if  a  tangent  be  drawn  to  the  circle,  it  shall  be 
equal  to  a  given  straight  line. 

15.  Two  equal  circles  intersect  in  the  points  A,  B,  and 
through  B  a  straight  line  CBM  is  drawn  cutting  them  again  in 
G,  M.  Shew  that  if  with  centre  G  and  radins  B3I  a  circle  be 
described,  it  will  cut  the  circle  ABC  in  a  point  L  such  that  arc 
J.L=arc  AB. 

Shew  also  that  LB  is  the  tangent  at  B. 

16.  AB  is  any  chord  and  AG  a  tangent  to  a  circle  at  A  ; 
GDE  a  line  cutting  the  circle  in  D  and  E  and  jiarallel  to  AB. 
Shew  that  the  triangle  AGD  is  equiangular  to  the  triangle 
EAB. 

17.  Two  equal  circles  cut  one  another  in  the  points  A,  B  ; 
BG  is  a  chord  equal  to  AB  ;  shew  that  ^C  is  a  tangent  to  the 
other  circle. 

18.  In  any  two  circles,  which  cut  one  another,  the  straight 
line  joming  the  extremities  of  any  two  parallel  radii  cuts  the 
line  joining  the  centres  in  the  same  point. 

19.  A,  B  are  two  points  ;  with  centre  B  describe  a  circle, 
such  that  its  tangent  from  A  shall  be  equal  to  a  given  line. 
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20.  If  perpendiculars  be  dropped  from  the  angular  points  of 
a  triangle  on  the  opposite  sides,  shew  that  the  sum  of  the 
squares  on  the  sides  of  the  triangle  is  equal  to  twice  the  sum  of 
the  rectangles,  contained  by  the  perpendiculars  and  that  part  of 
each  intercepted  between  the  angles  of  the  triangles  and  the 
point  of  intersection  of  the  perpendiculars. 

21.  When  two  circles  intersect,  their  common  chord  bisects 
their  common  tangent. 

22.  Two  circles  intersect  in  A  and  B.  Two  points  C  and  D 
are  taken  on  one  of  the  circles  ;  CJ.,  CB  meet  the  other  circle 
in  E,  F,  and  DA,  DB  meet  it  in  G,  if:  shew  that  FG  is 
parallel  to  EH,  and  FH  to  EG. 

23  A  and  B  are  fixed  points,  and  two  circles  are  described 
piissing  through  them  ;  CP,  CP'  are  drawn  from  a  point  C  on 
AB  produced;  to  touch  the  circles  in  P,  P' ;  shew  that 
CP=CP'. 

24.  From  each  angular  point  of  a  triangle  a  perpendicular  is 
let  fall  upon  the  opposite  side  ;  prove  that  the  rectangles  con- 
tained by  the  segments,  into  which  each  perpendicular  i.s  divided 
by  the  point  of  intersection  of  the  three,  are  equal  to  each  other. 

25.  If  from  a  point  without  a  circle  two  equal  straight  lines 
be  drawn  to  the  circumference  and  produced,  shew  that  they 
will  be  at  the  same  distance  from  the  centre. 

2fi.  Let  0,  (/  be  the  centres  of  two  circles  which  cut  each 
other  in  A,  A'.  Let  B,  B'  be  two  points,  taken  one  on  each 
circumference.  Let  C,  C"  be  the  centres  of  the  circles  BAB\ 
BA'B'.  Then  prove  that  the  angle  CBC  is  equal  to  the  angle 
OA'Cy. 

27.  The  common  chord  of  two  circles  is  produced  to  any 
point  P  ;  PA  touches  one  of  the  circles  in  A  ;  PBC  is  any 
chord  of  the  other  :  shew  that  the  circle  which  passes  through 
A,  B,  C  touclies  the  circle  to  which  PA  is  a  tangent. 

28.  Given  the  ba.se  of  a  triangle,  the  vertical  angle,  and  the 
length  of  the  line  drawn  from  the  vertex  to  the  middle  point  of 
the  base  :  construct  the  triangle. 
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29.  If  a  circle  be  described  about  the  trianole  ABC,  and  a 
straight  line  be  drawn  bisecting  the  angle  LMC  and  cutting 
the  circle  in  D,  shew  that  the  angle  DCB  will  be  equal  to  half 
the  angle  BAC. 

30.  If  the  line  AD  bisect  the  angle  A  in  the  triangle  ABC, 
and  BD  be  drawn  without  the  triangle  making  an  angle  with 
BO  equal  to  half  the  angle  BAC,  shew  that  a  cu'cle  may  be 
described  about  ABCD. 

31.  Two  equal  circles  intersect  in  A,  B  :  PQT  perpendicular 
to  AB  meets  it  in  Tand  the  circles  in  P,  Q,  AP,  BQ  meet  in 
E  ;  AQ,  BP  in  S ;  prove  that  the  angle  BTS  is  bisected  by 
TP. 

32.  If  the  angle,  contained  by  any  side  of  a  quadrilateral  and 
the  adjacent  side  produced,  be  equal  to  the  opposite  angle  of 
the  quadrilateral,  prove  that  any  side  of  the  quadrilateral  will 
subtend  equal  angles  at  the  opposite  angles  of  the  quadrilateral. 

33.  If  DE  be  drawn  parallel  to  the  base  BC  of  a  triangle 
ABC,  prove  that  the  circles  described  about  the  triangles  ABC 
and  ADE  have  a  common  tangent  at  A. 

34.  Describe  a  square  equal  to  the  difl'ereuce  of  two  given 
squares. 

35.  If  tangents  be  drawn  to  a  circle  from  any  point  without 
it,  and  a  third  line  be  drawn  between  the  point  and  the  centre 
of  the  circle,  touching  the  circle,  the  perimeter  of  the  triangle 
formed  by  the  three  tangents  will  be  the  same  for  all  positions 
of  the  third  point  of  contact. 

36.  If  on  the  sides  of  any  triangle  as  chords,  circles  be  de- 
scribed, of  which  the  segments  external  to  the  triangle  contain 
angles  respectively  equal  to  the  angles  of  a  given  triangle,  those 
circles  wiU  intersect  in  a  point. 

37.  Prove  that  if  ABC  be  a  triangle  inscribed  in  a  circle, 
such  that  BA  =  BC,  and  A  A'  be  drawn  parallel  to  BC,  meeting 
the  circle  again  in  A',  and  A'B  be  joined  cutting  ^C  in  E,  BA 
touches  the  circle  described  about  the  tnangle  AEA'. 

38.  Describe  a  circle,  cutting  the  sides  of  a  given  square,  so 
that  its  circumference  may  be  divided  at  the  points  of  int«r- 
aection  into  eight  equal  arcs. 
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39.  A  is  the  extremity  of  the  diameter  of  a  circle,  0  any 
point  in  the  diameter.  The  chord  which  is  bisected  at  0  sub- 
tends a  preater  or  less  angle  at  A  than  any  other  chord  through 
0,  according  as  0  and  A  are  on  the  same  or  opposite  sides  of 
the  centre. 

40.  Shew  that  the  square  on  the  tangent  drawn  from  any 
point  in  the  outer  of  two  concentric  circles  to  the  inner  equals 
the  dittVrence  of  the  squares  on  the  tangents,  drawn  from  any 
point,  without  both  circles,  to  the  circles. 

41.  If  from  a  point  without  a  circle,  two  tangents  PT,  PT', 
at  right  angles  to  one  another,  be  drawn  to  touch  the  circle, 
and  if  from  Tany  chord  TQ  be  drawn,  and  from  T  a  perpen- 
dicular T'iWbe  dropped  on  T^,  then  TM=qM. 

42.  Find  the  loci : 

(1.)  Of  the  centres  of  circles  passing  through  two  given  points. 

(2.)  Of  the  middle  points  of  a  system  of  parallel  chords  in  a 
circle. 

(3.)  Of  points  such  that  the  difference  of  the  distances  of  each 
from  two  given  straight  lines  is  equal  to  a  given  straight  line. 

(4.)  Of  the  centres  of  circles  touching  a  given  line  in  a  given 
point. 

(6.)  Of  the  middle  points  of  chords  in  a  circle  that  pass 
through  a  given  point. 

(6.)  Of  the  centres  of  circles  of  given  radius  which  touch  a 
given  circle. 

(7.)  Of  the  middle  points  of  chords  of  equal  length  in  a  circle. 

(8.)  Of  the  middle  points  of  the  straight  lines  drawn  from  a 
given  point  to  meet  the  circumference  of  a  given  circle. 

43.  If  the  base  and  vertical  angle  of  a  triangle  be  given,  find 
the  locus  of  the  vertex. 

44.  A  straight  line  remains  p-arallel  to  itself  while  one  of  its 
extremities  describes  a  circle.  What  is  the  Iocub  of  the  other 
extremity  ? 
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45.  A  ladder  slips  down  between  a  vertical  wall  and  a 
horizontal  plane  :  what  is  the  locus  of  its  middle  point  ? 

46.  AB  is  the  diameter  of  a  circle  ;  ACD  is  a  chord  pro- 
duced to  Z>,  so  that  AC=CD.  Find  the  locus  of  the  point  m 
which  BC  and  the  line  joining  D  to  the  centre  intersect. 

47.  ABC  is  a  line  drawn  from  a  point  A,  without  a  circle, 
ta  meet  the  circumference  in  B  and  C.     Tangents  are  drawn  ' 
to  the  circle  at  B  and  0  which  meet  in  D.     What  is  the  locus 
ofD? 

48.  Two  circles  intersect  in  the  points  A,  B ;  any  straight 
line  CDEF  is  drawn  cutting  the  circles  in  G,  D,  E,  F ;  prove 
that  AG  intersects  BD  and  AE  intersects  BF  in  points,  which 
lie  on  a  circle  passing  through  A  and  B. 

49.  The  angular  points  A,  Oof  a  parallelogram  ABGD  move 
on  two  fixed  straight  lines  OA,  OG,  whose  inclination  is  equal 
to  the  angle  BCD  ;  shew  that  the  points  B,  D  will  move  on 
two  fixed  sti-aight  lines  passing  through  0, 

50.  On  the  line  AB  is  described  the  segment  of  a  circle,  in 
the  circumference  of  which  any  point  C  is  taken.  If  AC,  BC 
be  joined,  and  a  point  P  taken  in  AC  so  that  CP  is  equal  to 
CB,  find  the  locus  of  P. 

61.  Find  the  locus  of  the  centre  of  the  circles  circumscribing 
two  trapeziums,  into  which  a  parallelogram  is  divided  by  any 
line  equal  to  one  of  its  shorter  sides. 

52.  If  a  parallelogram  be  described  having  the  diameter  of 
a  given  circle  for  one  of  its  sides,  and  the  intersection  of  its 
diagonals  on  the  circumference,  shew  that  the  extremity  of 
each  of  the  diagonals  moves  on  the  circumference  of  another 
circle  of  double  the  diameter  of  the  first. 

53.  One  diagonal  of  a  quadrilateral  iuscribed  in  a  circle  is 
fixed,  and  the  other  of  constant  length.  Shew  that  the  sides 
will  meet,  if  produced,  on  the  circumference  of  a  fixed  circle. 
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We  licre  insert  Euclid's  proofs  of  Props.  23,  24  of  Book  III. 
first  observuig  that  he  gives  the  following  definition  of  similar 
segments  : — 

Def.  Similar  segments  of  circles  are  those  in  which  the  angles 
are  equal,  or  which  contain  equal  angles. 


Proposition  XXIII.    Theorew. 

Upon  the  sane  straight  line,  and  ujwn  the  same  side  of  it, 
there  cannot  be  two  similar  segments  of  circles,  not  coinciding 
jtnth  each  other. 


If  it  be  possible,  on  the  same  base  AB,  and  on  the  same  side 
of  it,  let  there  be  two  similar  segments  of  ©s,  ABC,  ABD, 
which  do  not  coincide. 

Because  ©  ADB  cuts  ©  ACB  in  pts.  A  and  B,  they  cannot 
cut  one  another  in  ajiy  other  pt.,  and  .",  one  of  the  segments 
must  fall  within  the  other. 

Let  ADB  fall  within  ACB. 

Draw  the  st.  line  BDC  and  join  CA,  DA. 

Then  •.•  segment  ADB  is  similar  to  segment  A  CB, 

.-.  z  ADB=  L  ACB. 

Or  the  extr.  z  of  a  a  =  the  intr.  and  opposite  ^  ,  which  is 
impossible ; 

.'.  the  segments  cannot  but  coincide. 

Q.  B.  D. 
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Proposition  XXIV.    Theorem. 

Similar  segments  of  circles,  wpon  equal  st/raigkt  Unes,  ar» 
equal  to  one  another. 


Let  ABC,  DEF  be  similar  segments  of  ©  s  on  equal  st.  lines 
AB,  DE. 

Then  must  segment  ABC= segment  DEF. 

For  if  segment  ABG  be  applied  to  segment  DEF,  so  that 
A  may  be  on  C  and  AB  on  DE,  then  B  will  coincide  with  E, 
and  AB  with  DE  ; 

,*.  segment  ABG  must  also  coincide  with  segment  DEF ; 

III.  23. 

,*.  segment  ^J5(7= segment  DEF.  Ax.  8. 

Q.  E.  D. 


We  gave  one  Proposition,  C,  page  150,  as  an  example  of  the 
way  in  which  the  conceptions  of  Flat  and  Reflex  Angles  may 
be  employed  to  extend  and  simplify  Euclid's  proofs.  We  here 
give  the  proofs,  based  on  the  same  conceptions,  of  the  impor- 
tant propositions  xxiL  and  xxxL, 
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Proposition  XXTI.     TiiEOREai. 

The  op/'osite  angles  vf  any  qitaihtlakral  Jigure,  inscribed  in 
a  circle,  are  together  equal  to  two  right  angles. 


Let  ABCJ)  be  a  quadrilatpral  fig.  inscriberl  in  a  ^. 

Then  must  each  pair  of  its  opposite  i  s  he  together  equal  to 
two  rt.  L  s. 

From  0,  the  centre,  draw  OB,  OD. 

Then  •.•  z  BOD=twice  L  BAD,  III.  20. 

and  the  reflex  l  1>0JS= twice  z  BCD,  III.  C.  p.  150. 

.•.  .Slim  of  z  s  at  0= twice  sum  of  l  .s  BAD,  BCD. 

But  sum  of  z  8  at  0=4  right  is  ;  I.  15,  Cor.  2. 

.•.  twice  sura  of  /  s  BAD,  BCD =4  right  /.  a  : 

.".  sum  of  z  3  BAD,  BCD =two  right  z  s. 

Similarly,  it  may  be  .^hewn  that 

'um  of  z  8  ABC,  ADC=t\ro  right  z  s. 

a  R.  U. 
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Proposition  XXXI.     Theorem. 

In  a  circle,  the  angle  in  a  semicircle  is  a  right  angle ;  and  the 
angle  in  a  segment  greater  than  a  semicircle  is  less  than  a  right 
angle ;  and  the  angle  in  a  segment  less  than  a  semicircle  is 
greater  than  a  right  angle. 


Let  ABC  be  a  ©,  of  which   0  is  the  centre  and   BC  a 
(lift  meter. 

Draw  AC,  dividing  the  ©  into  the  segments  ABC,  ADC. 
Join  BA,  AD,  DC. 

Then  must  the  i  in  the  semicircle  BA  C  be  a  rt.i,  and  l  in 
segment  ABC,  greater  than  a  semicircle,  less  than  art.  l ,  and  i 
in  segment  ADC,  less  than  a  semicircle,  greater  than  art.  L  . 
First,  •.•  the  flat  angle  £00= twice  z  BAC,      III.  C.  p.  150. 

.-.  i.BACi&a,xt.l. 
Next,  *.•  L  BAC  is  a  rt.  z  , 

.•.  I  ABO  is  less  than  a  rt.  /  .  I.  17. 

Lastly.  ••  sum  of  /  s  ABC,  ADC=t\vo  rt.  i  s.  III.  22. 

i»nd  z  ABC  is  less  than  a  rt.  i , 
/.  I  ADC  is  greater  than  a  it.  z . 

Q.  E.  T). 


BOOK    IV. 

INTRODUCTORY   REMARKS. 

Euclid  gives  in  this  Book  of  the  Elements  ti  series  of 
Problems  relating  to  cases  in  which  circles  may  be  described 
in  or  about  triangles,  squares,  and  regular  polygons,  and  of  the 
last-mentioned  he  treats  of  three  only  : 

the  Pentagon,  or  figure  of  5  sides, 

„    Hexagon,  „  6    „ 

„    Quindecagon,  „         15     „  . 

The  Student  will  find  it  useful  to  remember  the  following 
Theorems,  which  are  established  and  applied  in  the  proofs  of 
the  Propositions  in  this  Book. 

I.  The  bisectors  of  the  angles  of  a  triangle,  square,  or 
regular  polygon  meet  in  a  point,  which  is  the  centre  of  the 
inscribed  circle. 

II.  The  perpendiculars  drawn  from  the  middle  points  of  the 
sides  of  a  triangle,  square,  or  regular  polygon  meet  in  a  point, 
which  is  the  centre  of  the  circumscribed  cucle. 

III.  In  the  case  of  a  square,  or  regular  polygon  the  inscribed 
and  circumscribed  circles  have  a  common  centre, 

IV.  If  the  circumference  of  a  circle  be  divided  into  any 
number  of  equal  pnrts,  the  chords  joining  each  pair  of  consecu- 
tive points  form  a  regular  figure  inscribed  in  the  circle,  and  the 
tangents  drawn  through  the  points  form  a  regular  figure  de- 
scribed about  the  circle. 
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Proposition  I.     PROEflbEM. 

In  a  given  circle  to  draw  a  cliord  equal  to  a  given  straight 
line,  which  is  not  greater  than  the  dia'ineter  of  the  circle. 


Let  ABC  be  the  given  © ,  and  D  the  given  line,  not  greater 
than  the  diameter  of  the  © . 

It  is  required  to  draw  in  the  ©  ABC  a  chord =D. 

Draw  EC,  a  diameter  of  ©  ABC. 

Then  if  EC=D,  what  was  required  is  done. 

But  if  not,  EC  is  greater  than  D.  From  EC  cut  off  EF=D, 
and  with  centre  E  and  radius  EF  describe  a  ©  AFIi,  cutting 
the  ®  ABC  in  A  and  B  ;  and  join  AE. 

Then,  •.'  E  is  the  centre  of  ©  AFB, 

.:  EA=EF, 

and  .-.  EA=D. 

Thus  a  chord  EA  equal  to  D  has  been  drawn  in  ®  ABC. 

q,  iS.  P. 

Ex.  Draw  the  diameter  of  a  circle,  which  shall  pass  at  a 
given  distance  from  a  given  point. 
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Proposition  II.     Problem, 

In  a  given  circle  to  inscribe  a  triangle,  equiangular  to  a  given 
triangle. 


Let  ABC  be  the  given  ©,  and  DBF  the  given  A. 

It  is  required  to  inscribe  in  ©  ABC  a  A,  equiangular 
to  A  DEF. 

Draw  GAH  touching  the  ©  ABC  at  the  pt.  A.  III.  17. 

Make  i  GAB=  l  DFE,  and  i  HAC=  i  DBF.  I.  23. 

Join  BC.     Then  will  a  ABC  be  the  required  A . 

For  •.  GAH  is  a  tangent,  and  AB  a  chord  of  the  © , 

.-.  lACB=  lGAB,  III.  32. 

that  is,  lACB=  I  DFE. 

So  also,  L  ABG=  l  HAG,  III.  32. 

that  is,  lABC=  lDEF; 

.*.  remaining  lBA  C=  remaining  /  EDF ; 

.•.  A  ABC  is  equiangular  to  A  DEF,  and  it  is  inscribed  in 
the  ©  ABC. 

Q.  E.  F. 

Ex.  If  an  equilateral  triangle  be  inscribed  in  a  circle,  prove 
that  the  radii,  drawn  to  the  angular  points,  bisect  the  angles  of 
the  triangle. 
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Proposition  III.     Problem. 

About  a  given  circle  to  describe  a  triangle,  eqnianguia/r  to  a 
given  triangle. 


N    q-    M 


s 


Let  ABG  be  the  given  © ,  and  DE¥  the  given  A . 

li  is  required  to  describe  about    the  ®  a  A   equiangular 
to  A  EDF. 

From  0,  the  centre  of  the  0 ,  draw  any  radius  OG. 

Produce  EF  to  the  pts.  G,  JET. 
Make  i  COA=  l  DEG,  and  z  GOB=  l  DFH.         I.  23. 
Through  A,  B,  G  draw  tangents  to  the  © ,  meeting  in  L,  M,  N. 
Then  will  LMN  be  the  A  required. 
For  '.-  ML,  LN,  NM  are  tangents  to  the  ©, 
,'.  the  L  s  at  A,  B,  G  are  rt.  z  s. 
Now  z  s  of  quadrilateral  AOGM  together = four  rt. 
and  of  these  z  0AM  and  z  OGM  are  rt.  z  s  ; 

.-.  sum  of  z  s  GOA,  AMG=two  rt.  z  s. 
But  sum  of  z  s  DEG,  DEF= two  rt.  z  s  ; 
.-.  sum  of  z  s  GOA,  AMG=sum  of  z  s  DEG,  DEF, 
and  z  CO^  =  z  D^G,  by  construction  ; 
.'.  z  ^M C=  z  DEJ' ; 
that  is  iLMN=iDEF. 
Similarly,  it  may  be  shewn  that  z  LNM^  z  DFE  ; 
.'.  also  z  3^]^=  z  i;DJ'. 
Thus  a  A ,  equiangular  to  A  DEF,  is  described  about  the  © 


III.  18. 

zs. : 


1.32. 


Q.  E.  F. 


Book  rv.] 


PROPOSITION  IV. 


iS3 


Proposition  IV.    Problem. 
To  inscribe  a  circle  in  a  given  triangh. 


B  K  C 

Let  ABC  be  the  given  A . 
It  is  required  to  inscribe  a  ©  in  the  A  ABO. 
Bisect  z  s  ABC,  A  f'B  by  the  st.   lines  BO,   CO,  meeting 
m  O.  I.  9. 

From  0  draw  OD,  OB,  OF,  x  s  to  AB,  BC,  CA.       I.  12. 
Then,  in  ^s  EBO,  DBO, 
:•  L  EBO=  L  DBO,  and  /.  BEO=  l  BDO,  and  OB  is  common, 
.-.  0E=  OD.  I.  26. 

Similarly  it  may  be  stiown  that  OE=OF. 
If  then  a  0  be  described,  with  centre  0,  and  radius  OD, 
this  ©  will  pass  through  the  pts.  D,  E,  F  ; 

and  •.•  the  z  s  at  D,  E  and  F  are  rt.  i  s, 
.:  AB,  BC,  CA  are  tingents  to  the  ©  ;  Til.  16. 

and  thus  a  ©  DEF  may  be  inscribed  in  the  A  ABC. 

•     Q.  E.  F. 

Ex.  1.  Shew  tli.it,  if  OA  be  drawn,  it  will  bisect  the  angle 
BAC. 

Ex.  2.  If  a  circle  be  inscribed  in  a  right-angled  triangle,  the 
difference  between  the  hypotenuse  and  the  sum  of  the  other 
sides  is  equal  to  the  dianreter  of  the  circle. 

Ex.  3.  Shew  that,  in  an  equilateral  triangle,  the  centre  of 
the  inscribed  circle  is  equidistant  from  the  three  angular  points. 

Ex.  4.  Describe  a  circle,  touching  one  side  of  a  triangle  and 
the  other  two  produced.  (Note.  This  is  called  an  escribed 
circle.') 
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Note.    Euclid's  fifth  Proposition  of  this  Book  has  been 
already  given  on  page  135. 


Proposition  VI.    PaoBLEie. 
1*0  inscribe  a  square  in  a  given  cirolSm 


Let  ABCD  be  the  given  ®. 

It  is  required  to  inscribe  a  square  in  the  ® . 

Through  0,  the  centre,  draw  the  diameters  AC,  BD,  ±  to 
each  other. 

Join  AB,  BC,  CD,  DA. 
Then  •.•  the  z  s  at  0  are  all  equal,  being  rt.  i  s,         I.  Post.  4. 
.-.  the  arcs  AB,  BC,  CD,  DA  are  all  equal,  III.  26. 

and  .-.  the  chords  AB,  BC,  CD,  DA  are  all  equal ;      III.  29. 
and  z  ABC,  being  the  /  in  a  semicircle,  is  a  rt.  z  .     III.  31. 
So  alHO  the  z  s  BCD,  CDA,  DAB  are  rt.  z  s  ; 
.".  ABCD  is  a  square, 
and  it  is  inscribed  in  the  ©  as  was  required. 

Q.  E.  F. 
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Proposition  VII.     Pkoblkm. 
To  describe  a  square  about  a  given  circle. 

F  Ji & 


4 

0 

^\ 

J 

u 


T> 


Let  ABCD  ho  the  friven  © ,  of  which  O  is  the  centre. 
It  is  required  to  describe  a  square  about  the  © . 

Draw  the  dianietei-s  AC,  BD,  x  to  each  other. 
Thrniigh  A,  B,  C,  D  draw  EF,  FG,  Gil,  HE 
touching  the  ©.  III.  17. 

Then  the  /:  s  at  A,  B,  C,  D  are  rt.  i  s.         III.  16. 
Now  •.•  the  z  s  at  ^,  0,  C  are  all  it.  i  s, 

.:  FE,  BD,  and  GH  are  all  II ;  I.  27. 

and  •.•  the  z  s  at  5,  0,  D  are  all  rt.  l  s, 
.:  FG,  AC,  i\nA  EH  ure  a\\\\; 
'.:  FE  and  GH  each  =  BD,  I.  34. 

and  FG  and  EH  each  =  AC.  I.  34. 

And  :•  BD  =  AC, 

,\  FE,  GH,  FG,  EH,  are  all  equal 

Again,  •.•  FO  is  a  O, 

.:  L  AFB  =  I  AOB,  1.34. 

and  .-.  L  AFB  is  a  rt.  i . 

Po  also  the  z  s  at  G',  E,  and  E  are  rt.  z  s. 

Hence  EFGH  is  a  square,  and  it  is  described  about  the  0. 

Q.  E.  F. 

Ex.  In  a  given  circle  inscribe  four  circles,  equnl  to  each 
other,  and  in  mutual  contact  with  each  other  nnd  with  the 
given  circle. 
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Proposition  VIII.     Problem. 
2*0  inscribe  a  circle  in  a  given  square. 

-4 =B Ji 


Let  ABCD  be  the  given  square. 
It  is  required  to  inscribe  a  ©  in  the  square. 

Bisect  AB,  AD  in  E,  F,  I.  10. 

and  draw  EG  \\  to  AD  or  BC,  and  FH  ||  to  AB  or  DC. 
Let  J5;(?  and  FH  intersect  in  0. 
Then  -.-^OisaO, 
.-.  OE=FA  and  OF=EA.  I.  34. 

But  •.•  AB=AD,  and  ^,  i^  are  the  middle  pts.  of  AB,  AD, 
.:FA=EA, 
and.-.  OE^OF. 
Similarly,  it  may  be  shewn  thnt  OG  =  OF,  and  OH=OE, 
and  .-.  OE,  OF,  OG,  OH  are  all  equal ; 
and  a  © ,  described  with  centre  0  and  radius  OE, 
will  pass  through  E,  F,  G,  H, 
and  it  will  be  touched  by  each  of  the  sides  of  the  square, 

'.•  the  /  s  at  ^,  F,  G,  H  are  rt.  z  s.  III.  16. 

Thus  a  ©  EFGH  may  be  inscribed  in  the  sq.  ABCD. 

Q.  E.  P. 
Ex.  1.  In  what  parallelograms  can  circles  be  inscribed  ? 
Ex.  2.  If,  from  any  point  in  the  circumference  of  a  circle, 
straight  lines  be  drawn  to  the  angular  points  of  the  inscribed 
square,  the  sum  of  the  squares  on  these  four  lines  will  be 
double  of  the  square  on^the  diameter. 
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Proposition  IX.    Problem. 
To  describe  a  circle  about  a  given  squart. 


Let  A  BCD  be  the  given  square. 

It  is  required  to  desnibe  a  ©  abmit  the  square. 

Draw  the  diagonals  A(\  BD,  intersecting  each  other  in  0, 

Then:- A  DAC=  ^ACD,  La. 

and  lBAG=  alternate  z  A  CD,  T.  29. 

.•.iDAG=  iBAC. 

Thus  the  diagonal  AC  bisects  i  BAD, 

and  .•.  L  0^jB=half  a  rt.  i. . 

Similarly  it  may  be  shewn  that  z  0B4  =  half  a  rt.  z  ; 

.'.  I  OBA  =  z  OAB  ; 

..OA  =  OB.  I.  B.  Cor. 

Similarly  it  may  be  shewn  that  OC=OB,  and  OD=OA  ; 

..OA,  OB,  OC,  OD  are  all  equal  ; 

and  .'.  a  0,  descnbod  with  centre  0  and  radius  OA,  will 
pass  through  A,  B,  C,  D,  and  will  be  described  about  the 
square,  as  was  required. 

Q.  E.  F. 
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PRorosiTioN  X.     Problem. 
To  describe,  an  isosceles  triangle,  having  each  of  the  angles  at 
the  hoM  dovMe  of  the  third  angle. 


Take  any  st.  line  AB  and  clivide  it  in  C, 

so  that  rect.  AB,  BG  =  pq.  on  AG.  XL  \\ 

With  centre  A  and  radius  AB  describe  the  0  BT>Vi. 
and  in  it  draw  the  chord  BD=AC;  and  join  AD.  IV,  1 

Then  will  A  ABD  have  each  of  the  a  s  at  the  base  double 
of  L   BAD. 

Join  CD,  and  about  the  A  ACD  describe  the©  ^ CD.    IV.  5 

Then  •.•  rect.  AB,  jBC=  sq.  on  AC,  and  BD=AG. 

.:  rect.  AB,  BC  =  sq.  on  BD, 

and  .-.  BD  touches  the  ©  ACD.  III.  37. 

Then  •.'  BD  touches  ®  ACD,  and  DC  is  a  chord  of  the  © 

.-.  L  BDC  =  z  CAD.  III.  32. 

Add  to  each  z  CDA. 

Then  z  5X>^=sum  of  z  s  0.4D,  CD.4, 

.-.  z  BD^  =  z  BCD.  I.  32. 

But  z  £D^  =  z  C£I> ;  I.  A. 

.-.  z  5GD  =  z  CBi), 

and  .-.  JBD  =  CD.  La  Cor. 

But  BD=CA; 
.-.  0^  =  CD, 
and  .-.  z  CD^  =  z  CAD.  I.  A. 

Hence  sum  of  z  s  CDA,  CAD  =  twice  z  CL4D, 

.-.  z  £CD  =  twice  z  £^D.  I.  32. 

But  z  ^5D  and  z  ^DB  are  each  =  z  ^OD, 
/.  z  ^liD  and  z  ^7)B  are  each  =  twice  z  B-4D ; 
and  tbns  an  i.soscolos  A  JBD  has  been  described  as  wafl 
reouired.  o.  f.  f. 
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Proposition  XL     Proulem. 
To  inscribe  a  regular  pentagon  in  a  given  circle. 


Let  ABODE  be  the  given  ©. 
It  is  required  to  inscribe  a  regular  pentagon  in  the  © . 
Make  an  isosceles  a  FGJI,  having  each  of  the  z  3  at  (?,  -H 
double  of  z  at  F. 

In  0  A  BODE  inscribe  a  a  ^  CD  equ  iangular  to  a  FGH,    iv.  2. 
having  z  s  at  A,  C,  i)=thezs  at  F,  G,  H,  respectively. 
Then  z  4 DC=  twice  z  DAC,  :md  z  ^('7>  =  twice  z  DAC. 
Bisect  the  z  s  ADC,  ACD  by  the  chords  DB,  CE. 
Join  AD.  BC,  DE,  EA. 
Then  will  ABCDE  be  a  regidar  pentagon. 
For  •.•  z  s  ADC,  ACD  are  each  =  twice  z  DAG, 
and  z  s  ADC,  ACD  are  bisected  by  DB,  CE, 
.:  laADB,  BDC,  DAC,  ECD,  ACE,  are  all  equal ; 
and  .-.  arcs  AB,  BC,  CD,  DE,  EA  are  all  equal ;     III.  26. 
and  .-.  chords  AB,  BC,  CD,  DE,  EA  are  all  equal.     III.  29. 
Hence,  the  pentagon  ABCDE  is  equilateral. 
Again,  •."  arc  CD  =  arc  AB, 
adding  to  each  arc  AED,  we  have 
arc  AEDC=i\Tc  BAED, 
and  .-.  z  ABC=  z  BCD.  III.  27. 

SimUarly,  z  s  CDE,  DBA,  EAB  cach=  z  ABC. 

Hence,  the  pentagon  A  BODE  is  equiangular. 
Thus  a  regular  pentagon  h,is  been  inscribed  in  the  ©. 

Q.  B.  F. 

Ex.  Shew  thnt  CE  is  i.;irallel  tu  /.'.I. 
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Proposition  XII.     Problem. 
To  describe  a  tegular  pentagon  about  a  gi/oen  drdt. 


Z  C  -^ 


Let  ABODE  be  the  given  ®. 
It  is  required  to  describe  a  regular  jicntagon  about  the  ®. 

Let  the  angular  pts.  of  a  regular  pentagon  inscribed  in  the  ® 
be  at  A,  B,  C,  D,  E, 

so  that  the  arcs  AB,  BG,  CD,  DE,  EA  are  all  equal. 

Through  A,  B,  C,  D,  E  draw  GH,  EK,  KL,  LM,  MG 

tangents  to  the  ©  ; 

take  the  centre  0,  and  join  OB,  OK,  00,  OL,  OD. 

Then  in  AS  OBK,  OGK, 

'.•  OB=OG,  and  OK  is  common,  and  KB=KG, 

I.  E.  Cor. 

.-.  z  BKO=  L  CKO,  and  z  BOK=  l  COK, 

that  is,  z  BKG=tvnce  l  CKO,  and  /.  50C=  twice  z  COK. 

So  also,  z  X>i(7- twice  i  CLO,  and  i  DOC=  twice  z  COL. 
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Now  •.•  arc  liC— arc  GD, 

:.  L  BOC=  L  DOG, 

and  .-.  ^  GOK=  l  GOL. 

Hence  in  A  8  OGK,  OGL, 

'.'I  GOK"  I  COL,  and   rt.  z  OGK=v%.  l  OGL,  and   OG  is 
oomiuou, 

.-.  L  CKO=  L  GLO,  and  GK=GL,  I.  b. 

and  .'.  I  HKL=  l  MLK,  and  KL=tmce  KG. 

Similarly  it  may  be  shewn  that  z  s  KHG,  EGM,  GML  each 
=  z  HKL, 

.'.  the  pentagon  GHKLM  is  equiangular. 

And  since  it  hiis  been  shewn  that  J5rL= twice  KG, 

and  it  can  be  shewn  that  if£^=twice  KB, 

and  •.•  KB=KG,  I.  E.  Cor. 

.-.  HK=KL. 

lu  like  manner  it  may  be  shewn  that  HG,  GM,  ML,  each 
=KL, 

.'.  the  pentagon  GHKLM  is  equilateral. 

Thua  a  regular  pentagon  has  been  d«.scribed  about  the  ® . 
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Proposition  XIII.     Problem. 
To  inscribe  a  circle  in  a  given  regular  pentagon. 


C  IT.         X> 

Let  ABCDE  be  the  given  regular  pentagon. 

It  is  required  to  inscribe  a  ©  in  the  pentagon. 

Bisect  I  s  BCD,  CDE  by  the  st.  lines  CO,  DO,  meeting  in  0. 

Join  OB,  OA,  OE. 

Then,  in  AS  BCO,DCO, 

'.'  BC=DC,  and  CO  is  common,  and  i  BCO=  L  DCO, 

.:  L  OBC^  L  ODC.  I.  4. 

Then,  •.•  L  ABC=  i  CDE,  Hyp. 

and  I  CDE =tvf ice  l  ODOy 

.:  I  ABC=twice  I  OBG. 

Hence  OB  bisects  z  ABC, 

In  the  same  way  we  can  shew  that  OA,  OB  bisect 

the  /  s  BAE,  AED. 

Draw  OF,  OG,  OH,  OK,  0L±  to  AB,  BC,  CD,  DE,  EA. 

Then,  in  A  s  GOC,  HOC, 

\-  L  GCO=  L  HCO,  and  i  OGC=  L  OHC, 

and  OC  is  common, 

.•.OG=OH.  1.26. 

So  also  it  may  be  shewn  that  OF,  OL,  OK  are 
each  =  0(?or  OH; 
.:  OF,  OG,  OH,  OK,  OL  are  aU  equal. 
Hence  a  ©  described  with  centre  0  and  radius  OF 
will  pass  through  G,  H,  K,  L, 
and  will  touch  the  sides  of  the  pentagon, 
•.•  the  I  s  at  F,  G,  H,  K,  L  are  rt.  z  s.         III.  16. 
Thus  a  ©  wiU  be  inscribed  in  the  pentagon,     q,  e.  f. 
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Proposition  XIV.     Problem. 
'£o  describe  a  circle  about  a  given  regular  pentagon. 


Let  ABODE  be  the  given  regular  pentagon. 

It  is  required  to  describe  a  ©  ahuid  the  pentagon. 

Bisect  the  z  s  BCD,  CDE  by  the  st.  lines  CO,  DO,  meeting 
in  a 

Join  OB,  OA,  OE. 
Then  it  may  be  shewn,  as  in  the  preceding  Proposition,  that 
OB,  OA,  OE  bisect  the  z  s  CBA,  BAE,  AED. 
And  •.•  z  BCD=  l  CDE, 
and  z  OCr>=hiilf  z  BCD,  and  z  ODC=half  z  CDE, 
.:  z  OCD=  z  ODC, 
and.-.  OD  =  Oa 
In  the  same  way  we  may  shew  that  OB,  OA,  OE 
each  =0i)  or  00; 
.-.  OA,  OB,  OC,  OD,  OE  are  all  equal, 
and  a  ©  described  with  centre  0  and  radius  OA  will  pass 
through  B,  C.  D,  E, 

and  will  be  described  about  the  pentagon. 

Q.  K.  y 
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Proposition  XV.     Problem. 
To  Viiscribe  a  regular  Jiexagon  in  a  given  cirdt, 

A 


Then 
and 

and  , 


1.32. 


1.13. 


Let  ABCDEF  be  the  given  © ,  of  which  0  is  the  centre. 

It  is  required  to  inscribe  a  regular  hexagon  in  the  ©. 
Draw  the  diameter  AOD, 
and  with  centre  D  and  radius  DO  describe  a  ©  EOGQ 
Join  EO,  GO,  and  produce  them  to  B  and  F. 

Join  AB,  BC,  CD,  DE,  EF,  FA. 
•  0  is  the  centre  of  ©  ACE,  .:  OE=OD ; 
D  is  the  centre  of  ©  GCE,  .:  OD=DE; 
OED  is  an  equilateral  A , 
/.  EOD  =  the  third  part  of  two  rt.  z  s. 
So  also  z  D 06*=  the  third  part  of  two  rt.  z  s, 
and  .'.  z  J50C=the  third  part  of  two  rt.  z  s. 
Thus  z  s  EOD,  DOC,  BOG  are  all  equal  ; 
■  and  to  these  the  vertically  opposite  zs  BOA,  AOF,  FOE 
are  equal  ;  I.  15. 

.-.  z  s  AOB,  BOG,  GOD,  DOE,  EOF,  FOA,  are  all  equd, 
and  .-.  arcs  AB,  BG,  CD,  DE,  EF,  FA  are  all  equal. 

III.  26. 
and  .-.  chords  AB,  BG,  CD,  DE,  EF,  FA  are  all  equal. 

Ill,  29. 
Thus  the  hexagon  ABCDEF  is  equilateral 
Also  •.•  each  of  its  z  s=two-thirds  of  two  rt.  Z  s, 

.'.  the  hexagon  ABCDEF  is  equiangular. 
Tnus  a  regular  hexagon  has  been  inscribed  in  the  © . 

Q.  E.  F. 
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I*ROPosiTioN  XVI.     Problem. 
To  inscribe  a  regular  q  uindecagoii  in  a  given  drele. 


Let  ABC  he  the  given  ©. 
It  M  required  to  inscrihe  in  the  ®  a  regnlour  quindecagon. 

Let  AB  he  the  side  of  an  equihiteral  A  inscribed  in  the  © , 

IV.  2. 
and  AD  the  side  of  a  regnlar  pentagon  inscribed  in  the  ©. 

IV.  11. 
Then  of  such  ef[nal  parts  as  the  whole  Oca  ABC  contains 
fifteen, 

arc  ADB  must  contain  five, 

and  arc  AD  must  contain  three, 

and  .•.  arc  DB,  their  difference,  nnist  contain  two. 

Bisect  arc  DB  in  E.  III.  30. 

Then  arcs  DE,  EB  are  each  the  fifteentli  part  of  the  whole 
Oca 

If  then  chords  DE,  EB  be  drawn, 

and  chords  equal  to  them  be  placed  all  round  the  Oce,    IV.  1. 

a  regular  qnindecagon  will  be  inscribed  in  the  ©. 

g.  E.  F. 
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MiscelJaneoHs  Exercises  on  Bnnh  TV. 

1.  The  perpendiculars  let  fall  on  the  sides  of  an  equilateral 
triangle  from  the  centre  of  the  circle,  described  about  the 
triangle,  are  equal. 

2.  Inscribe  a  circle  in  a  given  regiilar  octagon. 

3.  Shew  that  in  the  diagiani  (>f  Prop.  X.  there  is  a  second 
triangle,  which  has  each  of  two  of  its  angles  double  of  the  third. 

4.  Describe  a  circle  about  a  given  rectangle. 

5.  Shew  that  the  diameter  of  the  circle  which  is  described 
about  an  isosceles  triangle,  which  has  its  vertical  angle  double 
of  either  of  the  angles  at  the  base,  is  equal  to  the  base  of 
the  triangle. 

6.  Tlie  side  of  the  equilateral  triangle,  described  about  a 
circle,  is  double  of  the  side  of  the  equilateral  triangle,  inscribed 
in  the  circle. 

7.  A  quadrilateral  figure  may  have  a  circle  described  about 
it,  if  the  rectangles  contained  by  the  segments  of  the  diagonals 
be  equal. 

8.  Tlie  square  on  the  side  of  an  equilateral  triangle,  inscribed 
in  a  circle,  is  triple  of  the  square  on  the  side  of  the  regular 
hexagon,  inscribed  in  the  same  circle. 

9.  Inscribe  a  circle  in  a  given  rhombus. 

10.  ABC  is  an  equilateral  triangle  inscribed  in  a  circle  ; 
tangents  to  the  circle  at  A  and  B  meet  in  M.  Shew  that  a 
diameter  drawn  from  M  bisects  the  angle  AMB,  and  is  itself 
trisected  by  the  circumference. 

11.  Compare  the  areas  of  two  regular  hexagons,  one  in- 
scribed in,  the  other  described  about,  a  given  circle. 

12.  Inscribe  a  square  in  a  given  semicircle. 

13.  A  circle  being  given,  describe  six  other  circles,  each  of 
them  equal  to  it,  and  in  contact  with  each  other  and  with  the 
given  circle. 
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14.  Given  the  angles  of  a  triangle,  and  tiie  peii)Ciulici''=iis 
from  any  point  on  the  three  sides,  construct  the  triangle. 

15.  Having  given  the  radius  of  a  circle,  determine  its  centre, 
when  the  circle  touches  two  given  lines,  which  are  not  parallel. 

16.  If  the  distance  between  the  centres  of  two  circles,  which 
cut  one  another  at  right  angles,  is  equal  to  twice  one  of  the 
nulii,  the  comniou  chord  is  the  side  of  the  regular  hexagon, 
inscribed  in  one  of  the  circles,  and  the  side  of  the  equilateral 
triangle,  inscribed  in  the  other. 

17.  Construct  a  square,  having  given  the  snni,  or  the  diSer- 
ence,  of  the  diagonal  and  the  side. 

18.  If  fioni  0,  the  centre  of  the  circle  inscribed  in  a  triangle 
ABOy  OD,  OE,  OF  he  drawn  perpendicular  to  the  sides  BC, 
('A,  AB,  respecti  veh',  and  from  any  point  P  in  OP,  drawn 
parallel  to  AB,  perpendiculars  PQ,  PIl  be  drawn  upon  OD 
and  OE  respectively,  or  these  produced,  sliow  that  the  triangle 
QRO  is  equiangular  to  the  triangle  ABC. 
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Huclid  Papers  set  in  the  Mathemaft'ml  Tripos  at  Cambridge 
from  1848  to  1872. 


Questions  arisinc;  out  of  the  Propositions,  to  which  they 
are  attached,  have  been  proposed  in  the  Euclid  Papers  to 
Candidates  for  Mathematical  Honours  since  the  year  1848. 

A  complete  set  of  these  questions,  so  far  as  they  refer  to 
Books  i.-iv.,  is  here  given.  The  figures  preceding  each  question 
denote  the  particular  Proposition  to  which  the  question  was 
attached.  It  is  expected  that  the  solution  of  each  question  is 
to  be  obtained  mainly  by  using  the  Proposition  which  precedes 
it,  and  that  no  Proposition  which  comes  later  in  Euclid's  order 
should  be  assumed. 

Of  some  of  the  questions  here  given  we  have  already  made 
use  in  the  preceding  pages.  As  examples,  however,  of  what 
has  been  hitherto  expected  of  Candidates  for  Honours,  and  in 
order  to  keep  the  series  of  Papers  complete,  we  have  not 
hesitated  to  repeat  them. 

1848.  I.  c.  How  does  it  appear  that  the  two  triangles  are 
equiangular  and  equal  to  each  other  ? 
I.  34.  If  the  two  diagonals  be  drawn,  shew  that  a 
paral'filogram  will  be  divided  into  four  equal 
parts.  In  what  case  will  the  diagonal  bisect 
the  angle  of  parallelogram  ? 
m.  15.  Shew  that  all  equal  straight  lines  in  a  circle 

will  be  touched  by  another  circle. 
m.  20.  If  two  straight  lines  AEB,  CED  in  a  circle 
intersect  in  E,  the  angles  subtended  \>j  AC 
and  BD  at  the  centre  are  together  double  of 
the  angle  AEC. 
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1849.  L     1.  By  a  method  similar  to  that  used  in  this  pro- 

blem, describe  on  a  given  finite  straight  line 
an  isosceles  triangle,  the  sides  of  which  shall 
be  each  equal  to  twice  the  base. 

n.  11.  Shew  that  in  Euclid's  figure  four  other  lines 
beside  the  given  line,  are  divided  in  the  re- 
quired manner. 

rv.  4.  Describe  a  circle  touching  one  side  df  a  triangle 
and  the  produced  jxirts  of  the  other  two. 

1850.  1.  34.  If  the  opposite  sides,  or  the  opposite  angles,  of 

any   quadrilateral   figure  be  equal,  or  if  its 

diagonals  bisect  each  other,  the  quadrilateral 

is  a  parallelogram. 
U.  14.  Given  a  square,  and  one  side  of  a  rectangle 

■which  is  equal  to  the  square,  find  the  other 

side, 
ni.  3 1 .  The  greatest  rectangle  that  can  be  inscribed  in 

a  circle  is  a  square. 

III.  34.  Divide  a  circle  into  two  segments  such  that  the 

angle  in  one  of  them  shall  be  five  times  the 
angle  in  the  other. 

IV.  10.  Shew  that  the  base  of  the  triangle  is  equal  to 

the  side  of  a  regular  pentagon  inscribed  in  the 
smaller  circle  of  the  figure. 

1851.  1.  38.  Let  ABC,  ABD  be  two  equal  triangles,  upon 

the  same  base  AB  and  on  opposite  sides  of 
it :  join  GD,  meeting  AB  in  E :  shew  that 
GE  is  equal  to  EI). 

i.  47.  If  ABG  be  a  triangle,  whose  angle  ^  is  a  right 
angle,  and  BE,  CF  be  drawn  bisecting  the 
opposite  sides  respectively,  shew  that  four 
times  the  sum  of  the  squares  on  BE  and  CF 
is  equal  to  five  times  the  square  on  BC. 

m.  22.  If  a  polygon  of  an  even  number  of  sides  be  in- 
scribed in  a  circle,  the  sum  of  the  alternate 
angles  together  with  two  right  angles  is  equal 
to  as  many  right  angles  as  the  figiue  hjis  sides. 
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1851.  IV.  16.  In  a  given  circle  inscribe  a  triangle,  wliose 

angles  are  as  tlie  numbers  2,  5  and  8. 

1852.  I.  42.  Divide  a  triangle  by  two  straight  lines  into 

three  parts,  wliich,  when  properly  arranged, 
shall  form  a  panillelogram  whose  angles  are 
of  given  magnitude. 

II.  12.  Triangles  are  described  on  the  same  base  and 
having  the  difference  of  the  squares  on  the 
other  sides  constnnt  :  shew  that  the  vertex  of 
any  triangle  is  in  one  or  other  of  two  fixed 
straight  lines. 

IV.  3.  Two  equilateral  triangles  are  described  about 
the  same  circle  :  shew  that  their  intersections 
will  form  a  hexagon  equilateral,  but  not  gene- 
rally equiangular. 

1853.  I.  B.  Cor.  If  lines  be  drawn  through  the  extremities  of  the 

base  of  an  isosceles  triangle,  making  angles 
with  it,  on  the  side  remote  from  the  vertex, 
each  equal  to  one  third  of  one  of  the  equal 
angles,  and  meeting  the  sides  produced,  prove 
that  three  of  the  triangles  thus  formed  art 
isosceles. 
I.  2').  Through  two  given  points  draw  two  lines,  form- 
ing with  a  line,  given  in  position,  an  equi- 
lateral triangle. 
IL  11.  In  the  figure,  if  jH  be  the  pomt  of  division  of 
the  given  line  AB,  and  DA  be  the  side  of  the 
square  which  is  bisected  in  E  and  produced 
to  F,  and  if  DH  be  produced  to  meet  BF  in 
L,  prove  that  DL  is  perpendicular  to  BF,  and 
is  divided  by  BE  similarly  to  the  given  line. 

ilL  33.  Through  a  given  point  without  a  circle  draw  a 
chord  such  that  the  difference  of  the  angles 
in  the  two  segments,  into  which  it  divides  the 
circle,  may  be  equal  to  a  given  angle. 

m.  36.  From  a  given  point  as  centre  describe  a  circle  cut- 
ting a  given  line  in  two  points,  so  that  the  rect- 
angle contained  l)y  their  distances  from  a  fixed 
point  in  tlie  line  maybe  equal  to  a  given  square 
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1854.  L  43.  If  K  be  the  comiuon  anj^ular  point  of  tbe  paml- 

lelograms  about  the  diameter,  and  J5D  the 
other  diaTiieter,  the  diftereuce  of  the  paial- 
lelograius  is  equal  to  twice  the  triatigle  BKD. 
U.  11.  Produce  a  given  straiglit  line  to  a  point  such 
that  the  rectangle  contained  by  the  whole 
line  thus  produced  and  the  part  produced 
shall  be  equal  to  the  square  on  the  given 
straiglit  line. 

III.  22.   If  the  opposite  sides  of  the  quadrilateral  be  pro- 

duced to  meet  in  P,  Q,  and  about  the  tri- 
angles so  formed  without  the  quadrilateral 
circles  be  described  meeting  again  in  It,  shew 
that  P,  R,  Q  will  be  in  one  straight  line. 

IV.  10.  Upon  a  given  straight  line,  as  base,  describe  an 
'  isosceles    triangle    having    the   thiid    angle 

treble  of  each  of  the  angles  at  the  base. 

1855.  I.  2f'.  Prove  that  the  sum  of  the  distances  of  any  point 

fiom  the  three  angles  of  a  ti iangle  is  greater 
than  half  the  perimeter  of  the  triangle. 

L  47.  If  a  line  be  drawn  parallel  to  the  hypotenuse 
of  a  right-angled  triangle,  and  each  of  the 
acute  angles  be  joined  with  the  puints  where 
this  line  intersects  the  sides  respectively  oppo- 
site to  tliem,  the  squares  on  the  joining  lines 
are  together  equal  to  the  squares  on  the  hypo- 
tenuse and  on  the  line  drawn  parallel  to  it. 

II.  9.  Divide  a  given  straight  line  into  two  parts,  such 
that  the  square  on  one  of  them  may  be 
double  of  the  square  on  the  other,  without 
employing  the  Sixth  Book. 
in.  27.  If  any  number  of  triangles,  upon  the  same  base 
BC,  and  on  the  same  side  of  it,  have  their 
vertical  angles  equal,  and  perpendiculars 
meeting  in  D  be  drawn  from  B,  C  upon  the 
opposite  sides,  find  the  locus  of  D,  and  shew 
that  all  the  lines  which  bisect  the  angle  BDC 
pass  through  tlic  same  point. 


202  EUCJ.ID'S  ELEMENTS.     [Books  I.  to  IV 

1855,  IV.  4.  If  tlie  circle  inscribed  in  a  triangle  ^  BO  touch 
the  sides  AB,  ACm  the  points  D,  E,  and  a 
straight  line  be  drawn  from  A  to  the  centre 
of  the  circle,  meeting  the  circunifeiencein  G, 
shew  that  G  is  the  centre  of  the  circle  in- 
scribed in  the  triangle  ADE. 

1856  I.  34.  Ol  ail  parallelograms,  which  can  be  formed  with 
diamet-ers  of  gi'^en  length,  the  rhombus  is 
the  greateot. 
u.  12.  If  AB,  one  of  tie  eqial  eides  of  an  isosceles 
triangle  ABC,  be  prod  aced  beyond  the  base 
to  D,  so  that  BL=AB,  shew  that  the  square 
on  CD  is  equal  to  the  square  on  AB  together 
with  twice  the  square  on  BC. 
IV.  15.  Shew  how  to  derive  the  hexagon  ft  jm  an  equi- 
lateral triangle  inscribed  in  the  ciicle,  and 
from  this  construction  shew  that  tb?  side  of 
the  hexagon  equals  the  radius  of  the  circle, 
and  that  the  hexagon  is  double  of  the  tri- 
angle. 

1867.  I.  35.  ABC  is  an  isosceles  triangle,  of  which  A  is  the 
vertex :  AB,  A  G  are  bisected  in  D  and  E 
respectively  ;  BE,  CD  intersect  in  F :  shew 
that  the  triangle  ADE  is  equal  to  three  times 
the  triangle  DEF.  . 
IL  13.  The  base  of  a  tiiangle  is  given,  and  is  bisected 
by  the  centre  of  a  given  circle,  the  circum- 
ference of  which  is  the  locus  of  the  vertex  : 
prove  that  the  sum  of  the  squares  on  the  two 
sides  of  the  triangle  is  invariable. 
III.  22.  Prove  that  the  sum  of  the  angles  in  the  four 
segments  of  the  circle,  exterior  to  the  quadri- 
lateral, is  equal  to  six  right  angles. 
IV.  4.  Circles  are  inscribed  in  the  two  triangles  formed 
by  drawing  a  perpendicular  from  an  angle  of 
a  triangle  iqion  the  opposite  side,  and  analo- 
gous circles  are  described  in  relation  to  the 
two  other  like  perpendiculars     prove  that  the 
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sum  of  the  diameters  of  the  six  circles  toge- 
ther with  the  sum  of  the  sides  of  the  original 
triangle  is  equal  to  twice  the  sura  of  the  three 
perpendiculars. 

1858.  I.  28.  Assuming  as  an  axiom  that  two  straight  lines 
cannot  both  be  parallel  to  tlie  same  straight 
line,  deduce  Euclid's  sixth  postulate  as  a 
corollary  of  the  proposition  referred  to. 
U.  7.  Produce  a  given  straight  line,  so  that  the  sum 
of  the  squares  on  the  given  line  and  the  part 
produced  may  be  equal  to  twice  the  rectangle 
contained  by  the  whole  line  thus  produced  and 
the  produced  part. 
m.  19.  Describe  a  circle,  which  shall  touch  a  given 
straight  line  at  a  given  point  and  bisect  the 
circumference  of  a  given  circle. 

18.59.  1.  41.  Trisect  a  parallelogram  by  straight  lines  drawn 
from  one  of  its  angular  points. 
IL  13.  Prove  that,  in  any  quadrilateral,  the  squares 
on  the  diagonals  are  together  equal  to  four 
times  the  sum  of  the  squares  on  the  straight 
lines  joining  the  middle  points  of  opposite 
"  sides. 
itL  31.  Two  equal  circles  touch  each  other  externally, 
and  through  the  point  of  contact  chords  are 
drawn,  one  to  each  circle,  at  right  angles  to 
each  other :  prove  that  the  straight  line, 
joining  the  other  extremities  of  these  chords, 
is  equal  and  parallel  to  the  straight  line 
joining  the  centres  of  the  circles. 
IV.  4.  Triangles  are  constructed  on  the  same  base  with 
equal  vertical  angles  :  prove  that  the  locus 
of  the  centres  of  the  escribed  circle.'?,  each  of 
which  touches  one  of  the  sides  externally 
and  the  other  side  and  base  produced,  is  an 
arc  of  a  circle,  the  centre  of  which  is  on  the 
circumference  of  the  circle  circumscribing  the 
triangles. 
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1860.  T,  36.  If  a  stiaight  line  I)ME  be  drawn  through  the 

middle  point  M  of  the  base  HG  of  a  triangle 
ABC,  so  as  to  cut  off  equal  parts  AD,  AE 
from  the  sides  AB,  AG,  produced  if  neces- 
sary, respectively,  theu  shall  BD  be  equal  to 
CE. 
II.  14.  Shew  how  to  construct  a  rectangle  which  shall 
be  equal  to  a  given  square  ;  (I)  M'hen  the 
suui,  and  (2)  when  the  difference  of  two  ad- 
jacent sides  is  given. 

m.  36.  If  two  chords  AB,  AG  be  drawn  from  any  point 
^  of  a  circle,  and  be  produced  to  Z>  and  E, 
so  that  the  rectangle  AG,  AE  is  equal  to  the 
rectangle  AB,  AD,  then,  if  0  be  the  centre 
of  the  circle,  AO\s,  perpendicular  to  DE. 

IV,  10.  If  A  be  the  vertex,  and  BD  the  base  of  the 
constructed  triangle,  D  being  one  of  the  points 
of  intersection  of  the  two  circles  employed  in 
the  construction,  and  E  the  other,  and  AE 
be  drawn  meeting  BD  produced  m  F,  prove 
that  FAB  is  another  isosceles  triangle  of  the 
same  kind. 

1861.  L  '6±  If  ABC  be  a  triangle,  in  which  C  is  a  right 

angle,  shew  how,  by  means  of  Book  I.,  to 
draw  a  straight  line  parallel  lo  a  given 
straight  line  so  as  to  be  terminated  by  GA 
and  GB  and  bisected  by  AB. 
VL  13.  If  ABG  be  a  triangle,  in  which  C  is  a  right 
angle,  and  DE  be  drawn  from  a  point  D  in 
AG  at  right  angles  to  AB,  prove,  without 
using  Book  III.,  that  the  rectangles  AB,  AE 
and  AG,  AD  wiU  be  equal. 
HI.  32.  Two  circles  intersect  in  A  and  B,  and  GBD  is 
drawn  perpendicular  to  AB  to  meet  the 
circles  in  C  and  D  ;  if  EAF  bisect  either  the 
interior  or  exterior  angle  between  GA  and 
DA,  prove  that  the  tangents  to  the  circles  at 
E  and  F  intersect  in  a  point  on  AB  produced- 
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Iboi.  IV.  4.  Describe  a  circle  touchinjj  the  side  BC  of  the 
triangle  ABC,  ami  the  other  two  sides  pro- 
duced, and  prove  tliat  the  distance  between 
the  points  ot  contact  of  the  side  BC  with  the 
inscribed  circle,  and  the  latter  circle,  is  equal 
to  the  difi'erence  between  the  sides  A  Baud 
AC. 

186S.  I.  4.  Upon  the  sides  AB,  BC,  and  CD  of  a  parallelo- 
gram ABCJJ,  three  equilateral  triangles  are 
described,  that  on  BC  towards  the  same  parts 
as  the  parallelogram,  and  those  on  AB,  CD 
towards  the  opposite  parts.  Prove  that  the 
distances  of  the  vertices  of  the  triangles  on 
AB,  CD,  from  that  on  BC,  are  respectively 
equal  to  the  two  diagonals  of  the  parallelo- 
gitim. 
la.  iO.  Divide  a  given  straight  line  into  two  parts,  su 
that  the  squares  on  the  whole  line  and  on 
one  of  the  parts  may  be  together  double  of 
the  square  on  the  other  part. 
UL  28.  A  triangle  is  turned  about  its  vertex,  until  one 
of  the  sides  intersecting  in  that  vertex  is  in 
the  sajue  straight  line  ;is  the  other  previously 
was  :  prove  that  the  line,  joining  the  vertex 
with  the  point  of  intei-sectiou  of  the  two 
positions  of  the  base,  produced  if  necessarj', 
bisects  the  angle  between  these  two  positions. 
n.  10.  Prove  that  the  smaller  of  the  two  circles,  em- 
ployed in  Euclid's  construction,  is  equal  to 
the  circle  described  about  the  required  tri- 
angle. 

Ibti3.  L  47.  Two  triangles  ABC,  A'B'C  have  their  sides 
respectively  parallel.  BBi,  CCi  are  drawn 
perpendicular  to  B'C;  CCi,  AA^  to  CA';  and 
AAi,  BBi  to  A'B'.  Prove  that  the  sum  of  the 
squares  on  AB^,  Bd,  CA3  together,  is  equal 
to  the  sura  of  those  on  ACi,  BA-i,  CB3  together. 
n.   11.  Divide  a  given  straight  hue  into  two  parts,  such 
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that  the  rectangle  contained  by  the  whole  and 
one  part  may  be  equal  to  that  contained  by 
the  other  part  and  a  given  straight  line. 

1863.  III.  28.  Two    equal  circles   intersect    in    A,  B  ;  PQT 

perpendicular  to  AB  meets  it  in  T,  and  the 
circles  in  P,  Q.  AP,  BQ  meet  in  B  ;  AQ, 
BP  in  S :  prove  than  the  angle  BTS  is  bi- 
sected by  TP. 

1864.  I.  38.  If  a  quadrilateral  figure  have  two  sides  parallel, 

and  the  parallel  sides  be  bisected,  the  lines 
joining  the  points  of  bisection  shall  pass 
through  the  point  in  which  the  diagonals  cut 
one  another. 

n.  14.  Divide  a  given  straight  line  (when  possible) 
into  three  parts  such  that  the  rectangle  con- 
tained by  two  of  them  shall  be  equal  to  a 
given  rectilineal  figure,  and  that  the  squares 
on  these  two  parts  shall  together  be  equal  to 
the  square  on  the  third. 

111.  36.  If  from  a  given  point  A  without  a  given  circle 
any  two  straight  lines  APQ,  ABS,  be  drawn, 
making  equal  angles  with  the  diameter  which 
passes  through  A,  and  cutting  the  circle  in 
P,  Q,  and  B,  S,  respectively,  then  PS,  QB, 
shall  cut  one  another  in  a  given  point. 

IV.  11.  If  a  figure  of  any  odd  number  of  sides  have  all 
its  angular  points  on  the  same  circle,  and  all 
its  angles  equal,  then  shall  its  sides  be  equal. 

1865.  I.  20.  Give  a  geometrical    construction  for    finding   a 

point  in  a  given  straight  line,  the  difference  of 
the  distances  of  which  from  two  given  points 
on  the  same  side  of  the  line  shall  be  the 
greatest  possible. 
II.  12.  The  base  BC  of  an  isosceles  triangle  ABC  is 
produced  to  a  point  D  ;  AD  is  joined,  and  in 
AD  a  point  E  is  taken,  such  that  the  rect- 
angle AD,  AE,  is  equal  to  the  square  on  either 
of  the  oqiinl  sides  AB,  AC,  of  the  triangle : 
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prove  that  the  rectangle  BJ),  CD  is  equal  to 
the  rectangle  AD,  ED. 

1865.  III.  18.  A  given  straight  line  is  drawn  at  right  angles 

to  the  straight  line  joining  the  centres  of  two 
given  circles  :  prove  that  the  difi'crence  be- 
tween the  squares  on  two  tangents  drawn, 
one  to  each  circle,  from  any  point  on  the 
given  straight  line,  is  constant. 
IV.  5.  Having  given  one  side  of  a  triangle,  and  the 
centre  of  the  circumscribed  circle,  determine 
the  locus  of  the  centre  of  the  inscribed  circle. 

1866.  L  33.  Prove  that  a  quadrilateral,  which  has  two  op- 

posite sides  and  two  opposite  obtuse  angles 
equal,  is  a  parallelogram. 
Shew  that  the  figure  is  not  necessarily  a  paral- 
lelogram, if  the  equal  angles  are  acute. 

n.  9.  Prove  this  also  by  superposition  of  the  squares 
or  their  halves. 
IIL  22.  If  four  circles  be„drawn,  each  passing  through 
three  out  of  four  given  points,  the  angle  be- 
tween the  tangents  at  the  intersection  of  two 
of  the  circles  is  equal  to  the  angle  between 
the  tangents  at  the  intersection  of  the  other 
two  circles. 

[V.  2.  In  a  given  circle  inscribe  a  triangle  such  that 
two  of  the  sides  of  the  triangle  shall  pass 
through  given  points  and  the  third  side  be  at 
a  given  distance  from  the  centre  of  the  given 
circle. 
1867.  I.  16.  Any  two  exterior  angles  of  a  triangle  are  together 
greater  than  two  right  angles. 

L  43.  What  is  the  greatest  value  which  these  comple- 
ments, for  a  given  parallelogram,  can  have  ? 
n.  11.  Divide  a  given  straight  line  into  two  parts  such 
that  the  squares  on  the  whole  line  and  on  one 
of  the  parts  shall  be  together  double  of  the 
square  on  the  o*her  part. 
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1867.  in.  22.  If  the   chords,   which   bisect   two   angles   of  a 

triangle  inscribed  in  a  circle,  be  equal,  prove 
that  either  the  angles  are  equal,  or  the  tliird 
angle  is  equal  to  the  angle  of  an  equilateral 
triangle. 

1868.  I.  41.  OKBM  and    OLDN  are  parallelograms  about 

the  diameter  of  a  parallelogram  ABCD.  In 
MN,  which  is  parallel  to  BA,  take  any  point 
P  and  prove  that,  if  PC,  produced  if  neces- 
sary, meet  KL  in  Q,  BP  M-ill  be  parallel 
to  DQ. 
n.  1 5.  In  a  triangle  ABO,  D,  E,  F  are  the  middle 
points  of  the  sides  BO,  OA,  AB  respectively, 
and  K,  L,  M  are  the  feet  of  the  perpendi- 
culars on  the  same  sides  from  the  opposite 
angles.  Prove  that  the  greatest  of  the  rect- 
angles contained  by  BO  and  DK,  OA  and 
EL,  AB  and  FM,  is  equal  to  the  sum  of  the 
other  two. 
ni.  35.  Til  rough  a  point  within  a  circle,  draw  a  chord, 
such  that  the  rectangle  contained  by  the  whole 
chord  and  one  part  may  be  equal  to  a  given 
square. 

Determine  the  necessary  limits  to  the  magni- 
tude of  this  square. 
IV.  4.  If  two  triangles  ABO,  A'B'C  be  inscribed  in 
the  same  circle,  so  that  AA'  BB'  CO'  meet 
in  one  point  0,  prove  that,  if  0  be  the  centre 
of  the  inscribed  circle  of  one  of  the  triangles, 
it  will  be  the  centre  of  the  perpendiculars  of 
the  other. 

1869.  I.  40.  ABOxs.  a  triangle,  E  and  F  are  two  points  ;  if 

the  sum  of  the  triangles  ABE  and  BCE  be 
equal  to  the  sum  of  the  triangles  ABF  and 
BCF,  then  under  certain  conditions  EF  w^iU 
be  parallel  to  AO.  Find  these  conditions, 
and  determine  when  the  difference  instead  of 
the  sum  of  the  triangles  must  be  taken. 
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i8(j!^.  u.   11.  Shew  that  the  point  of  section  lies  between  the 
extremities  of  the  line. 

III.  33.  An    acute-iu)j,'le(l    triangle    is    inscribed    in    a 

circle,  and  the  paper  is  folded  alonjj  each  of 
the  sides  of  the  triangle  :  Shew  that  the 
circumferences  of  the  three  segments  will  pass 
through  the  sjiiue  point.  State  the  equivalent 
proposition  for  art  obtuse-angled  triangle. 

IV.  11.  Siiew    that  the  circles,    each  of  which  touches 

two  sides  of  a  regular  pentagon  at  the  ex- 
tremities of  a  third,  meet  in  a  point. 

1870.  1.  26.   ABCD  is  a  square  and   E  a  point  in  BC ;  a 

straight  line  EF  is  drawn  at  right  angles  to 
AE,  and  meets  the  straight  line,  which  bisects 
the  angle  between  CJJ  and  BC  produced  in  a 
point  F  :  prove  that  AE  is  equal  to  E^. 
n.  9.  The  diagonals  of  a  quadrilateral  meet  in  E,  and 
J''  is  the  middle  point  of  the  straight  line 
joining  the  middle  points  of  the  diagonals  : 
prove  that  the  sum  of  the  squares  on  the 
straight  lines  joining  E  to  the  angular  points 
of  the  quadrilateral  is  greater  than  the  sum  of 
the  squares  on  the  straight  lines  joining  F  to 
the  same  points  by  four  times  the  square 
on  EF. 

in.  33.  AB,  CD  are  parallel  diameters  of  two  circles, 
and  AC  cnf&  the  cii-clcs  in  i^,  Q :  prove  that 
the  tangents  to  the  circles  at  P,  Q  are  pandlel. 

rv.  10.  Hence  shew  how  to  describe  an  equilateral 
and  equiangular  pentagon  about  a  circle  with- 
out first  inscribing  one. 

1871.  I.  38.  Through    the    angular    points  A,   B,   C,   of  a 

triangle  are  drawn  three  parallel  straight  lines 
meeting  the  opposite  sides  in  A',  B',  C  re- 
spectively :  piuve  that  the  triangles  AB'C, 
BCA',  CA'B'  are  all  equal 
n.  10.  Pioduce  a  given  straight  line  so  that  the  square 
on  the  whole  hue  thus  produced  may  be 
double  the  square  on  the  ])art  produced. 

15 
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1871.  III.  32.  The  opposite  sides  of  a  quadrilateral   inscribed 

in  a  circle  are  produced  to  meet  in  P,  Q,  and 
about  the  four  triangles  thus  formed  circles 
are  described  :  prove  that  the  tangents  to  these 
circles  at  F  and  Q  form  a  quadrilateral  equal 
in  all  respects  to  the  original,  and  that  the 
line  joining  the  centres  of  the  circles,  about 
the  two  quadrilaterals,  bisects  PQ. 
IV.  5.  A  triangle  is  inscribed  in  a  given  circle  so  as 
to  have  its  centre  of  perpendiculars  at  a  given 
point :  prove  that  the  middle  points  of  its 
sides  lie  on  a  fixed  circle. 

1872.  I.  47.  If  C-E,  BI)  be  the  squares  described  upon  the 

side  AC,  and  the  hypotenuse  AB,  and  if 
EBy  CD  intersect  in  F,  prove  that  AF  bi- 
sects the  angle  EFT). 

n.  14.  If  the  given  rectilineal  figure  be  that  of  Euclid  i. 
47,  shew  how  to  determine  the  required 
square  graphically. 
m.  22.  Two  circles  intersect  in  A,  B  :  PAP',  QAQ'  are 
drawn  equally  inclined  to  AB  to  meet  the 
circles  in  P,  P',  Q,  Q'  :  prove  that  PF  is 
equal  to  QQ'. 

Wft  4.  Having  given  an  angular  point  of  a  triangle,  the 
circumscribed  circle,  and  the  centre  of  the  in- 
scribed circle,  construct  the  triangle. 
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SECTION  1    a^<-.  r/^J<-  '^■^Z 

On  Multiples  and  EquimultipU$,  ^         j 

Def.  I.  A  GREATER  maornitude  is  a  Multiple  of  a  less  magni- 
tude, when  the  greater  contains  the  less  an  exact  number 
of  times. 

Def.  II.  A  less  ma^^nitude  is  a  S^ih^midtiph  of  a  greater 
mt^itude,  when  the  less  is  contained  an  exact  number  of 
4inies  in  the  greater. 

These  definitions  are  applicable  not  merely  to  Geometrical 
magnitudes,  such  as  Lines,  Angles,  and  Triangles  ;  but  also  to 
such  as  are  included  in  the  ordinary  sense  of  tlie  word  Magni- 
tude, that  is,  anything  which  is  made  up  of  parts  like  itself, 
such  as  a  Distance,  a  Weight,  or  a  Sum  of  Money. 


Postulate. 

Any  one  magnitude  being  given,  let  it  be  granted  that  any 
number  of  other  magnitudes  may  be  found,  each  of  which  is 
equal  to  the  first. 

Method  or  Notation. 

Let  A  represent  a  magnitude,  not  as  one  of  the  letters  used 
in  Algebra  to  represent  the  yneasure  of  a  magnitude,  but  let  A 
stand  for  the  magnitude  itself.  Thus,  if  we  regard  A  as  repre- 
senting a  Wfight,  we  mean,  not  the  number  of  pounds  con- 
tained in  the  weight,  but  the  weight  itself. 
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Let  the  words  J.,  B  together  represent  the  magnitude  obtained 
by  putting  the  magnitude  B  to  the  magnitude  A, 

Let  A,  A  together  be  abbreviated  into  2 A, 

A,  A,  A  together  SA, 

and  so  on. 

Let  A,  A repeated  m  times  be  denoted  by  mA, 

m  standing  for  a  whole  number. 

Let  mA,  niA repeated  n  times  be  denoted  by  nmA, 

where  nm  stands  for  the  arithmetical  product  of  the  whole 
numbers  n  and  in. 

Let  (m  +  n)  A  stand  for  the  magnitude  obtained  by  putting 
nA  to  mA,  m  and  n  standing  for  whole  numbers. 

These,  and  these  only,  are  the  symbols  by  which  we  propose 
to  shorten  and  simplify  the  proofs  of  this  Book :  capital 
letters  standing,  in  all  cases,  for  magnitudes  ;  and  small  letters 
standing  for  whole  numbers. 


Scales  of  Multiples.  * 

By  taking  a  number  of  magnitudes  each  equal  to  A,  and 

putting  two,  three,  four of  them  together,  we  obtain  a  set 

of  magnitudes,  depending  upon  A ,  and  all  known  when  A  is 
known  ;  namely, 

A,  2A,  'iA,  AA,  5 A and  so  on  ; 

each  being  obtained  by  putting  A  to  the  preceding  one. 

This  we  call  the  Scale  of  Multiples  of  A. 

If  m  be  a  whole  number,  mA  and  mB  are  called  Equi- 
multiijles  of  A  and  B,  or,  the  same  multiples  of  A  and  B 
respectively. 

Axioms. 

1.  Equimultiples  of  the  same,  or  of  equal  magnitudes,  are 
equal  to  one  another. 

2.  Those  magnitudes,  of  which  the  same,  or  equal,  magni- 
tudes are  e(|uiinultiples,  arc  equal  to  one  another. 
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3.  A  multiple  of  a  j^rcuter  maguitude  is  greater  than  the 
same  multiple  of  a  less. 

4.  That  inagiiitudt-,  of  which  a  multiple  is  gi-eater  than  the 
same  multiple  of  another,  is  greater  than  that  other  uiagni- 
tude. 

Note  1.  If  A  and  B  be  two  commensurable  magnitudes,  it 
is  easy  to  show  that  there  is  so^ne,  multiple  of  A^  which  is 
equal  to  iomt  multiple  of  B. 

For  let  M  be  a  common  measure  of  A  uud  B ;  then  the 
■icale  of  multiples  of  M  is 

M,  23/,  33/, 

Now  one,  of  the  multiples  in  this  scale,  suppose  fM,  is  equal  to  A^ 
and  one,  suppose  (/A/, B. 

Hence  the  multiple  qpM  is  equal  to  qA,  V.  Ax.  1. 

and    the  same   multiple    is   equal    to  yB'y 
and  therefore  g.4  =  i)B.  L  Ax.  1. 


Proposition  I.  (Eucl.  v.  1.) 

If  any  number  of  magnitudes  he  equimultiples  of  as  many, 
each  of  each  ;  u-lmtea^r  multiple  any  one  of  them  is  of  its  sub- 
vodtiple,  the  same  multijAe  must  all  the  first  magnitudes,  taken 
toijither,  be  of  all  (lie  other,  Uihen  together. 

Let  A  be  the  same  multiple  of  C  that  B  is  of  D. 
Tlien  must  A,  B  together  be  the  same  multiple  of  C,  D  together 
that  A  is  of  C 

Let    A  =  C,  C,  C repeated  m  times. 

Then  B  =  D,D,D repeated  m  times. 

.  •.  A,B  together  =  C,D  ;  C,D;  C,  D; repeated  m  times. 

.-.  A,  D  together  is  the  same  multiple  of  C,  D  together  tlv*t 


214  EUCLID'S  ELEMENTS.  [Book  V 

Proposition  II.  (Eucl.  v.  2.) 

If  the  first  he  the  same  midtiple  of  the  second  that  the  third  is 

of  the  fourth,  and  the  fifth  the  same  multiple  of  the  second  that 
the  sixth  is  of  the  fourth  ;  the  first  together  imth  the  fifth  must  he 
the  same  viultiple  of  the  second,  that  the  third  together  with  the 
sixth  is  of  the  fourth. 

Let  A,  B,  C,  D,  E,  F  be  six  magnitudes,  such  that 
A  is  the  same  multiple  of  B,  that  C  is  of  D,  and 
E  is  the  same  multiple  of  B,  that  F  is  of  D.~ 
Then  must  A,  E  together  be  the  same  mtdtiple  of  B, 
that  C,  F  together  is  of  D. 

Let  A  =  B,  B,  B, repeated  m  times  ; 

then  G  =  D,D,  D, repeated  m  times. 

Also,  let  E  =  B,  B,  B, repeated  n  times  ; 

then  F  =  D,D,D, .repeated  n  times. 

.'.  A,  E  together  =  B,  B,  B, repeated  m  +  n  times, 

and  C,  F  together  =  D,D,D, repeated  m+n  times. 

.•.  A,   E  together   is   the   same   multiple   of  B, 
that  C,  F  together  is  of  D. 

Q.  E.  D. 

Proposition  III.  (Eucl.  v.  3.) 

If  th^  first  be  the  same  m,uUiple  of  the  second  that  the  third 
i-s  of  the  fourth  ;  and  if  of  the  first  and  third  there  be  talccn 
iquimultiples,  these  must  be  equimultiples,  the  cne  of  the  second, 
and  the  other  of  the  fourth. 

Let  A  be  the  same  nmltiple  of  B  that  0  is  of  i*  ; 
and  let  E  and  F  be  taken  equimultiples  of  A  and  C. 
Then  must  E  and  F  he  equimultiples  of  B  and  D. 

For  let  A  =  B,   B, repeated  m  times=mJ?  ; 

then        C  =  U,  D, repeated  m  times=mX). 

Again,  let  .B  =  A,  A, repeated  n  times  ; 

then      F  —  C,  C, repeated  w  times. 

.•.     E  =  mB,  mB, repeated  n  times=nmB  ; 

and-F  =  mD,  m,D, repeated  n  times=nmD. 

.:  E  is  the  same  multiple  of  B  that  F  is  of  D. 

Q.  E.  D. 
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SFCTION  II. 

On  Foih  ard  Prcporfion. 

Dkf.  111.  If  A  bin  J  B  be  vTijig.iitjiJes  of  the  xanie  kind,  the 
rtrJutive  greatn<^ssof  A  w\t\i  iwpect  to  B  is  called  the  ratio  of 
A  to  B. 

Note  2.  When  A  and  B  .ire  cmnmtnunrable,  we  can  estiuiati 
their  relative  greatnes.s  by  considennf;  ^\hat  multiples  tliey  are 
of  some  common  standard.  But  as  this  method  is  not  appli- 
Ciible  when  A  and  B  are  incommeuburdbJc,  we  have  to  adopt 
a  more  {jeueral  method,  applicable  both  to  commensurable  and 
incommensurable  magnitudes. 

If  A  and  B  be  ma^'iiitudes  of  tne  saii.e  kind,  commensurable 
or  incommensurable,  the  scale  of  multiples  of  ^  is 

A,2A...viA,  {■m+l)A...2mA,(iM-i  l)A...S7nA...n'mA... 

and  the  Ratio  of  ii  to  ^  is  estimated  by  considering  the  posi- 
tion which  B,  or  some  multiple  of  By  occupies  among  the 
iiiuliiples  of  A. 

If  A  and  B  be  commensurable,  a  multiple  of  B  can  be  found, 
such  that  it  would  occupy  the  same  place  among  the  multiples 
of  A,  which  is  occupied  by  some  one  of  the  multiples  of  A  ; 
that  is,  this  particular  multiple  of  B  represents  the  same 
uiiignitude  as  that,  which  is  rt-prescnted  by  some  one  of  the 
multiples  of  A.     See  Note  1,  p.  213. 

If,  for  example,  the  7th  multiple  in  the  scale  of  B  represents 
the  same  magnitude  as  that  which  is  represented  by  the  5th 
multiple  in  the  scale  of  A,  or  in  other  words,  if  7/»  =  HA,  we 
:•'«  (.-nabled  to  form  an  exart  notion  of  th^?  greatness  of  B 
'Matively  to  A. 
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When  A  and  S  are  incommensurable,  the  relation  vtiA  =  nl> 
can  have  no  existence  ;  that  is,  no  pair  of  multiples,  one  in 
each  of  the  scales  of  multiples  of  A  and  B,  represent  the  same 
magnitude.  But  we  can  always  determine  whether  a  par- 
ticular multiple  of  B  be  greater  or  less  than  some  one  of  the 
multiples  of  A  ;  that  is,  we  can  always  find  between  what  two 
successive  multiples  of  A  any  given  multiple  of  B  lies. 

Hence,  whether  A  and  B  be  commensurable  or  incommen- 
surable, we  can  always  form  a  third  scale,  in  which  the 
multiples  of  B  are  distributed  among  the  multiples  of  A. 

Suppose,  for  example,  we  discover  the  following  relations 
between  particular  multiples  of  A  and  B  : 

B  greater  than  A  and  less  than  2A, 
2B  greater  than  SA  and  less  than  4A, 
3B  greater  than  6  J.  and  less  than  7 A, 

and  so  on  ;  the  third  scale  will  commence  thus 

A,  B,  2A,  3A,  2B,  4A,  5A,  6A,  3B,  7 A, 

and  so  on  ;  the  scale  not  being  formed  by  any  law,  but  con- 
structed by  special  calculations  for  each  term. 

Such  a  scale  we  call  the  Scale  of  Kelation  of  A  and  B, 
and  we  give  the  following  Definition  : — 

The  Scale  of  Relation  of  two  magnitudes  of  the  same  kind 
is  a  list  of  the  multiples  of  both  ad  infinitum,  all  arranged  in 
order  of  magnitude,  so  that  any  multiple  of  either  magnitude 
being  assigned,  the  scale  of  relation  points  out  between  which 
multiples  of  the  other  it  lies. 


Note  3.  It  may  here  be  remarked  that,  if  A  and  B  be 
two  finite  magnitudes  of  the  same  kind,  however  small  B  may 
be,  we  may,  by  continuing  the  scale  of  multiples  of  JB  suffi- 
ciently far,  at  length  obtain  a  multiple  of  B  greater  than  A. 

Also,  if  B  be  less  than  A,  one  muliiplc  at  least  of  the  scale 
of  B  will  lie  between  each  two  consecutive  multiples  of  the 
scale  of  A.  From  these  considerations  we  shall  be  justified  in 
assuming 
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(1.)  That  we  cjin  always  take  mB  greater  than  A  or  than  i^A. 

(2.)  That  we  &in  always  take  nB  such  that  it  is  greater  than 
fA  but  not  greater  than  qA,  provided  that  B  is  less 
than  Ay  and  p  than  q. 

We  can  now  make  an  important  addition  to  Definition  iii., 
so  that  it  will  run  thus  : — 

If  A  and  B  be  magnitudes  of  the  same  kind,  the  relative 
greatness  of  A  with  respect  to  B  is  called  the  Ratio  of  A  to  jB, 
and  this  Ratio  is  determined  by,  that  is,  depends  solely  upon, 
the  order  in  which  the  multiples  of  A  and  B  occur  in  the 
Scide  of  Relation  of  A  and  B. 


Drf.  IV.  Magnitudes  are  said  to  have  a  Ratio  to  each  otber, 
which  can,  being  multiplied,  exceed  each  the  other. 


This  definition  is  inserted  to  point  out  that  a  ratio  cannot 
exist  between  two  niagnitucles  unless  two  conditions  be  ful- 
filled :— first,  the  magnitudes  must  be  of  the  same  kind; 
secondly,  neither  of  them  may  be  infinitely  large  or  infinitely 
smaU.     See  Note  3. 


Def.  V.  When  there  are  four  magnitudes,  and  when  any 
equimultiples  of  the  first  and  third  being  taken,  and  any  equi- 
multiples of  tlie  second  and  fourth,  if,  when  the  multiple  of  the 
first  is  greater  than  that  of  the  second,  the  multiple  of  the 
third  is  greater  than  that  of  the  fourth,  and  when  the  multiple 
of  the  first  is  equal  to  that  of  the  second,  the  multiple  of  the 
third  is  equal  to  that  of  the  fourth,  and  when  the  multiple  of 
the  first  is  less  than  that  of  the  second,  the  multiple  of  the 
third  is  less  than  that  of  the  fourth,  then  the  first  of  the 
original  four  marmitudes  is  said  to  have  to  the  second  the 
same  ratio  which  the  tliird  has  to  thr  I'ourlli. 
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Note  4. — To  make  Def.  v.  clearer  we  give  the  followiug 
illustration.  Suppose  A,  B,  C,  D  to  be  four  magnitudes  ;  the 
scales  of  their  multiples  will  then  be- — 

A,  2A,  3A mA , 

B,  2B,  3B nB 

C,  20,  3C mC.f , 

D,  2D,  SD iiD ; 

where  mA,  rnC  stand  for  any  equimultiples  of  A  and  G,  and 
)i,B,  nD  stand  for  any  equimultiples  of  B  and  D:  then  the 
Definition  may  be  stated  more  briefly  thus  : 

A  is  said  to  have  the  same  ratio  to  B  which  C  has  to  D, 
when  mA  is  found  in  the  same  position  among  the  multiples 
of  B,  in  which  mC  is  found  among  the  multiples  of  D  ;  or, 
wliich  is  the  same  thing,  mJicn  the  order  of  the  multiples  of  A 
and  B  in  the  Scale  of  lielation  of  A  and  B,  is  prfcisely  the  same 
as  the  order  of  the  midtiples  of  C  and  D  in  the  Scale  of  Relation 
of  G  arid  D ;  or,  when  every  nniltiple  of  A  is  found  in  the  same 
position  among  the  multiples  of  B,  in  which  the  same  multiple 
of  (7  is  found  among  the  multiples  of  D. 

Note  5.  The  use  of  Def.  v,  will  be  better  understood  by 
the  following  application  of  it. 

To  show  that  rectangles  of  eqnal  altitude  are  to  one  another 
as  their  bases. 


a    a     e    f    // 


Let  AG,  ac  be  two  rectangles  of  equal  altitude. 
Let  B,  B'  and  R,  R'  stand  for  the  bases  and  the  areas  of 
ihese  rectangles  respectively. 

Take  AD,  DE,  EF, m,  in  number,  and  all  equal, 

And  ad,  de,  ef,fg,  gh, ■»  in  number,  and  all  equal. 
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Complete  the  rectaiifjles,  as  in  the  diagram. 
Then  btise  AF  =  mi), 
base    ah  =  nT^. 
rectangle  AF  —  mR, 
rectiiugle    ap  =  nli', 
Jlow  we  can  prove,  by  superposition,  that  if   ^F  be  greater 
than  ah,  AF  will  be  greater  tlian  ap,  and  if  equal,  equal  ;  and 
if  less,  less. 

That  is,  MmB  be  greater  than  nB',  mR  is  greater  than  nW; 
and  if  equal,  equal  ;  and  if  less,  less. 
Hence,  by  Def.  v., 

5  is  to  ^  as  72  is  to  R'. 
Hence  we  deduce  two  Corollaries,  whicli  are  the  foundation 
of  the  proofs  in  Book  vi. 

Cor.  I.  Parallelogrmns  of  equal  altitude  are  to  one  another 
as  thfir  hoses. 

For  the  parallelograms  are  equal  to  rectangles,  on  the  same 
bases  and  between  the  same  parallels. 

Cor.  II.  Triangles  of  equal  altitude  are  to  one  another  as 
their  bases. 

For  the  triangles  are  equal  to  the  halves  of  the  rectangles, 
on  the  same  bases  and  between  the  same  parallels. 

N.B. — These  Corollaries  are  proved  as  a  direct  Proposition 
in  Eucl.  VI.  1.  Cor.  11.  could  not,  consistently  with  Euclid's 
method,  be  introduced  in  this  place,  for  it  assumes  Proposi- 
tion XI.  of  Book  V. 

Def.  VI.  Magnitudes  which  have  the  same  ratio  are  called 
Froportioiuils. 

If  A,  B,  C,  T)  be  proportionals,  it  is  usually  expressed  by 
sjiying,  .4  is  to  £  as  C  is  to  Z>. 

The  magnitudes  A  and  C  are  called  the  Antecedents  of  the  ratios. 
...  B  and  X> (consequents 

The  antecedents  are  said  to  be  hownhxjnus  to  one  another, 
that  IS,  occu])yuig  the  sanie  position  in  tnn  ratios  (6fi6\nyoi),  nm] 
the  consequents  are  saici  to  1»«  homologous  to  one  .•mother. 
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Def.  VII.  When  of  the  equimultiples  of  four  magnitudes, 
taken  as  in  Def.  v.,  the  multiple  of  the  first  is  greater  than  [or 
is  equal  to]  the  multiple  of  the  second,  but  the  multiple  of  the 
third  is  not  greater  than  [or  is  less  than]  the  multiple  of  the 
fourth,  then  the  first  is  said  to  have  to  the  second  a  greater 
ratio,  than  the  third  has  to  the  fourth. 

Note  G.  The  meaning  of  Def.  vii.  may  be  expressed,  after 
taking  the  scales  of  multiples  as  in  the  explanation  of  Def.  v., 
thus  : — 

A  is  said  to  have  to  -B  a  greater  ratio  than  0  has  to  D, 
when  two  whole  numbers  m  and  n  can  be  found,  such  that 
<niA  is  greater  than  7iB,  but  ??(,C  not  greater  than  nT>  ;  or, 
such  thafc  m.4  is  equal  to  n£,  but  mG  less  than  nl). 
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SECTION   IIL 

Containing  the  Propositions  most  frequently  referred  to  in 
Book  VI. 


Note  7.  The  Fifth  Book  of  Enclirl  may  be  regarrlerl  in  two 
aspects  :  first,  as  a  Treatise  on  the  Tlicory  of  Ratio  and  Propor- 
tion, complete  in  itself,  and  dependinff  iu  n(}  way  on  the  pre- 
cedintr  Books  of  the  Elements  ;  and  secondly,  as  a  necessary 
introduction  to  the  Sixth  Book. 

If  we  make  the  number  of  references  in  Book  vi.  a  test  of 
the  importance  of  particular  Propositions  in  Book  v.,  they 
will  be  arranged  in  the  following  order  : — 

Proposition  v.  is  referred  to  23  timefc 

VI.  „  14     „ 

»       VIII.  ^  7     „ 

„       XXI.  „  5     „ 

„     x^'lIl.  „  3     „ 

xii.  „  2     „ 

Propositions  x.,  xi,  xv.,  xvi.,  xix.,  xxii.,  are  referred  to  onct. 

It  is  desirable,  then,  that  the  student  should  observe  that 
the  //free  i'lopositi-ns,  which  are  of  especial  importance  for 
Book  VI.,  are  includeil  in  fhis  Section. 
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Proposition  IV. 

IJ four  mar^nitudes  be  'pi'Ofortionals,  and  any  eqnimultipUs 
he  taken  of  the  first  and  third,  and  also  any  equimultiples  of 
the  second  and  fourth,  if  the  inultijjle  of  the  first  be  greater  than 
that  of  the  second,  the  multiple  of  the  third  must  he  greaier  than 
that  of  the  fourth  ;  and  if  equal,  equal ;  and  if  less,  less. 

Let  ^  be  to  ii  as  C  is  to  D, 
and  let  any  equimultiples  mA,  mC  be  taken  of  A  and  O, 
and  any  equimultiples  nB,   nD of  B  and  D. 

Then  if  mA  be  greater  than  nB,  mC  must  he  greater  than  nD ; 
and  if  equal,  equal ;  if  less,  less. 

For  if  mA  be  greater  than  nB,  but  mC  not  greater  than 
II D,  then  will  A  have  to  £  a  greater  ratio  than  C  has  to  D  ; 
which  is  not  the  case.  V.  Def.  7. 

Hence  if  mA  be  greater  than  nB,  mC  must  be  greater  than  nl). 

Similarly  it  may  be  shown  that,  if  mA  be  equal  to,  or  less 
than,  nB,  mC  must  also  be  equal  to,  or  less  than,  nD. 

Q.  E.  D. 

N.B. — We  have  added  this  Proposition  to  meet  an  objection, 
which  might  be  made  to  a  reference  to  Definition  v.,  when  the 
converse  of  that  Definition  is  wanted.  This  reference  is  of 
frequent  occurrence  in  Simson's  edition. 


Proposition  V.  (End.  v.  11.) 

Ratios  that  are  the  same  to  the  same  ratio,  are  the  sams  to  one 
another. 

Let  ^  be  to  -B  as  (7  is  to  D, 
■   and  E  be  to  F  as  C  is  to  D. 
Then  must  A  be  to  B  as  E  is  to  F. 

Take  of  yl,  C,  E  any  equimultiples  mA,  mC,  mB, 
and  of    B,  D,  F  any  equimultiples  nil,    nD,  nF. 
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Then  •.  .4  is  to  £  as  C  is  to  D, 

.  ■.  if  mA  be  {greater  than  nB,  mC  is  greater  than  nD  ; 
and  if  equal,  equal  ;  if  less,  less.  V.  4. 

Again,  •.  *  C  is  to  D  as  J5  is  to  i**, 
.*.  if  mC  be  <;reater  than  nD,  mE  is  greater  than  nF ; 
and  if  equal,  equal  ;  if  less,  less.  V.  4. 

Dence,  if  mA  be  greater  than  nB,  mE  is  greater  than  n  F  ; 
and  if  equal,  equal ;  if  less,  less. 

.-.  4  ia  to  B  as  ^  is  to  f.  V.  Def.  5. 

Q.  E.  D. 


Pkoposition  VI.  (Eucl.  v.  7.) 

Equal  mnfjnitwhs  have  the  same  ratio  to  the  same  magni- 
tude ;  and  the  same  ha^  the  same  ratio  to  equal  ma/jnitud^s. 

Let  A  and  B  be  equal  magnitudes,  and  C  any  other  magni- 
tude. 

Then  must  A  be  to  C  as  B  is  to  C, 
and  G  must  he  to  A  as  C  is  to  B. 

Take  mA  and  mB  any  equimultiples  of  A  and  B, 
and  7iC  any  nuiltiple  of  C, 

Then  •.•  A  =  B, .:  mA  =  mB.  V.  Ax.  1. 

.*.  if  mA  be  greater  than  nC,  m,B  is  greater  than  nC ; 
and  if  equal,  equal ;  if  less,  less. 

.-.  ^  is  to  C  as  B  is  to  G.  V.  Def.  5. 

Again,  if  nG  be  greater  than  m.A,  nG  ifl  greater  than  mB  ; 
and  if  e(jual,  equal  ;  if  less,  less. 

.-.  C  is  to  4  to  C  is  to  B.  V.  Def.  6. 

Q.  E.  D. 
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Proposition  VII.  (Eucl.  v.  8.) 

Of  two  unequal  magnitudes,  the  greater  has  a  greater  ratio  to 
any  other  magnitude  than  the  less  has  ;  and  the  same  mwjnitude 
has  a  greater  ratio  to  the  less,  of  two  other  magnitudes,  than  it 
has  to  the  greater. 

Let  A  and  B  be  any  two  magnitudes,  of  which  A  is  the 
greater,  and  let  D  be  any  other  magnitude. 

Then  m,ust  the  ratio  of  A  to  D  he  greater 
than  the  ratio  of  B  to  D. 

Take  such  equimultiples  of  A  and  B,  qA  and  qB, 
that  each  of  them  may  be  greater  than  D.  Note  3,  p.  216, 

Then  *.•  J.  is  greater  than  B, 

.'.  qA  is  greater  than  qB.  V.  Ax.  3. 

Let  qA  =  qB,  R  together. 

Then,  however  small  B  may  be,  we  can  find  a  multiple  of 
A,  suppose  mR,  such  that  mR  is  greater  than  qB.  Note  3. 

Take  equimultiples  of  qA  and  qB,  mqA  and  mqB,  and  take 
a  multiijle  of  D,  nD,  such  that  7iD  is  not  less  than  mqB  and 
not  greater  than  (mq  +  q)  B.  Note  3. 

Then  •.•  mqA  =  mqB,  mR  together,  V.  1. 

and  mR  is  greater  than  qB, 
.:  mqA  is  greater  than  (mq  +  q)  B, 
and,  a  fortiori,  mqA  is  greater  than  nD. 

But  mqB  is  not  greater  than  nD, 
.:  the  ratio  of  ^  to  D  is  greater  than  the  ratio  of  B  to  D. 

V.  Def.  7. 
Also,  the  ratio  of  D  to  B  must  he  greater  than  tJte  ratio  oj 
D  to  A. 

For,  the  same  multiples  being  taken  as  before, 
•.•  nD  is  not  less  than  mqB, 
and  nD  is  less  than  mqA, 
,.     D  has  to  B  a  greater  ratio  than  D  has  to  A. 

V.  Def.  7. 

Q.  K.  D. 
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Proposition  VIII.  (Eucl.  v.  9.) 
Ma{fnittid^,  which  have  the  same  ratio  to  the  same  magnitude, 
are  equal  to  one  another ;  aiid  those,  to  ivhich  the  same  magni- 
tude hiui  the  same  ratio,  are  equal  to  one  anotlier. 
Let  A  and  B  have  the  same  ratio  to  (7. 
Then  must  A  =  B. 
For  if  A  were  greater  than  B, 

A  would  liave  a  i^ieater  ratio  to  C  than  B  has  to  C  ;  V.  7. 
which  is  not  the  case. 

And  if  A  were  less  than  B, 

B  would  have  a  greater  ratio  to  C  than  A  has  to  C ;  V.  7. 
which  is  not  the  case. 

.-.  A  =  B. 
Next,  let  C  have  the  same  ratio  to  A  that  C  has  to  B. 

Then  must  A  =  B. 
For  we  can  show,  as  before,  that  A  umnot  be  greater  or  less 
thanjGL 

.'.  A  =  B.  «l.  E.  0. 

Proposition  IX.  (Eucl.  v.  10.) 

That  magnitude,  which  has  a  greater  ratio  than  another  has 
fo  the  same  magnitude,  is  the  greater  of  the  ttvo ;  and  that 
miujnitude,  to  which  the  same  has  a  greater  ratio  than  it  lias 
to  another  magnitude,  is  tJie  less  of  the  ttvo. 

Let  A  have  to  C  a  greater  ratio  than  B  has  to  0. 

Then  viust  A  be  greater  than  B. 
For  if  A  were  equal  to  B,  then  would  A  have  the  same 
ratio  to  C  that  B  has  to  C ;  which  is  not  the  case.  V.  8. 

And  if  A  were  less  than  B,  then  would  A  have  to  C  a  ratio 
less  than  that  which  B  has  to  C ;  which  is  not  the  case.     V.  7. 
•*.  A  is  greater  than  B. 
Next,  let  C  have  a  greater  ratio  to  B  than  it  has  to  A. 

Then  m,ust  B  be  less  than  A. 

For  if  B  were  equal  to  A,  then  would  G  have  the  same  ratio 

to  B  which  it  has  to  A  ;  which  is  not  the  case.  V.  8. 

And  if  B  were  greater  than  A,  then  C  would  have  to  B  a 

ratio  less   than  that  wliich   C  has   to   A  ;   which   is  not  the 

case.  V.  7. 

.  •.  B  is  less  than  A .  y.  e.  d. 
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Proposition  X.  (Eucl.  v.  12.) 

//  any  number  of  magnitudes  he  proj)m-tionals,  as  one  of  the 
antecedents  is  to  its  consequent,  so  must  all  the  antecedents  tahen 
together  he  to  all  the  consequents. 
Let  any  number  of  magnitudes  A,B,C,D,E,F..  .be  proportionals, 

that  is,  J.  to  iJ  as  C  to  D  and  as  E  is  to  F... 
Then  must  Aheto  Bos  A,C,jE.  ..together  is  to  B,  D,  F.  ..together. 

Take  of  A,  C,  E,...anj  equimultiples  m,A,  mG,  mE... 
and  of  5,  D,  jP.  .  .any  equimultiples   nB,  nD,  nF... 
Then  •.•  J.  is  to  £  as  0  is  to  D  and  as  E  is  to  F... 

.'.  if  mA  be  greater  than  nB,  mC  is  greater  than  nD, 
and  mE  is  greater  than  nF...  ;  and  if  equal,  equal;  if  less, 
less.  v.  4. 

.".  if  mA  be  greater  than  nB,  mA,  mC,  m£'... together  are 
greater  than  nB,  nD,  %i''...together  ;  and  if  equal,  equal;  if 
less,  less. 

Now  mA  and  mA,  mC,  mA'... together  are  equimultiples  of 
A  and  A,  C,  _B... together.  V   1. 

And  nB  and  nB,  nD,  wi''... together  are  equimultiples  of 
B  and  B,  D,  i^... together. 

.*.  -4  is  to  5  as  J.,  C,  ^...together  is  to  B,  D, i**. . .together. 

V.  Def.  5. 

Q.  E.  D. 

Proposition  XI.  (Eucl.  v,  15.) 
Magnitudes  have  the  same  ratio  to  one  another  which  theii 
equimultiples  have. 

Let  A  be  the  same  multiple  of  C  that  B  is  of  D. 

Then  must  G  he  to  D  as  A  to  B. 
Divide  A  into  magnitudes  E,  F,  6r,...each  equal  to  C, 
and  B  into  magnitudes  H,  K,  l/,...each  equal  to  D, 
the  number  of  the  magnitudes  being  the  same  in  both  cases, 
because  A  and  B  are  equimultiples  of  G  and  D. 

Then  '.•  E,  F,  G are  all  equal, 

and  H,  K,  L are  all  equal. 

.-.  E  is  to  H,  as  F  to  K,  as  G  to  L...  V.  6 

.-.  A  is  to  If  as  E,  F,  (r... together  is  to  H,  K,  L.. 
together,  V.  10 

that  is,  jB  is  to  iJ  as  J.  to  _B  ; 
and-.-  E=  C,  and  H  =  D, 
.:  Gisio  D  as  A  to  B. 
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SECTION    IV. 
On  Proportion  by  Inversion^  Alternation,  and  Separation 

Proposition  XII.  (Eiicl.  v.  B.) 

If  four  magnitudes  he  projyortioiials,  they  must  also  be  pro 
portionals  when  taken  inversely. 

Let  A  be  to  i?  as  (7  is  to  D.     . 

Then  inversely  B  must  he  to  A  ax  D  is  to  C 

Take  of  A  and  C  any  equimultiples  mA  and  mC, 
and  of    B  and  D  any  equimultiples  nB  and  icD. 

Then  *.■  ^  is  to  B  as  C  is  to  D, 

.'.  if  mA  be  j^reater  than  nB,  mC  is  greater  than  nl) ;  and 
if  equal,  equal ;  if  less,  less.  7.  i. 

Hence,  if  nB  be  greater  than  mA,  nD  i.s  greater  than  nnC ; 
and  M  equal,  equal ;  if  less,  less. 

,\BiiUi  A»&D'mUiC.  V.  Def.  5. 

Q.  £.  O. 
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Proposition  XITT.  (Eucl.  v.  13.) 

//  the  first  has  to  the  secovd  the  same  ratio  which  the  third  has 
to  the  fourth,  hit  the  tliird  to  the  fourth  a  greater  ratio  than  the 
fifth  has  to  the  sixth ;  the  first  must  also  have  to  the  second  a 
greater  ratio  than  the  fifth  has  to  the  sixth. 

Let  A  have  to  B  the  same  ratio  that  C  has  to  D, 
but  0  to  Z)  a  greater  ratio  than  E  has  to  F. 

Then  must  A  have  to  B  a  greater  ratio  than  E  has  to  F. 

For  •.*  C  has  to  D  a  greater  ratio  than  E  has  to  F, 
we  can  find  such  equimultiples  of  C  and  E,  suppose  mOand  mE, 
and  such  equimultiples  of  D  and  F,  suppose  nD  and  nF, 
that  mC  is  greater  than  nlJ,  but  mE  not  greater  than  nF. 

V.  Def.  7. 
Then  •/  ^  is  to  £  as  C  is  to  2>,  Hyp. 

and  mC  is  greater  than  nD, 
^  .'.  mJ.  is  greater  than  nB.  V.  4. 

And  TnE  is  not  greater  than  nF. 

.'.  A  has  to  jB  a  greater  ratio  than  E  has  to  F.        V.  Def.  7. 

Q.  E.  D. 


Proposition  XIV.  (Eucl.  v,  14.) 

If  the  first  has  to  the  seconxi  the  same  ratio  which  (he  third 
has  to  the  fourth;  then,  if  the  first  be  greater  than  the  third  the 
second  must  be  greater  than  the  fourth ;  atid  if  equal,  equal ; 
and  if  less,  less. 

Let  A  have  the  same  ratio  to  B  that  G  has  to  D. 

Then  if  A  be  greater  than  C,  B  must  be  greater  than  D. 

For  •.•  ^  is  greater  than  C, 

and  B  is  any  other  magnitude, 
.•.  A  has  a  greater  ratio  to  B  than  C  has  to  B.       V.  7. 
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But  J[  is  to  jB  iis  C  is  to  D. 

.-.  C  has  a  greater  ratio  to  D,  than  G  has  to  B.       V.  13. 
..  B'vs,  greater  thau  D.  V.  9. 

Similarly  it  may  be  shown  that  if  A  be  less  than  (7,  B  must 
be  less  than  I)  ;  and  that  if  J  be  equal  to  C,  .B  must  be  equal 
to  Z>.  Q.  E.  D. 


Proposition  XV.  (Eucl.  v.  16.) 

If  fonr  magnitudes  of  the  same  kind  be  proportionals,  they 
miL'it  aJso  he  jtroportionals  when  taken  alternately. 

Let  ^4,  />',  C,  D  be  four  magnitudes  of  the  same  kind,  and 
let  -4  be  to  B  as  C  is  to  D. 

Then  alternatehj  A  mnst  be  to  C  as  B  w  to  D, 

Take  of  A  and  B  any  equimultiples  inA  and  mB, 
and  of    C  and  D  any  equimultiples  nC   and  nD. 

Then  •.  •  m.A  is  to  mB  as  A  is  to  B, 
and  C  is  to     />  as  ^  is  to  B, 

.'.  mA  is  to  mB  as  C  is  to  D. 

But  TiC  is  to  nD  as  C  is  to  2)  ; 
and  .•.  mA  is  to  mi?  as  »iC  is  to  nD. 

If  .*.  mA  be  greater  than  nC,  mB  is  greater  than  nD  ; 
and  if  equal,  equal  ;  if  less,  lesa.  V.  14. 

.*.  I  is  to  (7  as  £  ig  to  14  Y.  Del  & 

%&  D. 


V.  11. 

Hyp. 

V.  5. 

V.  11. 

V.  5. 
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Proposition  XVl.  (End.  v.  18.) 

If  ma/fnitudcs  taken  separately  be  fropmtionals,  they  m/ust  he 
proportionals  also  when  taken  jointly. 

Let  A  have  the  same  ratio  to  B  that  C  has  to  D. 

Then  must  A,  B  together  have  the  same  ratio  to  B, 
that  G,  D  together  has  to  D. 

First,  when  all  the  magnitndes  are  of  the  same  kind, 
'.'  A  is  to  B  as  C  is  to  D, 

.:  A  is  to  C  as  B  is  to  D.  V.  15. 

.'.  A,  B  together  is  to  C,  D  together  as  B  is  to  D,       V.  10. 

and  .•.  A,  B  together  is  to  B  as  C,  D  together  is  to  D.       V.  15. 

Next,  when  all  the  iiiiignitudes  are  not  of  the  same  kind,  we 
may  employ  a  method  of  proof  which  includes  the  former 
case :  thus — 

Take  of  A,  B,  0,  D  any  equimultiples  mA,  mB,  mC,  mD, 
and  of  B  and  D  take  any  equimultiples  nB,  nD. 

Then  •.•  A  is  to  5  as  0  is  to  D, 

.'.  if  m,A  be  greater  than  nB,  mC  is  greater  than  nD  :  and 
if  equal,  equal  ;  if  less,  less.  V.  4. 

If  then  mA,  mB  together  be  greater  than  mB,  nB  together, 

mG,  mD  together  is  greater  than  mG,  nD  together  ; 

and  if  equal,  equal ;  if  less,  less.  I.  Ax.  2,  4. 

Now  mA,  mB  together  is  the  same  multiple  of  A,  B  together 
that  mG,  mD  together  is  of  G,  D  together  ;  V,  1. 

and    mB,  nB  together  is  the  same  multiple  of  B 
that  mD,  nD  together  is  of  D.  V.  2. 

.'.  A,  B  together  is  to  .B  as  0,  D  together  is  to  D.    V.  Def.  6. 

Q.  £.  D. 
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SECTION    V. 

Containing  the  Propositions  occasionally  referred  to  in 
Book  VI. 

Proposition  XVIT.  (End.  v.  4.) 

If  the  first  of  four  mcujnitndes  has  to  the  second  the  same  ratio 
which  the  thinl  has  to  the  fourth,  and  any  equimultij'les  of  the 
first  and  third  be  taken,  and  also  any  equimxdtijiles  of  tJie  second 
and  fourth,  then  must  the  multiple  of  the  first  have  the  same 
ratio  to  the  mriltiple  of  the  second  which  the.  multiple  of  the 
third  has  to  that  of  the  fourth. 

If  A  be  to  £  as  C  is  to  D, 

and  mA,  mC  be  taken  equimnltiples  of  A  and  0, 
and  uB,   uD oi  B  aud  D, 

then  must  mA  be  to  nB  as  mC  is  to  nD. 

Take  of  mA,  mC  any  equimultiples  2>^A,  pmC, 
and  of    nB,   nD qnB,    qnD. 

Then  jrniA,  pmC  are  equimultiples  of  A  and  C,  V.  3. 

and     qnB,   qnD of  ii  and  I>.  V.  3. 

And    ■.•  A  is  to  JB  as  C  is  to  D, 

. :  if  jnnA  be  <;reater  than  qnB, 

pmC  is  greater  than    qnD  ;  V.  4. 

and  if  equal,  equal  ;  if  less,  less. 

Then  :•  pmA,  pmO  are  equimultiples  of  mA,  mC, 
and  qnB,   qnD of  nL',   71D, 

:  mA  is  to  nB  as  mC  is  to  nD-  V.  Def.  5. 

Q.  K.  I). 
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Proposition  XVIII.  (Eucl.  v.  A.) 

If  the  first  of  four  magnitudes  have  the  same  ratio  to  the 
second  that  the  third  has  to  the  fourth,  then,  if  the  first  ie  greater 
than  the  second,  the  third  must  he  greater  tloan  the  fourth  ;  and 
if  equal,  equal ;  and  if  less,  less. 

Let  ^  be  to  i?  as  C  is  to  D. 

Tlien  if  A  he  greater  than  B,  G  m,ust  be  greater  than  D  ; 
and  if  equal,  equal ;  and  if  less,  less. 

Take  any  equimultiples  of  each,  7nA,  mB,  mC,  mD. 

Then  •.•  ^  is  to  B  as  C  is  to  D, 

.:  if  mA  be  greater  than  mB,  mC  is  greater  than  mD  ; 
and  if  equal,  equal  ;  and  if  less,  less.  V.  4. 

First,  suppose  A  greater  than  B, 

then  mA  is  greater  than  mB,  V.  Ax.  3. 

and  .-.  mG  is  greater  than  mD, 
and  .•.     G  is  greater  than     D.  V.  Ax.  4. 

Similarly  the  other  cases  may  be  proved. 

«,  K  D. 


Proposition  XIX.  (Eucl.  v.  D.) 

If  the  first  he  to  the  second  as  the  third  is  to  the  fourth,  and  if 
the  first  he  a  multiple,  or  a  suhmdtiple,  of  the  second,  the  third 
must  he  the  same  mtdtiple,  or  the  same  submultiple,  of  tlie 
fowrth. 

Let  J.  be  to  jB  as  C  is  to  D, 

and,  first,  let  J.  be  a  multiple  of  B. 

Then  must  G  he  the  sa/nu  multiple  of  D. 

Let  A = mB,  and  take  mD  the  same  multiple  of  i)  that  J.  is  of  B. 
Then  ■.  •  J.  is  to  i?  as  0  is  to  D, 

.•.  ^  is  to  mB  as  Ois  to  mD.  V  17. 

But.  J  =  mB,  and  .-.  G  =  mD.  V.  18, 


Pook  v.]     PROPOSITIONS  CITED  IN  BOOK  VI.  233 

Next,  let  ^  be  a  submultiple  of  B. 

Then  must  C  be  the  srnne  sitbmidtiph  of  D. 

For  •.  •  ^  is  to  £  as  C  is  tn  D, 

.:  B  is  to  A  as  D  is  to  C,  V.  12. 

Now  ^  is  a  multiple  of  A, 

and  .-.  D  is  the  sinie  multiple  of  C,  by  the  first  case. 
Heuce  C  is  the  same  submultiple  of  D,  that  -4  is  of  B. 

Q.  K.  D. 


Proposition  XX.  (Eucl.  v.  20.) 

If  there  be  three  vuujnitudes,  and  other  three,  which  have  thf 
same  ratio,  taJceii  two  and  two,  then,  if  the  first  be  (jreater  than 
the  third,  the  fourth  must  be  greater  than  the  sixth ;  and  if  equal, 
equal  ;  if  less,  less. 

Let  A,  B,  C  be  three  magnitudes,  and  D,  E,  F  other  thiee, 
and  let  ^  be  to  5  as  D  is  to  E, 
and  £  be  to  0  as  E  is  to  F. 
Tlien  if  A  be  greater  than  C,  D  must  be  greater  than  F ;  and 
if  eqiud,  equal  ;  if  less,  less. 

First,  if  A  be  greater  than  C,     ^ 

A  has  to  5  a  greater  ratio  than  C  has  to  B.  V.  7. 

But  V  hiis  to  B  the  same  ratio  that  F  has  to  E,  Hyp.  &  V.  12. 
.  •.  A  has  to  -B  a  greater  ratio  than  F  has  to  E. 

.'.  D  has  to  jB  a  greater  ratio  than  F  has  to  E.  V.  13. 

.-.  D  is  greater  than  F.  V.  9. 

Similarly  the  other  cases  may  bo  proved. 
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Proposition  XXI.  (Eucl.  v.  22.) 
If  there  he  any  number  of  inagnitvdes,  and  as  tnoMy  others, 
which  have  the  same  ratio  taken  two  and  two  in  order,  thefvrst 
must  have  to  the  last  of  the  first  magnitudes  the  same  ratio  which 
the  first  of  the  others  has  to  the  last  of  these. 

Fivst,  let  there  be  three  magaitudes  A,  B,  C,  and  other 
three  D,  E,  F. 

And  let  J.  be  to  jB  as  D  is  to  E, 
and  jB  be  to  C  as  E  is  to  F. 
Then  must  Abe  to  C  as  D  is  to  F. 
Take  of  A  and  D  any  equimultiples  mA,  mD^ 

of  JBand  E...\ nB,  uE, 

of  Candid pG,pF. 

Then  •.  •  J.  is  to  5  as  D  is  to  E, 

.:  mA  is  to  nB  as  mD  is  to  nE.  V.  17. 

So  also,  nB  is  to  pG  as  nE  is  to  j^F. 

,•.  if  mA    be  greater   than  pG,  mD  is  greater  than  pF, 

md  if  equal,  equal ;  if  less,  less.  V.  20. 

.:  Ai&to  G  as  D  is  to  F.  V.  Def.  5. 

The  proposition  may  be  easily  extended  to  any  number  of 

magnitudes.  q.  e.  d. 

Proposition  XXII.  (Eucl.  v.  24.) 
If  the  first  have  to  tM  second  the  same  ratio  which  the  third 
has  to  the  fourth,  and  the  fifth  have  to  the  second  the  same  ratio 
which  the  sixth  has  to  the  fourth,  then  the  first  and  fifth  together 
must-  have  to  the  second  the  sanu  ratio  which  the  third  and  sixth 
together  have  to  the  fourth. 

Let  A  be  to  B  as  G  is  to  I), 
and  EhetoB  as  F  is  to  D. 
Then  must  A,  E  together  be  to  B  as  G,  F  together  is  to  D. 
For  •.•  E  is  to  jB  as  Jp'  is  to  i>, 

.-.  £  is  to  i?  as  D  is  to  F.  V.  12. 

And  '.•  A  is  to  jB  as  0  is  to  D, 
and  5  is  to  jB  as  Z>  is  to  F, 
.-.  .4  is  to  JBJ  as  0  is  to  F.  V.  21. 

.-.  A,  E  together  is  to  E  as  G,  F  together  is  to  F,     V.  16. 
and  E  is  to  B  as  i^  is  to  D  ; 
•.  A,  E  together  is  to  B  as  0,  F  together  is  to  D.     V.  21. 
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SECTION    VI. 

Containing  the  Propositions  to  "which  no  reference  is  made 
in  Book  VI. 

Proposition  XXIII.  (End.  v.  5.) 

If  one  magnitude  be  the  soume  multijde  of  another,  which  a 
magnitude  taken  fr&ni  the  first  is  of  a  magnitude  tnlen  from  the 
other,  the  remainder  must  he  the  samie  multiple  of  the  remainder, 
that  the  wliole  is  of  ilie  whole. 

Let  B  and  D  be  the  magnitudes  which  are  taken  away, 

and  A  and  C  the  magnitudes  which  remain, 

then  A,  B  together,  and  t',  D  together  will  be  the  wholes. 

And  let  A,  B  together  be  the  same  multiple  of  C,  D  together, 
that  B  is  of  D. 

Then  must  A  be  the  sam.e  multiple  of  C  that  A,  B  together  is 
of  C,  D  together. 

Take  E  the  .same  multiple  of  C  that  B  is  of  D, 

Then  E,  B  together  is  the  same  multiple  of  C,  D  together 
that  Bh.oiD.  V.  1. 

But  A,  B  together  is  the  same  multiple  of  C,  />  together 
that  B  is  of  D. 

.:  E,  B  together  =  A,  B  together,  V.  Ax.  1. 

»■  1.-.  E  =  A.  I.  Ax.  3. 

.'.  A  IB  the  same  multiple  of  C  that  B  is  of  1). 

q.  R.  D. 
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Proposition  XXIV.  (End.  v.  6.) 

If  two  magnitudes  be  equimultijdes  of  two  others,  and  ij 
eijuiniultiples  of  tJioie  be  taken  from  the  first  two,  the  rewamders 
are  either  equal  to  these  others,  or  equimultiples  of  them. 

Iiet  B  and  D  be  the  magnitudes  which  are  taken  away, 

and  A  and  G  the  magnitudes  which  remain  ; 

then  A,  B  together  and  C,  D  together  will  be  the  wholes. 

Let  A,  B  together  be  the  same  multiple  of  P, 
that  C,  D  together  is  of  Q, 
and  let  B  be  the  same  multiple  of  P,  that  D  is  of  Q. 

Then  must  A  and  G  be  equal  respectively  to  P  and  Q, 
or  A  and  G  be  equimultiples  of  P  and  Q. 

For  let  A,  B  together  =  P,  P repeated  m  +  n  times, 

then  G,  D  together  =  Q,  Q repeated  m+n  times. 

Also,  let  B  =  P,  P repeated  n  times, 

then  D  =  Q,  Q repeated  n  times. 

Hence  A  =  P,  P repeated  m  times, 

and  G  =  Q,  Q repeated  m  times. 

If  then  A  =  P,m  =  l,  and  .:  G  =  Q  ; 
and  HA  be  a  multiple  of  P,  0  is  the  same  multiple  of  Q. 

Q.  £.  Oi 
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Proposition  XXV.  (Eucl.  v.  17.) 

If  magnititdes,  taJcen  jointly,  be  jiroportionals,  they  shall  also 
be  proj^ortionals  when  taken  sej  arntebj ;  that  is,  if  two  magni- 
tiuks  together  have  to  one  of  tluin  the  same  ratio  which  two 
others  have  to  one  of  these,  the  remaining  one  of  tlie  first  two 
miist  have  to  the  other  the  same  ratio  which  tJue  remaining  one 
of  the  last  tico  has  to  the  other  of  these. 

Let  A,  B  together  have  the  same  ratio  to  B 
that  C,  D  together  have  to  D. 

TJien  m,iiM  A  be  to  B  as  0  to  D. 

Take  of  A,  B,  C,  D  any  equimultiples  mA,  viB,  mO,  ml), 
and  again  of  B,  D  take  any  equimultiples  nB,  nD. 

Then  *.•  mA  is  the  same  multiple  of  A  that  mB  is  of  B, 

.:  mA,  mB  together  is  the  same  multiple  oi  A,  B 
together  that  mA  is  of  A.  V.  1. 

And  •.•  mC  is  the  same  multiple  of  C  that  mD  is  of  D, 

.'.  mC,  niD  together  is  the  same  multiple  of  C,  D 
together  that  mC  is  of  C.  V.  1. 

But  mA  is  the  same  multiple  oi  A  that  mC  is  of  C. 

.'.  mA,  mB  together  is  the  same  multiple  of  A,  B 
together  that  viC,  mD  together  is  of  C,  Z>  together. 

Again,  mB,  nB  together  is  the  same  multiple  of  B  that 
mD,  nD  together  is  of  D. 

Now,  since  A,  B  together  is  to  B  as  C,  D  together  is  to  D, 

.:  if  inA,m,B  together  be  greater  than  mB,  nB  together, 

mC,  m,D  together  is  greater  than  mD,  nD  together  ;  and  if 

equal,  equal  ;  if  less,  less.  V.  4. 

That  is,  if  mA  be  greater  than  nB,  mC  is  greater  than  nD  ; 

and  if  equal,  equal  ;  if  less,  less.  I.  Ax.  3,  5. 

.'.  J  is  to  £  as  C  is  to  L>,  V.  Def.  5. 

Q.   K.   D. 
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Proposition  XXVI.  (Eucl.  v.  19.) 

If  a  whole  magnitude  be  to  a  whole  as  a  7nagnitti^e  taken 
from  the  first  is  to  a  magnitude  taken  from  the  other,  the  re- 
mainder must  he  to  the  remainder  as  the  whole  is  to  the  tvhole. 

Let  A,  B  together  have  the  same  ratio  to  C,  D  together  that 
B  has  to  D. 

Then  must  A  be  to  C  as  A,  B  together  is  to  G,  D  together. 

For  •.•  A,  B  together  is  to  0,  D  together  as  B  is  to  D, 

.'.  A,  B  together  is  to  Bus  C,  D  together  is  to  D,   V.  15 
and  .-.  J.  is  to  JB  as  C  is  to  D,  V.  25. 

Hence  A  is  to  C  us  B  is  to  D.  V.  15 

But  A,  B  togethpr  is  to  C,  D  together  as  5  is  to  D.     Hyp. 
.■,  ^  is  to  C  as  A,  B  together  is  to  C,  D  together.    V.  5. 

Q.  E.  D. 

Proposition  XXVII.  (Eucl.  v.  21.) 

If  there  be  three  m,agnitudcs,  and  other  three,  which  have  the 
same  ratio,  taken  tivo  and  two,  but  in  a  cross  order,  th^.n  if  the 
first  be  greater  than  the  third,  the  fourth  must  be  greater  than 
the  sixth  ;  a^id  if  equal,  equal  ;  and  if  less,  less. 

Let  A,  B,  C  be  three  magnitudes,  and  D,  E,  F  other  thiee, 
and  let  J.  be  to  jB  as  -E  is  to  F, 
and  i>  be  to  C  as  Z)  is  to  E. 
Tlien  if  A  be  greater  than  C,  D  must  be  greater  than  F; 
and  if  ".qiial,  equal  ;  and  if  less,  less. 
J'irst,  It'  A  be  greater  than  C, 

A  has  to  B  a  greater  ratio  than  C  has  to  B,         Y.  7. 
and  .•.  E  has  to  i*"  a  greater  ratio  than  C  has  to  B.         V.  13 

Now  •.•  5  is  to  0  as  D  is  to  E,  Hyp. 

.-.  C  is  to  B  as  i?  is  to  D.  V.  12. 

Hence  E  has  to  F  a  greater  ratio  than  E  has  to  D, 

.-.I)  is  greater  than  F.  V.  9. 

Similarly  the  other  cixses  may  be  proved. 

Q.   K.  D. 
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Proposition  XXVTTT.  (Euc!.  v.  23.) 

If  thfrt  be  any  number  of  magnitudes,  and  as  many  others, 
which  have  the  same  ratio,  taken  two  and  two  in  a  cross  order, 
the  first  m,n-4  have  to  the  la^t  of  the  first  magnitudes  the  same 
ratio  which  the  first  of  the  others  has  to  the  last  0/  tliese. 

Let  A,  B,  0  be  three  niafrnitudes,  and  D,  E,  F  other  three. 
aud  let  A  be  to  B  ns  E  is  to  F, 
and  5  be  to  0  as  Z>  is  to  E. 
Then  must  A  be  to  0  as  D  is  to  F. 

Of  A,  B,  D  tiike  any  eqiiiniultiples  mA,  mB,  mD,  and 
of  C,  E,  F  take  any  efiuimultiples  nC,    nE,  nF. 

New  •.■     ^  is  to     B  as      E  is  to    F, 

. :  mA  is  to  viB  as  nE  is  to  nF  ;  V.  1 1,  and  V.  5. 

and  ■.  •     B  is  to     C  as     D  is  to    E, 

.:  mB  is  to  nC  as  mD  is  to  nE.  V.  17. 

Hence,  if  mA  be  greater  than  nC,  mD  is  greater  than  nF ; 
ftnd  if  equal,  equal ;  and  if  less,  less.  V.  27. 

.:  A  in  to  C  as  D  IS  to  F.  V.  Def.  5. 

The  proposition  may  be  easily  extended  to  any  number  of 
magnitudes.  g^  e  D. 
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Proposition  XXIX.  (Eucl.  v.  25.) 

If  fmvr  magnitudes  of  the  same  kind  he  jrroportionals,  the 
greatest  and  least  of  them  together  m,ust  be  greater  tlian  the  other 
two  together. 

Let  4  he  to  r  as  C  is  to  D, 
and  let  A  be  the  greatest  of  the  four  magnitudes,  and  conse- 
quently D  the  least.  V.  18,  and  V.  14. 

Then  must  A,  D  together  he  greater  than  B,  C  together. 

Let  A  =  B,  P  together,  and  C  =  D,  Q  together. 
Then  :•  B,  P  together  is  to  B  as  D,  Q  together  is  to  D, 

.:  P  is  to  jB  as  Q  is  to  D,  V.  25. 

and  B  is  greater  than  D. 

.:  P  is  greater  than  Q.  V.  14. 

Hence  P,  B,  D  together  are  greater  than  Q,  B,  D 
togftthet.  I.  Ax.  4. 

/.  At  D  together  are  greater  than  jB,  G  together. 

<t  B.  D. 
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Proposition  XXX.  (Eucl.  v.  0.) 

If  the  firxt  be  the  same  multiple  of  the  .second,  or  the  same 
svbiHultiple  of  it,  that  tli^  third  is  of  the  fourth,  tJie  first  rmist 
be  to  the-  secoiui  an  the  third  is  to  the  fourth. 

First,  let  A  be  the  saiDe  multiple  of  B,  that  G  is  of  D. 
Then  must  A  be  to  B  a.^  0  is  to  D. 

Let  A  =  pB  And  .:  C,  =- pD. 

Take  of  A  and  0  any  equimultiples  mA,  mC, 
and  of  jB  and  I>any  equimultiples  nB,  nD. 

Then  mA  =  mpB  and  mC  =  mpD.  V.  3. 

Now  if  mpB  be  greater  than  7iB, 
mpD  is  greater  than  «/)  ; 
and  if  equal,  equal ;  if  less,  less. 

That  is.  if  wA  be  greater  than  nB,  mC  is  greater  than  nD  ; 
and  if  equal,  equal  ;  and  if  less,  less. 

•-  il  is  to  J?  as  0  is  to  D.  V.  Def.  5. 

Next,  let  A  be  the  same  submultiple  of  B,  that  O  i«  of  D. 
Then  must  A  be  to  B  as  C  is  to  D. 

For  •••  yl  is  the  same  submultiple  of  B,  that  G  is  of  D, 
■  '.  B  is  the  same  multiple  of  ^,  that  D  is  of  0, 
.  •-  B  is  to  ^  as  X>  is  to  (7,  by  the  first  case, 

and  .-.  ^  iBtolfas  Ciato  7).  V.  12. 

Cf.  s.  D. 
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Proposition  XXXT.  (Eucl.  v.  E.) 

If  fotbr  ma/jnitudes  be  proportionals,  they  must  also  be  pro- 
portionals by  conversion  ;  that  is,  the  first  must  be  to  its  excess 
above  the  secopf'  as  the  third  is  to  its  excess  above  the  fourth. 

Let  A,  B  together  be  to  B  as  G,  D  together  is  to  D. 
Then  mv.st  A,  B  together  be  to  A  as  G,  D  together  is  to  G. 

For  •••  i,  B  together  is  to  B  hs  C,  D  together  is  to  D, 

.'.  4  is  to  ^  as  C  is  to  D,  V.  25. 

and  .•   B  is  to  J.  as  i)  Lj  to  C,  V.  12. 

and      A,  B  together  \&ioA'd&G,D  together  is  to  0.    V.  16. 

^.  K.  D. 


BOOK  VI. 

INTRODUCTORY  REMARKS. 

The  chief  subject  of  this  Book  is  the  Similarity  oi  Kecti- 
linear  Fijifures. 

Def.  L  Two  rectilinear  figures  are  called  similar,  when  they 
satisfy  two  conditions  : — 

I.  For  every  angle  in  one  of  the  figures  there  must  be  a 
corresponding  equal  angle  in  the  other. 

II.  The  sides  containing  any  one  of  the  angles  in  one  of  the 
figures  iiuist  be  in  the  same  ratio  as  the  sides  containing  the  cor- 
responding angle  in  the  otherfigure:  the  antecedents  of  the  ratios 
being  sides  which  are  adjacent  to  equal  angles  in  each  figure. 

Thus  ABC  and  DEF  are  similar  triangles,  if  the  angles  at 
A,  B,  C  be  equal  to  the  angles  at  D,  E,  F,  respectively,  and 
if     BA  be  to  AG  as  ED  is  to  DF, 
and  AC  be  to  GB  as  Di"  is  to  FE, 
and  CB  be  to  BA-^FE^s,  to  ED. 


n  r  t:  r 

The  aides  adjacent  to  equal  angles  in  the  triangles  are  thus 
homolofjoua,  that  is,  BA,  AC,  CB  are  respectively  homologous 
to  ED,  DF,  FE. 

It  will  be  shown  in  Prop.  iv.  that  in  the  case  of  triangles  the 
second  of  the  above,conditions  follows  from  the  first. 

In  the  case  of  quadrilaterals  and  polygons  hoth  condi- 
tions are  necessary :  thus  any  two  rectangles  have  each  angle 
of  the  one  equal  to  each  angle  of  the  other,  but  they  are  not 
necessarily'  similar  figures. 

N.B. — The  very  important  Prop.  xxv.(Eucl.  vt.  .33)  is  indepen- 
dent of  all  the  other  Propositions  in  this  Book,  and  might  be 
placed  with  advantiiee  at  the  very  commencement  of  the  Book. 
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Proposition  I.     Theorem. 

Triangles  of  tJie  samie  altitude  are  to  one  another  as  their 
bases. 

A 


Let  the  A  8  ABC,  ADC  have  the  same  altitude,  that  is,  the 
perpendicular  drawn  from  A  to  BD. 

TJun  must  A  ABC  he  to  A  ADC  as  base  BC  is  to  base  DC. 

In  DB  produced  take  any  number  of  straight  lines 
BG,  GH  each^BC.  1.3. 

In  BD  produced  take  any  number  of  straight  lines 
DK,  KL,  LM  each=DO.  L  3. 

Join  AG,  AH  ;  AK,  AL,  AM. 

Then  •.'  CB,  BG,  GH  are  all  equal, 

.-.  AS  ABC,  AGB,  AHG  are  aM  equsil  1.38. 

.-.  A  AHC  is  the  same  multiple  of  A  ABC  that  HC  is  of  BC. 

So  also, 
A  AMC  is  the  same  multiple  of  A  ADC  that  MC  is  of  DC. 

And  A  AHC  is  equal  to,  greater  than,  or  less  than  A  AMC, 
according  as  base  HC  is  equal  to,  greater  than,  or  less  than 
base  MC.  I-  38. 

Now  A  A  HC  and  base  HC  are  equimultiples 
of  A  ABC  and  base  BC, 

and  A  AMC  and  base  MC  are  equimultiples 
of  A  ADC  and  base  DC. 

.:  A  ABC  is  to  a  ^DOas  base  BC  is  to  base  DC.   V.  Def.  5 

Q.  E.  D. 
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Cor.  I.  Parallelograms  of  the  same  altitude  are  to  one  another 
as  their  bases. 

Let  ACBE,  ACDF  be  parallelograms  having  the  same  alti- 
tude, that  is,  the  perpendicular  drawn  from  A  to  BD. 

Then  must  LJACBE  be  to  CJ  ACDF  as  BG  is  to  DO. 


¥oTnJACBE=Uvice  A  ABG,  1.41. 

and  ZI7^Ci)J'=  twice  A  ADO.  1.41. 

.-.CJACBEis,  to  O  ACDFas  a  ABCis  to  A  ADC,   V.  11. 
BJid.-.CJACBEistoCJACDFas     BG  is  to     DC.       V.5. 

Q.  E.  D. 

Cor.  II.  Triangles  and  Parailelograms,  that  have  equal 
altitudes,  are  to  one  another  as  their  bases. 

Let  the  figures  be  placed,  so  as  to  have  their  bases  in  the 
Sivnie  straight  line  ;  and  having  drawn  perpendiculars  from  the 
vertices  of  the  triangles  to  the  bases,  the  straight  line,  which 
joins  the  vertices,  is  parallel  to  that,  in  which  their  bases  are, 
beciiuse  the  perpendiculars  are  both  equal  and  parallel  to  one 
another.  I.  3.3. 

Then,  if  the  same  construction  be  made  as  in  the  Proposition, 
the  demonstration  will  be  the  same. 

Ex.  1.  ABC,  DEFare  two  parallel  straight  lines  ;  show  that 
the  triangle  ADE  is  to  the  triangle  FBG  as  DE  is  to  BG. 

Ex.  2.  If,  from  any  point  in  a  diagonal  of  a  parallelogram, 
straight  lines  be  drawn  to  the  extremities  of  the  other  diagonal, 
the  four  triangles,  into  which  the  parallelogram  is  then  divided, 
must  be  equal,  two  and  two. 
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Proposition  II.     Theorem. 

If  a  straight  line  be  drawn  parallel  to  one  of  the  sides  of  a 
triangle,  it  must  cut  the  other  sides,  or  those  sides  produced,  i/ro- 
portionally. 


Let  DE  he  drawn  ||  to  BC,  a  side  of  the  A  ABG. 
TJien  must  BD  he  to  DA  as  CE  to  EA. 
Join  BE,  CD. 

Then  •/  A  BDE=  A  CDE,  on  the  same  base  DE 

and  between  the  same  ||s,  DE,  BG.  I.  37. 

.-.  A  BDE  is  to  A  ADE  as  A  CDE  is  to  A  ADE  V.  6. 

But  A  BDE  is  to  A  ADE   as    BD     is  to     DA,  VI.  1. 

imd  A  CDE  h  to  A  ADE    as     CE      is  to     EA  ;  VI.l. 

BD    is  to      DA       as     CE      is  to     EA.  V.  0. 

Ex.  1.  If  any  two  straight  lines  be  cut  by  three  parallel 
lines,  they  are  cut  proportionally.  (N.B. — This  is  of  great 
use.) 

Ex.  2.  If  two  sides  of  a  quadrilateral  be  parallel  to  each 
other,  a  straight  line,  drawn  parallel  to  either  of  them,  shall 
cut  the  other  sides,  or  these  produced,  proportionally. 

Ex.  3.  If  two  triangles  be  on  equal  bases,  and  between  the 
same  parallels,  shew  that  the  sides  of  the  triangles  intercept 
equal  lengths  of  any  straight  line,  which  is  parallel  to  their 
bases. 
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And  Conversely, 

If  the  xidex,  or  the  sirfc.^-  j^^oduced,  he  cut  jyi-opnrfioualhf,  the 
straight  line  which  joins  the  points  of  section  laust  be  parcdlcl  to 
tlu  remaining  side  of  the  triangle. 

Let  the  sides  AB,  AC  of  the  A  ABC,  or  these  produced, 
be  cut  proportionally  in  D  and  E,  so  that 

BD  is  to  DA  as  CE  is  to  EA, 
and  join  DE. 

Then  must  DE  be  parallel  to  BO. 

The  same  construction  being  made, 
•.■  BD  is  to  X»^  as  CJS  is  to  EA, 
and  BD  is  to  D^  as  A  BDE  is  to  a  ADE,  VT.  1. 

and  CE  is  to  EA  as  A  CDE  is  to  a  ADE,  VI.  1. 

.-.  A  BDE  is  to  A  ADE  as  a  CDE  is  to  A  ADE,  V.    5. 
and  .-.  A  BDE=  A  CDE  ;  V.    8. 

and  they  are  on  the  same  base  DE  ; 

.-.  DE  is  II  to  BC.  I.  39. 

Q,  E.  D. 

Ex.  4.  Tf  there  be  four  parallel  straight  lines,  two  of  these 
lines  intercept  upon  twotriven  lines,  of  unlimited  length,  0^,  OB, 
parts  proportinnal  to  the  parts  intercepted  upon  OA,  OB,  by 
the  reniaininj,'  two  parallel  straight  lines. 

Ex.  5.  If  the  four  sides  of  a  quadrilateral  fii,nire  be  bisected, 
the  lines  joining  the  points  of  bisection  wUl  form  a  parallelo- 
gram. 

Ex.  6.  A  quadrilateral  ficnire  has  two  parallel  sides :  shew 
that  the  straight  lin<,',  joining  the  point  of  intersection  of  its 
other  two  sides  pro<luced  and  the  point  of  bisection  of  its 
diaf^nals,  bisects  the  two  parallel  sides. 
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Proposition  III.    Theorem. 

If  the  vertical  angle  of  a  trianxjle  he  bisected  hy  a  straight 
line,  which  also  cuts  the  base,  the  segments  of  the  base  must  have 
the  same  ratio,  which  the  other  sides  of  the  triangle  have  to  one 
another. 

B 


C 

Let  L  BAC  of   A   ABC  be  bisected  by  the  st.  line  AD, 
which  meets  the  base  in  D. 

Tlien  must  BD  be  to  DC  as  BA  is  to  AG. 
Througii  a  draw  C£  It  to  DA,  I.  31. 

and  let  BA  produced  meet  CJE  in  S. 

Then  i  £^D=interior  z  AEG,  I.  29. 

and  z  CAD  =  alternate  z  ACS,  I.  29. 

But  z  BAD=  L  CAD,  by  hypothesis, 

aTid.:^AEC=iACE,  Ax.  I. 

and .-.     AC    =     AE.  \.  a  Cor. 

Then  '.•  AD  is  ||  to  EC,  a  side  of  A  BEG, 

•  .:  BD  is  to  DC  as  BA  is  to  AE,  VI.  2. 

and  .-.  BD  is  to  DC  as  BA  is  to  AC.  V.  6 

Ex.  1.  Shew  that  in  a  parallelogram  the  diagonals  do  not 
bisect  the  angles,  unless  the  sides  are  equal. 

Ex.  2.  Shew  how  to  trisect  a  straight  line  of  finite  length. 

Ex.  3.  Shew  that  the  bisectors  of  the  angles  of  a  triangle 
meet  in  the  same  point. 

Ex.  4.  The  bisectors  of  the  angles  A  and  B,  of  a  triangle 
ABC,  meet  the  opposite  sides  in  the  points  D  and  J*":  BA  ;inH 
BC  are  produced  to  F'  and  D',  so  that  AF\  AC  and  CD     - 
all  equal :  prove  that  F'D'  is  parallel  to  FD. 
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And  Conversely, 

If  the  segments  of  the  hn.<ie  have  thf  name  ratio,  vhich  the  other 
liides  of  the  triangles  have  to  one  another,  the  straight  line, 
drawn  from  the  vertex  to  the  point  of  section,  must  bisect  the 
vertic/d  angle. 

Let  BD  he  to  DC  :is  BA  is  to  AC, 

and  join  AD. 

Then  mmt  l  BAD=  l  CAD. 

The  same  construction  being  m:ule, 

•.•  BD  is  to  DC  as  BA  is  to  AG,  Hyp. 

and  BD  is  to  DC  as  BA  is  to  AE,  VI.  2. 

.-.  BA  is  to  AC  as  BA  is  to  AE,  V.  5. 

and  .-.  AC=AE,  V.  8. 

and  .-.  z  AEC  =  i  ACE.  I.  a. 

But  i.  AEC=e\tevioT  l  BAD,  I.  29. 

and  I  ^(7S=alteniate  z  CAD,  I.  29. 

.:  iBAD=  iCAD.  Ax.  1. 

Q.  E.  D. 

Ex.  6.  Two  straight  lines  are  drawn,  hisecting  the  angles  at 
the  base  of  au  isosceles  triangle.  Shew  that  the  straight  line, 
joininj]^  the  points,  in  which  they  cut  the  sides,  is  parallel  to  the 
base. 

Ex.  6.  If  AD  and  AE  bisect  the  interior  and  exterior 
angles  at  A,  and  meet  the  base  BC  in  D  and  E,  and  0  be  the 
middle  point  of  BC,  shew  that  OD  is  to  OB  as  OB  is 
to  OE. 
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Proposition  A.     Theorem. 

If  the  exterioi-  angle  of  a  trianyL  be  bisected  by  a  straight  line, 
which  also  cuts  the  base  produced,  the  segments,  betiveen  the 
dividing  straight  line  and  the  extremities  of  the  base,  must  have 
the  same  ratio,  which  the  other  sides  of  the  triangle  have  to  one 
another, 

S 


Letz  EAC,  an  ext'/of  the  A  ABC,  be  bisected  by  the 
St.  line  AD  -which  meets  the  base  produced  in  D. 
Then  must  BB  be  to  DC  as  BA  is  to  AG. 

Through  C  draw  CF  ||  to  DA,  meeting  AB  in  F.  I.  31. 

Then  z  ^J.Z)= interior  /.  AFG,  I.  29. 

and  z  GAD  =  alternate  z  ACF.  I.  29. 
But  z  EAD=  L  CAD,  by  hypothesis. 

.:  I  AFG  =  L  AGF,  '    Ax.  1. 

and  .-.  AG=AF.  L  B.  Cor. 
Then  •/  AD  is  II  to  FG,  a  side  of  A  FBG, 

.'.  BD  is  to  DG  as  BA  is  to  AF,  VI.  2. 

and  .-.  BD  is  to  DG  as  BA  is  to  AG.  V.  6. 

Ex.  1.  If  the  angles  at  the  biise  of  the  triangle  be  equal, 
how  is  the  proposition  modified  ? 

Ex.  2.  If  B  be  any  point  in  a  straight  line  AG,  intersected 
by  another,  CD,  give  a  geometrical  construction  for  determin- 
ing a  point  D  in  GD,  such  tliafc  AD  is  to  DB  as  ylC  is  to  GB. 
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And  Conversely, 

If  the  segments  of  the  bcuic  ptoduced  have  the  name  ratio,  tvhich 
tilt  other  side.<  of  the  triamjle  have  to  one  another,  the  straiyht 
line  dra  wn  from  the  vertex  to  ilu,  point  of  section  must  bisect  the 
exterior  angle  of  the  triangle. 

Let  BD  be  to  DC  as  BA  is  to  AQ^ 

and  join  AD, 

Then  must  L  GAD-=  l  EAD. 

For,  the  same  construction  being  made, 

•.•  BD  is  to  DC  -ds  BA  is  to  AC,  Hyp. 

and  BD  is  to  DC  as  BA  is  to  A  F,  VI.  2. 

.-.  BA  is  to  ^0  as  5^  is  to  AF,  V.  5. 

fmd  .:  AC=AF,  V.  8. 

and  .-.  z  AFC=  l  ACF.  I.  a. 

But  z  AFC=  exterior  i  EAD,  I.  29. 

and  i  ^C'i^= alternate  z  CAD,  I.  29. 

and  .'.  I  CAD=  l  EAD.  Ax.l. 

Q.  E.  D. 


Ex.  3.  If  the  base  be  divided  into  two  segments,  having  the 
name  ratio  with  the  segments  specified  in  the  Proposition,  the 
straight  lines,  drawn  from  the  two  points  of  section  to  the  vertex 
of  the  triangle,  are  at  right  angles  to  each  other, 

Ex.  4.  If  the  angle,  between  the  external  bisector  and  a 
side,  be  ecjnal  to  the  angle,  between  the  external  bisector  and 
the  base,  the  perpendicular  to  the  greater  side,  through  the 
vertex,  will  bisect  the  segment  of  the  liase,  cut  off  between 
the  bisecting  lines. 
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Proposition  IV.     Theorem. 

The  sides  about  the  eqnal  angles  of  triangles,  which  are  equi- 
angular  to  one  another,  are  proportionals  ;  and  those  which  are 
opposite  to  the  equal  angles,  are  homologous  sides. 


Let  ABC,  DEF  be  two  A  s,  having  the  z  s  at  A,  B,  C  equal 
to  the  I  s  at  D,  E,  F  respectively. 

Then  must  the  sides  about  the  equal  i  s  he  propmtionals, 
those  being  homologous  sides,  which  are  opposite  the  equal  i  s. 

For  suppose  A  DEF  to  be  applied  to  A  ABC, 
so  that  D  coincides  with  A  and  DE  falls  on  AB  ; 
then  viBAC=  jL  EDF,  .:  DF  will  fail  on  AC. 

Let  G  and  H  be  the  points  in  AB  and  AC,  or  these  pro- 
duced, on  which  E  and  F  fall. 
Join  GH.     GH  will  be  ||  to  BC,  :•  /  AGH=  l  ABC.  I.  28, 

Then  BA  is  to  GA  as  GA  is  to  BA,  VI.  2. 

"  and  .-.  BA  is  to  ED  as  CA  is  to  FD,  V.    6. 

whence  BA  is  to  AC  as  ED  is  to  DF.  V.  15. 

Similarly,  by  applying  the  A  DEF,  so  that  the  z  s  at  F,  E 
may  coincide  with  those  at  0,  B  successively,  we  might  show 
that 

AC\%  to  CB  as  DF  is  to  FE,  and  that 

CB  is  to  BA  as  FE  is  to  ED. 

Q.  E.  D. 

Ex.  Divide  a  given  angle  into  two  parts,  such  that  the 
pprpendiculars  from  any  point  of  the  dividing  line  upon  the 
two  arms  of  the  angle  may  be  in  a  given  ratio. 
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Proposition  V.     Theorem. 

If  the  sidea  of  two  triawjleHy  ahovt  each  of  their  avglea,  he 
jyro  ortionali^,  the  triangles  must  be  equiangnlar  to  one  another, 
and  must  hnve  those  angles  equal,  which  are  o^jjosite  to  the  homo- 
logous sides. 


Let  the  A  s  ABC,  DEF  have  their  sides  proportional, 
80  that  BA  is  to  AC  as  ED  is  to  DF, 
and  ^C  is  to  CB  as  DF  is  to  FE, 
and  CB  is  to  BA  as  FE  is  to  ED. 
Tlien  must   A   ABC  be  equiangular  to   A   EDF,  those  L  s 
being  equal,  vjhich  are  opposite  to  the  homologous  sides,  that  is, 
iBAC=  L  EDF, and  l  ABC=  l  DEF,  and  i  ACB=  i  DFE. 
In  AB,  produced  if  necessary,  make  AG=DE, 

and  draw  GH  \\  to  BC,  meeting  AC  in  H.  I.  31. 

Then  A  AGH  is  equiangular  to  A  ABC,  I.  29. 

and  .-.  BA  is  to  ^C  as  GA  is  to  AIL  VI,  4. 

But  ED  is  to  DF  as  BA  is  to  AC;  Hyp. 

and  .-.  ED  is  to  DFus  GA  is  to  AH.  V.   5. 

BntED  =  GA,!iTid.:DF=AH.  V.  14. 

So  also  it  may  be  shown  that  Gff=EF. 
Thou  in  £,s  AGJf,  DEF 
:■  GA  =  ED,  and  AH=DF,  and  HG=FE, 
.:  L  GAll=  L  EDF  ;  i  AGH=  l  DEF ;    z  AHG=  i  DFE. 

I.  c. 
Butz  GAn=  L  BAC;  l  AGH=  l  ABC;  l  AHG=  l  ACB. 
:.  L  BAC=  l  EDF  ;  l  ABC=  l  DKF,  nnd  i  ACB=  ^  DFE. 

I),  v..  \>. 
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Proposition  VI.     Theorem. 

If  two  triangles  have  one  angle  of  the  one  equal  to  one  angle 
of  the  other,  and  the  sides  about  the  equal,  angles  jrroportionals, 
the  triangles  must  be  equiangular  to  one  another,  and  tnust  have 
those  angles  equal,,  which  are  opposite  t,o  the  homologous  sides. 


In  the  AS  ABC,  DEF,  let  L  BAC^  L  EDF, 
and  let  BA  he  to  AG  as  ED  to  DF. 

Then  must  a  ABC  be  equiangular  to  A  DEF, 
and  L  ABG=  l  DEF,  and  l  ACB==  l  DFE. 

In  AB,  produced  if  necessary,  make  AG=DE, 

and  draw  GR 11  to  BC.  I.  31. 

Then  a  AGE  is  equiangular  to  A  ABG,  I.  29. 

and  .-.  GA  is  to  AH  as  BA  is  to  AG,  VI.  4. 

and  .-.  GA  is  to  AH  as  ED  is  to  DF.  V.  5. 

But  GA  —ED,  by  construction, 
and.:  AH=DF.    '  V.  1 

Then  •/  GA  =ED,n.ndAH=DFmd  l  GAH=  l  EDF; 
.:  L  AGH=  L  DEF,  and  z  AHG=  i  DFE,  I.  4. 

and  .-.  I  ABG=  l  DEF,  and  z  AGB==  z  DFE. 

Q.  E.  D. 

i"'x.  1.  If  from  B,  G,  the  extremities  of  the  base  of  a  triangle 
ABC,  he  drawn  BD,  CE,  perpendicular  to  the  opposite  sides, 
shew  that  the  triangles  ADE,  ABC  are  equiangular. 

Ex.  2.  A  variable  chord  OP  is  drawn  through  a  fixed  point 
0  on  the  circumference  of  a  circle,  and  ^  is  taken  in  it,  so  that 
the  rectangle  OP,  OQ  is  constant,  find  the  locus  of  Q. 
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Miscellaneous  Exercises  on  Props.  I.  to  VI. 

1.  K  two  triangles  stand  on  the  same  base,  and  their  vertices 
be  joined  by  a  straight  line,  the  triangles  are  as  the  parts  of 
this  line  intercepted  between  the  vertices  and  the  base. 

2.  If  a  circle  be  described  on  the  radius  of  another  circle 
as  its  diameter,  and  any  straight  line  be  drawn  through  the 
point  of  contact,  cutting  the  two  circles,  the  part,  intercei)ted 
between  the  greater  and  lesser  circles,  shall  be  equal  to  the 
part  within  the  lesser  circle. 

3.  The  side  BC,  of  a  triangle  ABC,  is  bisected  in  D,  and 
any  straight  line  is  drawn  through  D,  meeting  AB,  AC,  pro- 
duced if  necessary,  in  E,  F,  respectively,  and  the  straight  line 
through  A,  parallel  to  BC,  in  G.  Prove  that  DE  is  to  DF 
asGE'vato  GF. 

4.  If  the  angle  A,  of  the  triangle  ABC,  be  bisected  by  AD, 
which  cuts  BC  in  D,  and  0  be  the  middle  point  of  BC,  then 
OD  bears  the  same  ratio  to  OB  that  the  difference  of  the  sides 
bears  to  their  sum. 

5.  The  diameters  of  two  circles  and  the  distances  between 
their  centres  are  as  the  numbers  5,  4,  3  ;  find  the  proportionate 
distances  between  the  points  of  intersection  of  their  common 
tangents. 

6.  If  D,  E  be  points  in  the  sides  AB,  AC  respectively  of 
the  triangle  ABC,  such  that  the  triangles  DAC,  EAB  are 
equal,  shew  that  the  sides  AB,  AC  axe  divided  proportionally 
in  D  and  E. 

7.  If  two  of  the  exterior  angles,  of  a  triangle  ABC,  be 
bisected  by  the  lines  COE,  BOD,  intersecting  in  0,  and  meet- 
ing the  opposite  sides  in  E  and  D,  prove  that  OD  is  t(j  OB 
as  AD  is  to  DB,  and  that  OC  is  to  OE  as  AC  is  to  AE. 

8.  B,  C,  the  angles  at  the  base  of  an  isosceles  tiiangle,  arc 
joined  to  the  middle  points,  E,  F,  of  AB,  AC,  by  lines  inter- 
secting in  C.  Shew  that  the  area  BCG  is  equal  to  the  area 
AEFG. 

9.  If,  through  any  point  in  the  diagonal  of  a  parallelogram, 
a  straight  line  be  drawn,  meeting  two  opposite  sides  of  tlie 
figure,  the  segments  of  this  line  will  have  the  same  ratio  as 
those  of  the  diagonal. 

10.  The  sides  AB,  AC,  of  a  given  triangle  ABC,  are  pro- 
duced to  any  points  D  and  E,  and  the  straight  line  DE  is 
divided  in  F,  so  that  DF  is  to  FE  aa  BD  is  to  CE ;  shew 
tliat  the  locus  ot  F  is  a  strai^jht  line. 
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Proposition  VII.     Theorem. 

If  two  triangles  have  one  angle  of  the  one  equal  to  one  angle 
of  the  other,  and  the  ddes  about  a  second  angle  in  each  propor- 
tionals ;  then,  if  the  third  angles  in  each  be  both  ac^itc,  both 
obtiise,  or  if  one  of  them  be  a  right  angle,  the  triangles  must 
be  equiangular  to  one  another,  and  must  have  those  angles 
equal,  about  which  the,  sides  are  pjroportionals. 


In  the  AS  ABC,  DBF,  let  z  BAC=  i  EDF, 

and  let  AB  be  to  BG  as  DE  is  to  EF, 

and  let  /  s  ACB,  DFE  be  both  acute,  both  obtuse,  or  let 
one  of  them  be  a  right  angle. 

Then  must   a  s  ABC,  DEF  be  equiangular  to  one  another, 
hamng  i  ABC=  z  DEF,  and  i  ACB=  i  DFE. 

For  if  z  ABC  be  not=  z  DEF,  let  one  of  them,  as  z  ABC, 
be  greater  than  the  other,  and  make  z  ABG=  z  DEF,     I.  23. 

and  let  BG  meet  AC  in  G. 

Then  :•  i  BAG=  i  EDF,  and  z  ABG=  z  DEF, 

.:  A  ABG  is  equiangular  to  A  DEF,  I.  32. 

and  .-.  AB  is  to  BG  as  DE  is  to  EF.  VI.  4. 

But  AB  is  to  BC  as  DE  is  to  EF,  Hjp. 

.-.  AB  is  to  BG  ixs  AB  is  to  BG,  V.  5. 

and  .-.  BG  =  BC,  V.  8. 

and  .-.  z  BCG=  z  BGC,  L  a. 
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First,  let  l  ACB  and  l  DFE  be  both  acute, 

then  z  AGE  is  acute,  and  .•.  z  BGC  is  obtuse  ;       I.  13. 
.'.  I  BCG  is  obtuse,  which  is  contrary  to  the  hypothesLs. 

Next,  let  I  ACB  and  i  DFE  be  both  obtuse, 

then  z  AGB  is  obtuse,  and  /.  z  BGC  is  acute  ;      I.  13. 
.'.  /.  BCG  is  acute,  which  is  contrary  to  the  hypothesis. 

Ljistly,  let  one  of  the  third  z  s  AGB,  DFE  be  a  right  z  . 
If  z  JCiJbeart.  z, 

then  z  iJGC  is  also  a  rt.  z  ;  I.  A. 

.•.  z  s  BCG,  BGC  together=two  rt.  z  s, 
which  is  impossible.  I.  17. 

Again,  if  z  DFE  be  a  rt.  z  , 

then  z  AGB  is  a  rt.  z  ,  and  .*.  z  ^CC  is  a  rt.  ^  .      I.  13. 

Hence  z  jBCG  is  also  a  rt.  z  ,  I.  a. 

and  .".  z  s  BCG,  BGC  together = two  rt.  z  8, 

which  is  impossible  I.  17. 

Hence  z  ABC  is  not  greater  than  z  DEF. 

So  also  we  might  shew  tliat  i  DEF  is  not  greater  than 

z  ABC. 

.:  z  ^50  =  z  D^2^, 

and  . .  z  ^1C£  =  z  DJ'JS.  I.  32. 

Q.  E.  D. 

N.B. — This  Proposition  is  an  extension  of  Proposition  e  of 
Book  1.  p.  42. 

Note. — We  have  made  a  slight  change  in  Euclid's  arrange- 
ment of  the  four  Propositions  that  follow,  because  Eucl.  vi.  8 
is  closely  comiected  with  lie  proof  of  EucL  vi.  13. 


u 
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Proposition  VIII.     Problem.     (Eucl.  vi.  9.) 
From  a  given  straight  line  to  cut  off  any  suhmultiple. 


Let  AB  be  the  given  st.  line. 

It  is  required  to  shew  how  to  cut  off  any  suhmultiple  from  AB. 
From  A  draw  AC  making  any  angle  with  AB. 
In  AC  take  any  pt.  D,  and  make  AG  the  same  multiple  oi 
A  D  that  AB  is  of  the  suhmultiple  to  be  cut  off  from  it. 

Join  BC,  and  draw  DE  \\  to  BG.  I.  31. 

Then  •/  ED  is  ||  to  BG, 

.'.  CD  is  to  DA  as  BE  is  to  EA,  VI.  2, 

and  .-.  CA  is  to  DA  as  BA  is  to  EA.  V.  16. 

.*.  EA  is  the  same  suhmultiple  of  BA  that  DA  is  of  GA. 

V.  13. 
Hence  from  J.5  the  suhmultiple  required  is  cut  oflf. 

Q.  E.  F. 

Ex.  1.  Cut  off  one-seventh  of  a  given  straight  line. 
Ex.  2.  Cut  ofiF  two-fifths  of  a  given  straight  line. 

Note. — This  Proposition  is  a  particular  ctise  of  Proposi- 
ticn  ts. 
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PROJ'OSIT/OX  IX. 


'-S9 


Proposition  IX.     Problem.     (Eucl.  vi.  10.) 

To  Jivide  a  given  straight  liv£  similarly  to  a  (liven  straight 
line. 


Lot   AB  he  the  .st.  Hue  given  to  be  divided,  and  AC  the 
divided  st.  line. 

It  is  required  to  divide  A  J!  siiviJarhj  to  AC. 
Let  AC  l>e  diviiled  in  the  pts.  D,  E. 

Place  AB,  AC  so  as  to  contaii:  any  angle. 
J..in  BC,  and  throngli  D,  E  draw  DF,  EG  ||  to  BC. 
Through  D  draw  DEE  ||  to  AB. 

Then  •.'  Fl[  and  GK  are  zZ7s, 

.-.  FG=I>II,  and  GB=HK. 

And  •.•  HE  is  ||  to  KC, 

.-.  KH  is  to  HD  as  CE  is  to  ED, 
that  is,  BG  is  to  GF  as  CiJ  is  to  EJJ. 

Again,  •.•  i^"/;  is  ||  to  GE, 

.:  GF  is  to  FA  as  /;D  is  to  DA. 
Heuce  AB  ia  divided  similarly  to  AC. 


1.31. 
I.  31 

1.34. 

VI.  2. 

VI.  2. 


Q,  E.  F. 


Ex.  1.  Prodnce  «  given  straight  line,  so  that  the  whole  pro- 
duced line  shall  be  to  the  produced  part  in  a  given  ratio. 

Ex.  2.  On  a  given  base  describe  a   triangle,  with  a  given 
vertii-al  angle  and  its  sides  in  a  given  ratio. 
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Proposition  X.     Problem.     (Eucl.  vi.  11.) 
To  find  a  third  proportional  to  two  given  straight  lines. 


z> 


Let  AB  and  A  C  be  the  given  st.  lines. 

It  is  required  to  find  a  third  proportional  to  AB,  AG. 

Place  AB,  AC  so  as  to  contain  any  angle. 

Produce  AB,  AG  to  D  and  E,  nmkiiia  BD=AC.  I.  3. 
Join  BO,  and  throiifih  D  draw  DE  \\  to  £6'.  I.  31. 

Then  •.•  i?(7is  |1  to  D^, 

.-.  AB  is  to  BD  as  ^0  is  to  GE,  VI.  2. 

and  .-.  AB  is  to  46'  as  AG  is  to  CS.  V.  6. 

Thus  GE  is  a  third  proportional  to  AB  and  AG. 


Note.  This  Proposition  is  a  particular  case  of  Proposition  xi. 

Lef.  II.  When  three  mac;fnitudes  are  proportionals,  the  first 
is  said  to  have  to  the  third  the  duplicate  ratio  of  that,  which  it 
has  to  the  second. 

Thus  here  AB  has  to  OE  the  duplicate  ratio  of  AB  to  AG. 

Def.  III.  When  three  magnitudes  are  proportionals,  the  first 
is  said  to  have  to  the  third  the  ratio  compounded  of  the  ratio, 
which  the  first  has  to  the  second,  and  of  the  ratio,  which  the 
second  lias  to  the  third. 

Thus  here  AB  has  to  CE  the  ratio  compounded  of  the 
ratios  of  AB  to  .40  and  AG  to  CE. 
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Proposition  XI.     Theorem.     (Eucl.  vi.  12.) 

To  find   a   fourth   proportional    to    three  given  straight 
iinti. 


Let  A,  B,  C  be  the  three  given  st.  lines. 

It  is  required  to  find  a  fcurth  j^roj  ortional  to  A,  B,  C. 

Take  DE,  DF,  two  st.  lines  making  an  i  EDF,  and  in  these 

raakeDG  =  A,GE=B,.indDE=C,  1-3. 

and  through  E  draw  EF  11  to  GH.  I.  31. 
Then,  •.•  GH  is  ||  to  EF, 

.:  DG  is  to  GE  as  DH  is  to  HF,  VI.  2. 

and  .-.  A     is  to  £     as  0      is  to  HF.  V.  6. 
Thus  ffi?"  is  a  fourth  proportional  to  A,  B,  C. 

Q.  E.  F. 

Ex.  ABC  is  a  triangle  inscribed  in  a  circle,  and  B'D  is 
drawn  to  meet  the  tangent  to  the  circle  at  A  in  Z>,  at  an  angle 
ABD  equal  to  the  angle  ABC.  Show  that  ^C  is  a  fourth 
proportional  to  the  lines  BD,  DA,  AB. 
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Proposition  XII.     Theorem.     (End.  vi.  8.) 

In  a  right-angled  triangle,  if  a  perpendicular  he  draiim  from 
the  right  angle  to  the  base,  the  triangles  on  each  side  of  it  are 
similaf  to  the  whole  triangle  and  to  one  another. 


B  n  ^ 

Let  ABC  be  a  right-angled  A ,  having  z  BAC  a  rt.  z  ,  and 
from  A  let  AD  be  drawn  x.  to  BC 

Then  must  as  DBA,  DAC  be  similar  to  A  ABC,  and  to 
each  other. 

For  •.•  rt.  z  BDA=Tt.   l  BAC,  and  z  ABD=  z  CBA, 

.:  z  DAB^  L  ACB.  I.  32. 

.*.  A  DBA  is  equiangular,  and  .'.  similar  to  A  ABC.  VI.  4 
In  the  same  way  it  may  be  shown 
that  A  DAC  is  equiangular,  and  .'.  similar  to  A  ABC. 
Heiice  A  DBA  is  similar  to  A  DAC. 

Q.  E.  D. 

Cor.  I.  DA  is  a  mean  proportional  between  BD  and  DC, 

For  BD  is  to  DA  as  DA  is  to  DC.  VI.  4. 

Cor.  II.  BA  is  a  mean  proportional  between  BC  and  BD, 
For  BC  is  to  BA  as  BA  is  to  BD.  VI.  4. 

Cor.  III.  CA  is  a  mean  proportional  between  BC  and  CD, 
For  £(7  is  to  C^  as  04  is  to  CD.  VI.  4. 

Q.  E.  D. 

Ex.  B  is  a  fixed  point  in  the  circumference  of  a  circle,  whose 
centre  is  C  ;  PA  is  a  tangent  at  any  point  P,  meeting  CB  pro- 
duced in  A,  and  PD  is  drawn  perpendicularly  to  CB.  Prove 
that  the  line  bisecting  the  angle  ^PD  always  passes  through  B, 
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Proposition  XIII.     Problem. 

To  find  a  mean  proiiortioncd  between   two  given  straight 
line^. 


Let  AB  and  i><7he  the  two  given  st.  lines. 
It  is  required  to  find  a   mean  propormonal  between  AB 
andBC. 

Place  AB  and  BC  so  as  to  make  one  st.  line  AG, 
and  on  ^(7  describe  the  semicircle  ADG. 
From  B  draw  BDi.  to  AC,  and  join  AD,  CD.  I.  11. 

Then  •.'  z  ADC  is  a  rt.  z  ,  III.  31. 

and  DB  is±to  AC, 
.:  DB  is  a  mean  proportional  between  AB  and  BC. 

VI.  12,  Cor.  1. 

Q.  E.  F. 

Ex.  1.  Produce  a  given  straight  line,  so  that  the  given  line 
may  he  a  mean  proportional  between  the  whole  line  and  the 
part  produced. 

Ex  2  Shew  that  either  of  the  sides  of  an  isosceles  triangle 
is  a  mean  proportional  between  the  base  and  the  half  of  the 
segment  of  the  base,  produced  if  necessary,  which  is  cut  off 
by  a  straight  line,  drawn  from  the  vertex,  at  right  angles  to 
ihe  equal  side. 

Ex,  3.  Shew  that  the  diameter  of  a  circle  is  a  mean  propor- 
tional between  the  sides  of  an  equilateral  triangle  and  a 
Sexagon,  described  about  the  circle. 

Ex.  4.  From  a  point  A,  outside  a  circle,  a  line  is  drawn, 
jutting  the  circle  in  B  and  C.  Find  a  mean  proportional 
between  AB  and  AC. 
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Def.  IV.  Two  figures  are  said  to  have  their  .sides  about  two 
of  their  angles  reciprocally  jproportional,  wlien,  of  the  four 
terms  of  the  proportion,  the  first  antecedent  and  the  second 
consequent  are  sides  of  one  figure,  and  the  second  antecedent 
and  first  consequent  are  sides  of  the  other  figure. 

Thus,  in  the  diagram  on  the  opposite  page,  the  figures  AB 
and  BG  have  their  sides  about  the  angles  at  B  reciprocally 
proportional,  the  order  of  the  proportion  being 

DB  ]»  vo  BE  ei&  GB  is  ro  BV. 
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Proposition  XIV.     Theorem. 

Equal  J  aralleloijrains,  xvhich  have  one  angle  of  the  one  equal 
to  one  angle  of  the  other,  have  their  sides  about  the  equal  angles 
reciprocalhj  I'roj'uvtional.. 


Let  AB,  BC  be  equdl  £7s,  having  /.  iBD=  l  EBO. 

Til  en  must  DB  be  to  BE  as  GB  is  to  BF. 
Place  the  ZZ7s  so  that  DB  and  BE  are  in  the  same  st.  line  ; 
then  must  GB  and  BF  also  be  in  one  st.  line.  I.  14. 

Complete  the  LJ  FE. 
Then  •.■  CJ  AB  =      EJ  BG,  and  FE  U  another  CJ, 

.:  O  AB  Is  to  O  FE  as  £7  BG  is  to  O  FE.        V.  0. 

Cut  as  O  AB  is  to  CJ  FE  so  is  DB  to  BE,     VI.  1 ,  Cor.  1. 

and  as  O  BG  is  to  O  i*'^  so  i^,  GB  to  £i''.     M.  1,  Cor.  I. 

.-.  DB  is  to  BE  as  Gi)'  is  to  BF.  V.  5. 

And  (Jonversely, 
Farallelograins,  which  have  one  angle  of  the  one  equul  to  one 
angle  of  the  other,  and  their  sides  about  the  equal  angles  recipro 
cally  proportional,  are  eqxuil  to  one  anotlier. 

Let  the  si(]fs  about  tlit-   equal    i  s  be  reciprocally  projior 
tional,  that  is,  let  DB  be  to  BE  as  GB  is  to  BF. 
Then  must  CJ  AB=CJBG. 
For,  the  aauie  construction  bcino;  made, 

•.•  DB\s  to  BE  as  GB  is  to  BF, 

and  that  DB  is  to  BE  a-s  O  AB  is  to  O  FE,     VI.  1,  Cor.  I. 

and  that  GB  u  to  BF  as  O  BG  is  to  CJ  FE,    VI.  1,  Cor.  I. 

:.  CJ  AB  is  to  CJ  FE-A?,CJ  BG  is  to  CJ  FE.       V.  5. 

and  .-.  CJ  AB=CJ  BG.  V.  8 

0.    K.  D. 
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Proposition  XV.     Theorem. 

Equal  triangles,  ivhich  have  one  angle  of  the  one  equal  to  one 
angle  of  the  other,  have  their  sides  about  the  equal  antjles  recip- 
rocally i/roportional. 


Let  A  BO,  ABE  be  equal  as,  having  lBAC=  L  DAE. 

Then  must  CA  he  to  AD  as  EA  is  to  AB. 
Place  the  A  s  so  that  CA  and  AD  are  in  the  same  st.  line  ; 


then  must  EA  and  AB  also  be  in  one  st.  line. 

Join  BD. 

Then  %•  A  ABC=  A  ADE,  and  ABD  is  another  A , 
.'.  A  A  BC  is  to  A  A  BD  as  a  ADE  is  to  a  ABD. 
But  ns  A  J  7?C  IS  to  A  ABD  so  is  CA  to  AD, 
and  an  A  ADE  is  to  A  ABD  so  is  EA  to  AB. 
.:  CA  is  to  AD  as  EA  is  to  AB. 


I.  14. 


V.  6. 

VI.  1. 
VI.  1. 
V.  5. 


Es.  1.  Shew  that,  provided  the  sides  of  one  of  the  triangles 
be  made  the  extremes,  it  is  indifl'erent,.so  far  as  the  truth  of 
the  Proposition  is  concerned,  in  what  order  the  sides  of  the 
other  triangle  are  taken  as  the  means  of  the  four  pro- 
portionals. 

Ex.  2.  ABb,  AcG  are  two  given  straight  lines,  cut  by  two 
others  BG,  be,  so  that  the  two  triangles  ABC,  Abe  may  be 
equal ;  shew  that  the  lines  BC,  be  divide  each  other  propor- 
tionally. 
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And  Couversely, 

Tria7igles,  which  have  one  angle  of  the  one  equal  to  one  angle 
of  the  other,  and  their  sides  about  the  equal  angles  reciprocally 
proportional,  are  equal  to  one  another. 

Let  the  sides  about  the  equal  ii  s  be  rociiJiMcally  proportional, 
that  is,  let  CA  be  to  AD  as  EA  is  to  AB. 

Then  must  A  ABC=  A  ADE. 

For,  the  same  construction  being  made. 

•.•  GA  is  to  AD  as  EA  is  to  AE, 

and  that  CA  is  to  ADi\s  a  ABC  is  to  a  ABD,  VI.  1. 

and  that  EA  is  to  AB  as  A  ADE  is  to  A  ABD,  VI.  1. 

.-.  A  ABC  k  to  A  ABD  as  A  ADE  is  to  a  ABD.  V.  5. 

and  .-.^A B(  '=  a  ADE.  V.  8. 

q.  s.  D. 

Ex.  3.  Through  the  extremities  of  the  base  BC,  of  a  triangle 
ABC,  draw  two  parallel  lines,  BE  a.nd  CD,  meeting  AC  and 
AB  produced  in  E  and  D  respectively,  so  that  BCD  may  be 
equal  in  area  to  ABE. 

Ex.  4.  P  i.^  any  point  on  the  side  AC,  of  the  triangle  ABC ; 
CQ,  drawn  parallel  to  BP,  meets  AB  produced  in  Q  ;  AN, 
AM  are  mean  proprtrtiouais  between  AB,  AQ,  and  AC,  AP, 
respectively.  Shew  that  the  irutugle  AJsM.  is  equal  to  the 
triangle  ABC. 
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Proposition  XVI.     Theorem. 

If  four  straight  lines  he  proportionals,  the  rectangle  contained 
by  the  extremes  is  equal  to  the  rectangle  contained  by  the  means. 


M 


B 


Let  the  four  st.  Hues  AB,  CD,  EF,  GH  be  proportionals, 
so  that  AB  is  to  CD  as  EF  is  to  GH. 


Then  must  rect.  AB,  GH^rect.  CD,  EF. 


I.  11. 


1.31. 


V.  6. 


Draw  AM±  to  AB,  and  CN±  to  CD  ; 
and  make  AM^GH,  and  CN^EF; 

and  complete  the  HJs  BM,  DN. 
Then  •.•  AB  is  to  CD  as  EF  is  to  GH, 
and  that  EF=CN,  and  GH=AM, 

.:  AB  is  to  CD  as  CN  is  to  AM. 
Tims   the    sides    about   the    equal  z  s   of   the    equiangular 
ZZZs  BM,  DN  are  reciprocally  proportional, 

and  .-.  CJ  BM=IU  DN  ;  VI.  14, 

that  is,  rect.  AB,  J.M=rect.  CD,  GN. 
.:  rect.  AB,  GH  =rect.  CD,  EF. 

Ex.  1.  If  E  be  the  middle  pomt  of  a  semicircular  arc  AEB. 
and  EDC  be  any  chord,  cutting  the  diameter  m  D,  and  the 
circle  in  C,  provo  that  the  square  on  CE  is  equal  to  twice  the 
((nadrilateral  AEBC. 
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And  Conversely, 

If  the  rectangle  contain.ed  by  the  extremes  be  eqxud  to  the  rect- 
angle contained  b>i  the  m^MHs,  the  Jour  straight  lines  are  pro- 
portionals. 

TiCt  rect.  AB,  Gn  =  Tect.  CD,  EF. 

Then  mtist  AB  be  to  CD  as  EF  is  to  GH. 

For,  the  same  construction  being  made, 
'.•  rect.  AB,  GH  =rect.  CD,  EF, 
.:  rect.  AB,  .43/=  rect.  CD,  CN, 
that  is,  O  BM^a  DX. 

and  these  Os  are  equiangular  to  one  another, 
and   .'.   the    sides    about    the    equal     /.  s    are   reciprocjiUy 
proportional,  VI.  14. 

and  .-.  ^B  is  to  CD  as  CN  is  to  A  M, 
and  .-.  AB  is  to  CD  as  EF  is  to  GH.  V.  6. 

<i.  E.  D. 

Ex.  2.  If,  from  an  anj;le  of  a  triangle,  two  straight  lines  be 
drawn,  one  to  the  side  subtending  tJiat  angle,  and  the  other 
cutting  from  the  circumscribing  circle  a  segment,  capable  of 
containing  an  angle,  equal  to  the  angle,  contained  by  the  first 
drawn  line  and  the  side,  which  it  meets  ;  the  rectangle,  con- 
tained by  tht'  sides  of  the  triangle,  sliall  be  equal  to  the  rect- 
dugle,  coutauie'.*  bv  the  liuca  tiiU;>  dxawQ. 
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Proposition  XVII.     Theorem. 

If  three  straight  lines  be  proportionals,  the  rectangle  contained 
by  the  extremes  is  equal  to  the  square  on,  the  mean. 


Let  the  three  st.  lines  A,  B,  C  be  proportionals,  and  let 
4  be  to  JB  as  ^  is  to  G. 

Tlien  must  red.  A,  C=sq.  on  B. 
Take  D  =  B. 
Then  •.•  A  is  to  5  as  5  is  to  0, 

.-.  A  is  to  jB  as  D  is  to  C,  V.  6. 

and  .-.   rect.  A,  C=rect.  B,  D,  VI.  16. 

that  is,  rect.  A,  (7=sq.  on  B. 

And  Conversely, 

If  the  rectangle  contained  brj  the  extremes  be  equal  to  the 
square  on  the  mean,  the  three  straight  lines  are  proportionals. 

Let  A,  B,  C  be  three  straight  lines  such  that 
rect.  A,  C=sq.  on  B. 
Tlien  must  A  be  to  B  as  B  is  to  V. 
For,  the  same  construction  being  made, 
•.'  rect.  A,  0=sq  on  B, 
and  B=D, 
.:  rect.  A,  C'=rect.  B,  D  ; 
and  .•.  ^  is  to  B  as  D  is  to  0,  VI.  16. 

that  is,  vl  is  to  i?  as  B  is  to  C.  V.  6. 

Q.  K.  n. 
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PRnposTTioy  XVIII.     Problem. 

Upon  a  gircH  strai<jht  line  lo  dt.-crihe  a  rectilinear  figure, 
similar  and  similarly  situated  to  a  given  rectilinear  figure. 


Let  AB  be  the  given  st.  line,  and  CDEF  the  given  rectil. 
fig.  oi  four  sides. 

It  is  required  to  describe  on  AB  a  fi^.  similar  and  simila/rly 
situated  to  CDEF. 

Join  DF,  and  at  A  and  B,  make  i  BAG  =  l  DCF,  and 
iABG=  L  CDF; 

then  A  BAG  is  equiangular  to  a  DCF. 
At  G  and  B,  make  l  BGH=  l  DFE,  and  i  GBH=  i  FDE  ; 

then  A  GHB  i.s  equiangular  to  A  FED. 
Then  '.•  /.  AGB=  l  CFD,  and  i  BGH=  l  DFE, 

.:  L  AGH  =  I  CFE.  Ax.  2. 

So  aho  A  ABH=  l  CDE. 
And  we  know  that  l  BAG  =  l  DCF, 
and  that  /.  GIIB  =  z  FED, 
.'.  rectil.  fig.  ABHG  i.s  equiangular  to  fig.  CDEF. 
Also,  •.•  A  BAG  is  equiangular  to  &  DCF, 

.:  BA  i.s  to  AG  as  DC  is  to  CF  ;  VI.  4. 

and  •.■  aBGII  is  equiangular  to  A  DFE, 

.:  GB  L^  to  G^fl^  as  J'D  is  to  FE.  VI.  4. 

Also,  AG  is  to  GB  &H  CF  is  to  FD. 

.-.AG  is  to  (?iraa  CF  is  to  J^ii'.  V.  21. 

Similarly,  it  may  shown  that 

GE  is  to  HB  as  FE  is  to  ^D, 
and  that  HB  is  to  BA  a.s  i?I>  is  to  DC. 
.:  the  uitil.  figs.  ABHG  and  CDEF  axe  similar. 
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Next.     Let  it  l)e  required  to  describe  on  AB  a  fig.,  similar 
and  similarly  situated  to  the  rectil.  fig.  GDKEF. 


Join  DE,  and  on  AB  describe  the  fig.  ABHG,  similar  and 

similarly  situated  to  the  quadrilateral  CDEF. 

At  B  and  H  make  z  HBL===  l  EDK,  and  z  BHL=  l  DEK  ; 

then  A  HLB  is  equiangular  to  A  EKD. 

Then  •.•  the  fig.s.  ABHQ,  CDEF  are  similar, 

.-.  I  GHB=  L  FED  ; 

and  we  have  made  L  BHL=  l  DEK ; 

.-.  whole  z  GHL=\vho\e  i  FEK.  Ax.  2. 

For  the  same  renson,  /  ABL=  i  CDK. 

Thus  the  fig.  AGHLB  is  equiangular  to  fig.  CFEKD. 

Again,  •.•  the  figs.  AGHB,  CFED  are  similar,         • 

.-.  GB  is  to  HB  as  FE  is  to  ED  : 

also  we  know  that  HB  is  to  HL  as  ED  is  to  EK,        VI.  4. 

.-.  (?i7  is  to  HL  as  J?'J5;  is  to  EK.        V.  21. 

For  the  same  reason,  AB  is  to  BL  as  (7D  is  to  DK. 

And  JSL  is  to  LH  as  X>7i:  is  to  KE  ;        VI.  4. 

.-.  the  five-sided  figs.  AGHLB,  CFEKD  are  similar. 

In  the  same  way  a  fig.  of  six  or  more  sides  may  be  described, 

on  a  given  line,  similar  to  a  given  fig. 

q.  B.  F. 
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Proposition  XIX.    Tueorem. 

Similar  triangles  arc  to  one  another  in  the  duplicate  ratio  of 
their  hwnologo^cs  sidis. 


Let  ABC,  DEF  be  similar  as, 

having  lb  tit  A,  B,  C=  i  s  at  D,  E,  F  respectively, 

so  that  BG  and  EF  are  homologous  sides. 

Then  must  A  ABC  have  to  a  DEB'  the  duplicate  ratio  q ' 
ifmt  ivJiich  BC  has  to  EF. 

Suppose  A  DEF  to  be  applied  to  A  ABC,  so  that 
E  lies  on  B,  ED  on  BA,  and  .-.  EF  on  BC. 
Let  P  and  Q  be  the  pts.  in  BA,  BC  on  which  D  and  F  foil. 

Join  AQ. 
Then  A  ABC  is  to  t^ABQ  as  BC  is  to  BQ,  VL  1. 

and  A  ABQ  is  to  a  PBQ  as  AB  is  to  BP.  VL  L 

But  ^jB  is  to  BP  an  BC  is  to  BQ,  VI.  4. 

.-.  A  ABQ  is  tu  a  PBQ  as  £6'  is  to  BQ.  V.  5. 

Hence  A  ABC  is  to  A  ABQ  as  A  ^J5^)  is  to  A  PBQ.        V.  5. 
.•.  t.ABC  has  to  A  PBQ  tbo  duplicate  ratio 
of  A  ^Z?6'  to  A  ^i^(^  ;  VI.  Def.  2. 

.•.  A  ABC  haj  rx)  A  PBQ  the  duplicate  ratio 
of  BC  to  i?Q.  V.  6. 

that  is,  A  ABC  ii^  to  a  DEF  the  duplicate  ratio 
of  BO  to  £J'. 

Q.  E.  D. 


Cor.  If  MN  be  a  third  proportional  to  BC  and  EF, 
BC  has  to  MN  the  duplicate  ratio  of  BC  to  EF,        VL  Def.  2. 
and  .'.  56'  is  to  MN  as  A  J  BC  is  to  A  I^A'F. 
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Exernses  on  PrnposUion  XIX, 

Ex.  1.  Prove  this  Proposition  without  drawing  any  line 
inside  either  of  the  triangles. 

Ex.  2.  In  the  figure,  if  BC  be  equal  to  FD,  shew  that  the 
triangles  will  bo  in  the  ratio  oi  AB  to  EF. 

Ex.  3.  Cut  off  the  third  part  of  a  triangle  by  a  straight  line 
parallel  to  one  of  its  sides. 

Ex.  4.  AB,  AC  are  bisected  in  D  and  E.  Prove  that  the 
quadrilateral  DBCE  is  equal  to  three  times  the  triangle 
ADE. 

Ex.  5.  ABC  is  a  line  passing  through  the  centre  of  the 
circle  BCD,  and  AD  a  tangent  to  the  circle.  If  CE  be  drawn 
parallel  to  BD,  shew  that  the  triangles  ACD,  ACE  are  to  one 
another  as  A  C  to  AB. 

Ex.  6.  A  straiglit  lino  drawn  parallel  to  the  diagonal  BD  of 
a  parallelogram  A  BCD  meets  AB,  BC,  CD,  DA,  in  E,  F,  G,  H. 
Prove  that  the  triangles  AFG,  CEIT  are  equal. 

Ex.  7.  If  two  triangles  have  an  angle  equal,  and  be  to  each 
other  in  the  duplicate  ratio  of  adjacent  sides,  they  are  similar. 

Ex.  8.  The  circle  P/C  (centre  0)  touches  the  circle  ABC  in- 
ternally, and  AB'B  touches  B'C  in  B'.  Shew  that  if  BD  be 
perpendicular  to  the  common  diameter,  AB,  B'  divides  AB 
into  segments,  which  are  in  the  duplicate  ratio  of  OC  to  OD. 

Ex.  9.  From  the  extremities  A,  B,  of  tho  -ilameter  of  a  circle, 
perpendiculars  AY,  BZ,  are  let  fall  on  the  tangent  at  any 
point  C,  Prove  that  the  areas  of  the  triangles  ACY,  BCZ  are 
together  equal  to  that  of  the  triangles  AGB. 

Ex.  10.  If  to  the  circle,  cireuuisciibing  the  triongle  ABC,  a 
tangent  at  C  be  drawn,  cutting  AB  produced  in  D,  shew  that 
AD  is  to  DB  in  the  duplicate  ratio  of  AC  to  CB. 

Ex.  11.  Construct  a  triangle  which  shall  be  to  «  given 
triangle  in  a  given  ratio. 
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Proposition  XX.     Tiieouem.     (Eucl.  vi.  21.) 

Redilininr  figures,  which  are  similar  to  the  same  rectilineal 
figure,  are  also  similar  to  each  other. 


liPt  pnd)  of  the  rectilinear  fif^ures  A  and  B  be  similar  to  the 
rectilinear  figure  C. 

Then  must  Uiefigiire  A  be  similar  to  the  figure  B. 

For  ".'  A  is  similar  to  C, 

.'.  A  is  equiangnliir  to  (7, 
and  A  and  C  have  their  sides  about  the  equal   z  s  pro- 
portionals. VI.  Def.  1. 
Again,  *.•  B  is  similar  to  C, 

.".  j6  is  equiangular  to  C, 
and  B  and  C  have  their  sides  about  the  equal  i  s  pro- 
portionals. VI.  Def.  1. 

Hvnce  A  and  B  are  each  equiangular  to  C,  and  have  the 
sides  about  the  equal  z  s  of  each  of  them  and  of  C  pro« 
portionals. 

.".  A  is  equiangular  to  B,  Ax.  1. 

and  A  and  B  have  their  sides  about  the  equal   l  s  pro- 
portionals. V.  5. 
.•.  the  figure  A  is  similar  to  tlie  figure  B.    VI.  Def.  1. 

y.  E.  D. 
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Proposition  XXI.     Theorem.     (Eucl.  vi.  20.) 
Similar  polygons  may  be  divided  into  the  sa/me  number  of 
simtlar  trianr/hs,  having  ike  same  ratio  to  one  another,  which 
(he  jyolygons  have  ;  and  the  polygons  are  to  one  another  in  the 
dv plicate  ratio  nf  tJieir  homnJogons  sides. 

A 

r 


Let  ABODE,  FGHKL  be  similar  polygons,  and  let  AB  be 
the  side  boniolofiniis  to  FG. 

I.  The  polygons  may  be  divided  into  the  same  numher  oj 
similar  as. 

II.  TJiCPC  AS  have  each  to  each  the  same  ratio  tvhich  the  poly- 
gons have. 

III.  The  polygon  ABODE  has  to  the  polygon  FGHKL  the 
duplicate  ratio  of  that  which  the  side  AB  has  to  the  side  FG. 

Join  BE,  EC,  GL,  LH :  then 

I.  •.•  the   polygon   ABODE    is   similar   to    the    polygon 
FGHKL, 

.-.  z  BAE  =  L  GFL, 
and  BA  is,  to  A  E  as  GF  is  to  FL. 
.-.  A  ABE  is  similar  to  A  FGL. 
and  .-.  L  ABE  =  i  FGL. 
Again,  ".•  the  polygons  are  similar, 
.-.  L  ABO  =  L  FGH, 
and.-.  iEBC=  i  LGH  ; 
and  '.•  the  AS  ABE,  FGL  are  similar, 
.-.  EB  is  to  AB  as  LG  is  to  FG  ; 
also,  •.•  tlie  polygons  are  similar, 

.-.  AB  is  to  BO  as  FG  is  to  GH ; 
and  .-.  EB  is  to  BO  as  LG  is  to  GH, 
and  .-.  since  /  EBC  =  /  LGH, 

the  aEBO  is  similar  to  a  LGH. 
For  the  snnie  reason  the  A  EOD  is  similar  to  A  LHK. 
Thus   the   polygons  are  divided   into  the  same  number  of 
similar  As. 


VI. 

6  and  4. 

VI. 

Def.  1. 

VI. 

Def.  1. 

Ax.  3. 

VI. 

Def.  1. 

VI. 

Def.  1. 

V.  21. 

VT. 

6  and  4. 
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II,  •.•  A  ABE  is  similar  to  A  ¥GL, 

.".  A  ABE  has  to  A  FGL  the  duplicate  ratio  of 
BE  to  GL.  VI.  10. 

So  also,  A  EBC  has  to  a  LGH  the  duplicate  ratio  of 
BE  to  GL.  VI.  19. 

.-.  A  ABE  is  to  A  FGL  as  a  EBC  is  to  A  iG'if.        V.  5. 
Again,  •.*  A  EBC  is  similar  to  A  LGH, 

.:  A  EBC  has  to  A  LGH  the  duplicate  ratio  of 
-EG  to  iJI.  VI.  19. 

So  also,  A  ECD  has  to  A  LHK  the  duplicate  ratio  of 
EC  to  LH.  VI.  19. 

.-.  A  EBC  is  to  A  LGH  as  a  i:CD  is  to  A  LHK.      V.  5. 
But  A  EBC  is  to  A  LGH  as  A  ^li.'/?  is  to  A  FGL. 
.'.  as  A  ABE  is  to  A  FGL  so  is  A  EBC  to  A  iGJS, 
and  i^  ECD  to  A  LHK. 
Now  as  one  of  the  antecedents  is  to  one  of  the  consequents 
80  are  all  the  antecedents  together  to  all   the   consequents 
together,  V.  10. 

and  .".  A  ABE  is  to  a  FGL  as  polygon  ABCDE  is  to  polygon 
FGHKL. 

III.  Since  A  ABE  has  to  A  FGL  the  duplicate  ratio  of 
AB  to  FG,  VI.  19. 

•"•  polygon  ABCDE  has  to  polygon  FGHKL  the  duplicate 
ratio  of  AB  to  FG.  V.  5. 

Q.  E.  D. 

Cob.  I.  In  like  manner  it  may  be  proved,  that  similar 
figures  of  fov.r  or  any  nvviber  of  sides,  are  to  one  another  in 
the  duplicate  ratio  of  their  homologous  sides  :  and  it  has  been 
already  proved  for  triangles,  vi.  19.  Therefore,  universally, 
similar  rectilinear  liguies  are  to  one  another  in  the  duplicate 
ratio  of  their  homologous  sides. 
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Cor.  II.  If  MlSi  be  ;i  tiiird  proportional  10  AL  and  FG, 
AB  has  to  MiV  the  duplicate  ratio  of  AB  to  ¥G,  VI.  Def.  2. 
and  .".  AB  is  to  MiNTas  the  figure  on  AB  to  the  similar  and 
similarly  described  figui'e  on  ¥Q  ;  that  being  true  in  the  case 
of  quadrilaterals  and  polygons,  which  has  been  already  proved 
tor  tvianoles.  VI.  19  Cor. 


Proposition  XXII.     Theorem.     (Eucl.  vi.  31.) 

In  right-anriled  triangles,  the  rectilinear  figure,  described  upon 
the  side  opposite  to  the  right  angle,  is  equal  to  the  similar  and 
similarly  described  figures  uiwn  the  sides  containing  the  right 
angle. 


Let  ABC  be  a  right-angled  A ,  having  the  right  z  BAC. 
Then  must  the  rectilinear  figure,  described  on  BC,  he  equal 
to  the  similar  and  similarly  described  figures  on  BA,  AC. 
Draw  AD  ±  to  BC. 

Then  A  ABC  is  similar  to  A  BBA,  VI.  12. 

and  .'.  BC  is  to  BA  as  BA  is  to  BD,  VI.  4. 

and  .*.  as  BC  is  to  BD  so  is  the  figure  described  on  BC  to 

the  similar  and  similarly  described  figure  on  BA,   VI.  21,  Cor.  2. 

and  .•.  as  BD  is  to  BC  so  is  figure  on  BA  to  figure  on  BC. 

V.  12. 
For  the  same  reason 

as  DC  is  to  BC  so  is  figure  on  ^C  to  figure  on  BC. 
Hence  as  BD,  DC  together  are  to  BC  so  are  figures  on  BA, 
AC  together  to  figure  on  BC.  V.  22. 

But  BD,  DC  together  are  equal  to  BC,  and 
.'.  figures  on  BA.  AC  together  =  figure  on  BC.  V.  18. 
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NoTK. — The    Proposition   which   follows  is    not  given    by 
Euclid,  but  is  necessary  to  the  proof  of  Prop.  xxiv. 


Proposition  XXIII.     Thkorem. 

If  two  rectilinear  figures  he  equal  and  also  ■fvmilar,  tJievr 
homologous  sides  must  be  equal,  each  to  each. 


Let  the  lectil.  fi'^'^.  ATiCDE,  FGHKL  be  equal  and  similar, 
and  let  DC  and  KH  be  homologous  sides  of  the  figures. 

Then  must  DC=KH. 

For,  if  not,  let  DC  bo  greater  than  KH. 
Then  •.•  Z>C  is  to  DE  as  KH  is  to  KL, 

.'.  DE  is  greater  than  KL.  V.  14. 

Hence  if  a  KLH  be  applied  to  A  DEC,  so  that  KH  falls  on 
DC  nnd  KL  on  DE  (tor  i  HKL  =  l  ODE),  HL  will  fall 
entii-.'ly  williin  2.  DEC, 

.:  A  KLH  is  less  than  A  DEC. 
But  /^  DEC  is  to  A  KLH  as  figure  ABCDE  is  to 
figure  FGHKL,  VI.  21. 

and  figure  ^BCD^=  figure  FGHKL 
.:hDEC=  aKLH,  V.  18. 

or  the  greater  =  the  less,  which  is  impossible. 
.•.  DC  is  not  greater  than  KH. 
Similarly  it  may  be  shown  that  DC  is  not  less  than  KH. 
.-.  DC=KH. 

0.  E.  D. 
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Proposition  XXIV.     (Eucl.  vi.  22.) 

If  four  straight  lines  be  proportionals,  the  similar  recti 
linear  figures  similarly  described  upon  them  must  also  be  "pro- 
portionals. 


N 

Let  the  four  straight  lines  AB^  CD,  EF,  GH  be  propor- 
tionals, that  is,  AB  to  CD  as  BF  is  to  GH  ; 

and  upon  AB,  CD  let  the  similar  rectilinear  figures  KAB, 
LCD  be  similarly  described ;  and  upon  EF,  GH  the  similar 
rectilinear  figures  AIF,  NH  in  like  manner. 

Then  must  KAB  be  to  LCD  as  MF  is  to  NH. 

To  AB,  CD  take  a  third  proportional  X  and 
to  EF,  GH  take  a  third  proportional  0.  VL  10. 

Then  :•  AB  is  to  CD  as  EF  is  to  GH, 

.:  CD  is  to  X    as  GH  is  to  0,  V.  5. 

and  .-.  AB  is  to  X    as  EF  is  to  O.  V.  21. 

But  as  AB  is  to  X    so  is  KAB  to  LCD,  VI.  21,  Cor.  2. 
and  as  EF  is  to  0    so  is  MF    to  NH.     VI.  21,  Cor.  2. 
/.  £:.45  is  to  LCD  as  3Ii^  is  to  NH.  V.  5. 
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And  Conversply, 

If  the  »imilar  fifinres,  similarly  described  on  four  straight 
lines,  be  jyroportionals,  those  straight  lines  micst  be  proportionals. 

The  same  construction  beinjj  made, 

let  KAB  be  to  LCD  as  MF  is  to  XH, 

then  miist  A  B  be  to  CD  as  EF  is  to  GH. 

Make  as  AB  to  CD  so  EF  to  PR,  VI.  11. 

and  on  PR  describe  the  rectilinear  figure  SR,  similar  and  simi- 
larly situated  to  either  of  the  figures  MF,  NH.  VI.  18. 

Then,  by  the  first  part  of  the  proposition, 

KAB  is  to  LCD  as  MF  is  to  SR. 

But  KAB  is  to  LCD  as  Mi'  is  to  NH.  Hyp. 

.-.  SR^yH,  V.  8. 

Also,  SR  and  iVif  are  similar  and  similarly  situated, 

ajxd..PR=^GH.  VI.  23. 

N3W  AB  is  to  CD  as  jE;i;'  is  to  PR, 

asxc  .:  A£  ia  U>  CD  t\a  EF  in  to  {rH.  V.  6. 

^a.  D. 
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Proposition  XXV.     Theoiiem.     (Eucl.  vi.  33.) 

In  equal  circles,  angles,  whether  at  the  centres  or  the  circrtm- 
ferences,  have  to  one  another  the  same  ratio  as  tlie  arcs  which 
subtend  them ;  and  so  also  have  the  sectors. 


In  the  equal  ©s  ABO,  DEF  let  the  z  s  BGC,  EHF  at  the 
centres,  and  the  i  s  BAC,  EDF  at  the  circumferences,  be  sub- 
tended by  the  arcs  BC,  EF. 

Then  L   l  BGU  must  be  to  ^  EHF  as  arc  BC  is  to  arc  EF. 

Take  any  number  of  arcs  CK,  KL,  e:\ch=Ba 
and  any  number  of  arcs  FM,  MN,  NB  each= J^'i?, 
Then  •.•  arcs  BC,  OK,  KL  are  all  eijual, 

.-.  z  s  BGC,  CGK,  KGL  are  all  equal.  in.  27. 

.■- 1  BGL  is  the  same  multiple  of  z  BGC  that 
arc  BL  is  of  arc  BC. 

So  also,  I  EHR  is  the  same  multiple  of  i  EHF  that 
arc  ER  is  of  arc  EF. 

And  z  BGL  is  equal   to,  greater   than,   or  less   than 
^FHR, 

according  as  arc  BL  is  equal  to,  greater  than,  or  less  than 

'^^"^  ^^-  III.  27. 

Now  z  BGL  and  arc  BL  are  equimultiplesof  z  BGC  andargi^C, 

and  z  -Si/i^  and  arc  Ei2are equimultiplesof  z  EHFand-drcEF. 

.:  L  BGC  is  to  z  EHF  as  arc  BC  is  to  arc  EF.       V.  Def.  5. 
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W.  L  BAG  must  be  to  l  EDF  as  arc  BC  is  to  arc  EF. 
For  •.•  L  BGC=  twice  l  BAt\  and  i  E II F=  twice  1  EDF, 

III.  -20. 
.♦.  I  BAG  is  to  i  EDF  as  z  BGG  is  to  l  ElIF,  V.  1 1. 

ami  .-.  I  BA(.'  is  to  l  EDF  as  arc  BG  is  to  arc  EF.  V".  5. 

III.  Sector  BGG  must  be  to  sector  EHF  as  arc  BG  is  to 
arc  EF. 

For  sectors  BGG,  GGK,  KGL  are  all  equal,       III.  26,  Cor. 
and  sectors  EHF,  FHM,  MHN,  NUR,  are  all  equal, 

III.  26,  Cor. 
.'.  sector  BGL  is  the  same  multiple  of  sector  BGG  that 
arc  BL  is  of  arc  BG, 

and  i^ector  EUR  is  the  same  multiple  of  sector  EHF  that 
arc  EB  is  of  arc  EF  ; 

al.<o,  sector  BGL  is  equal  to,  greater  than  or  less  than 
sector  ElIR,  according  as 

arc  BL  is  equal  to,  <,rreater  tlian,  or  less  than  arc  ER,  III.  26. 
and  .'.  sector  BGG  is  to  sector  EHF  as  arc  BG  is  to  arc  EF. 

Q.  K.  D. 

Cor.  In  the  same  circle,  angles,  whether  at  the  centres  m 
the  circumferences,  have  the  same  ratio  as  the  arcs  whicli  sub- 
tcc'J  them ;  and  so  also  have  the  sectors. 
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Proposition  B.     Thkou'em. 


//  an  angle  of  a  triangle  he  hmded  by  a  straight  line,  which 
liketvise,  cuts  the  base  ;  the  rectangle,  contained  by  the  sides  of 
the  triangle,  is  equal  to  the  rectangle,  contained  by  the  segments 
of  the  hose,  togetlier  with  the  square  on  the  line  bisecting  the 
angle. 


Let  z  BAC  of  the  a  ABO  be  bisected  by  the  st.  line  AD. 

Tlien  reel.  BA,  AG  =  red.  BD,  DC  together  with  sq.  on  AD. 

Describe  the  i  ABC  ahout  the  A,  III.  b.  p.  135. 

produce  AD  to  meet  the  Oce  in  E,  and  join  EC. 

Then  •.•  /  BAD  =  z  CAE,  Hyp. 

and  /.  ABD  =  t  AEC,  in  the  same  segment,  III.  21. 

.*.  A  ABD  is  equiangidar  to  A  AEG.  I.  32. 

/.  BA  is  to  AD  as  EA  is  to  AG.  VI.  4. 

/.  Beet  BA,  AC=Tect.  EA.  AD,  VI.  16. 

=rect.  ED,  DA  together  with  sq.  on  AD. 

II.  3. 

«=rect.  BI>,  DC  together  with  sq.  on  AD. 

III.  35 

\i.  E.  B. 
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Proposition  C.     Trkorkm. 


If  from,  any  angle  of  a  triangle  a  straight  line  be  dravm  pev' 
pcndicular  to  the  base,  the  rectangle,  contained  by  the  ddcs  of 
the  triangle,  is  equal  to  the  rectangle,  contained  by  the  per- 
pendicular and  tlie  diameter  of  the  circle  described  about  the 
triangU. 


Let  ABChe&A,a\id  AD  tliexfrom  A  to  BC. 

Describe  the  ®  ADC  about  the  A  ABC,  III.  B. 

draw  the  diameter  AE,  and  join  EC. 
Then  must  rect.  DA,  AC  =  rect.  EA,  AD. 

For  •,•  rt.  L  DDA  —  l  EC  A,  in  a  semicircle,  III.  31. 

and  L  ADD  =  l  AEC,  in  the  same  segment,  III.  21. 

,'.  A  ABB  is  equiangular  to  the  a  AEG.  I.  32. 

.-.  BA  is  to  AD  as  EA  is  to  AC,  VI.  4. 

and  .-.  rect.  BA,  JC=rect.  EA,  AD.  VI.  IG. 

Q.  E.  D. 

Ex.  1.  $hew  tliat  the  rectangle  contained  by  the  two  sides; 
can. never  be  less  than  twice  the  triangle. 

Ex.  2.  ABC\%  a  triangle,  and  AM  the  perpendicular  upon 
BC,  and  V  any  point  in  BC ;  if  O,  0'  be  the  centres  of  the 
circled  described  about  ABP,  ACP,  the  rectangle  AP,  BO 
is  double  of  the  rectangle  of  AM,  OCy. 

Ex.  3.  A  bisector  of  an  angle  of  a  triangle  is  produced  to 
meet  the  circumscribed  circle.  Prove  that  the  rectangle,  con- 
tained by  this  uholi:"  line  and  ihf  part  of  it  within  the  triangle, 
is  equal  to  the  rectan;ile  contained  by  the  two  sides. 
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Proposition  D.     Theorem. 

The.  rectangle,  contaiiud  by  the  diagonals  of  a  quadrilateral 
inscribed  in  a  circle,  is  equal  to  the  sum  of  the  rectangles,  con- 
tained by  its  opposite  sides. 


Let  ABCD  be  any  quadrilateral  inscribed  in  a  ®. 

Join  AC,  BD. 
TJienrect.  AC,  BD=rect.  AB,  CI)  together  with  rcct. 
Make  I  ABE  =  i  DBC ; 
and  add  to  each  the  /  EBD. 
Then  /  ABD  =  z  CBE  ; 
and  z  BDA  =  z  BCE  in  the  same  segment ; 
.'.  A  ABD  is  equiangular  to  A  BCE, 
.-.  AD  is  to  BD  as  CE  is  to  BG, 
and  .-.  rect.  AD,  BC^rect.  BD,  CE. 
Again,  •.•  z  ABE  =  z  DBC,  by  construction, 

and  z  BAE  =  l  BDC,  in  the  same  segment, 
.*.  A  ABE  is  equiangular  to  A  BCD. 
:.  AB  is  to  AE  as  BD  is  to  CD, 
and  .-.  rect.  AB,  CD = rect.  BD,  AE. 
Hence  rect.  AB,  CD  together  with  rect.  AD,  BC 
=rect.  BD,  AE  together  with  rect.  BD,  CE. 
=rect.  AG,  BD. 


AD,  BG. 

I.  23. 


III.  21. 
1.32. 
VI.  4. 
VI.  16 

III.  21. 

1.32. 

VI.  4. 
VI.  16. 


ILL 


Q.  K.  D. 


Ex.  If  the  diagonals  cut  one  another  at  an  angle  equal  to  one 
thiid  of  a  right  angle,  the  rectangles  contained  by  the  opposite 
sides  are  together  equal  to  four  times  the  qiiadn'lnteral  figure. 
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Proposition  XXVI.     Tiikorem.     (End.  vi.  23.) 

E'luianqular  parallelograms  have  to  one  another  tlie  ratio, 
which  u  campounded  of  the  ratios  0/  their  sides. 


K- 

X- 


Let  ^C  and  CF  be  cquiaut;ularOs,  having  i  BCD  =  z  ECG. 

Then  must  O  AC  have  to  O  CF  the  ratio  compounded  of 
thx  ratios  of  their  sides. 

Let  BC  and  CG  be  placed  in  a  straight  line. 
Then  DC  and  CE  are  also  in  a  straight  line.  I.  14. 

Complete  the  ZZ7  DG,  and  taking  any  st.  lino  K, 

make  as  BC  is  to  CG  so  K  to  L  VI.  11. 

and  make  as  DC  is  to  CE  so  L  to  M.  VI.  11. 

Then  •.•  K  has  to  M  the  ratio  compounded  of  the  ratios  of 
K  to  L  and  L  to  M, 

.-.  K  lias  to  M  the  ratio  compounded  of  the  ratios  of 
the  Bides.  VI.  Def.  3,  p.  2H(). 

Now  BC  is  to  CG  asCJ  AC  is  to  ZZ7  C'il,  VI.  1. 

and  DC  is  to  0^  as  CJ  CH  is  to  O  Ci?",  VI.  I . 

.:  K   iato  L    as  CJ  AC ia  to  CJ  CH,  V.  5. 

and  L     is  to  .U  as  O  Cfl"  is  to  O  CF,  V.  5. 

Hence  K   is  to  M  aa  CJ  AC  is  to  HJ  CF  ;  V.  21. 

and  .•.  ZZ7  uiC  has  to  O  Ci'^  the  ratio  compounded  of  the 
ratios  of  their  sides. 

(i.  E.  D. 
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Proposition  XXVII.     Theorem.     (End.  vi.  24). 

Parallelograms  about  the  diameter  of  any  'parallel ogram  are 
v/milar  to  the  whole  parallelogram  and  to  one  another. 


A 

K 

B 

^r 

\^ 

L 

1 
1 
1 

/\ 

J 

IL  C 


Let  ABCD  be  a  ZZ7,  of  which  the  diameter  is  AC;  and 
AEFG,  FUCK  the  ZZ7s  about  the  diameter. 
Then  'must  these  CDs  he  similar  to  ABCD  and  to  each  other. 
For  •.•  OF  is  ||  to  DC,  :.lAGF=i  ADC,         I.  29. 
and  •.•  EF  .s  ||  to  BC,  .:  l  AEF  =  i  ABC ;        I.  29. 
and  each  of  the  i  s  EFG.  SrD= opposite  z  BAD,  I.  34. 

;md  .-.  L  EFG=  t  BCD.  Ax.  1. 

Thus  the  Os  AEFG,  ABCD  are  equiangular  to  one 
another. 

Again,  •.•  EF  is  |1  to  BG, 

.:  AB  is  to  BC  as  AE  is  to  EF ;  VI.  4. 

and  since  the  opposite  sides  of  the  Cs  are  equal, 

.-.  AB  is  to  AD  as  AE  is  to  AG,  V.  6. 

and  DC  is  to  CB  as  GF  is  to  FE,  V.  6. 

and  CD  is  to  DA  as  FG  is  to  GA.  V.  6. 

Thus  the  sides  of  the  Os  AEFG,  ABCD  about  their  equal 

angles  are  proportional. 

.-.  O  AEFG  is  similar  to  O  ABCD. 
Similarly,  ZZ7  FHCKh  similar  to  CJ  ABCD  ; 

and  .-.  nj  AEFG  is  similar  to  O  i^ITC'/f.     VI.  20, 

Q.  E.  D. 

Ex.  Show  that  each  of  the  complements  of  tlie  parallelogram 
is  a  mean  ]iroportional  between  the  parallelngrnms  about  the 
diameter. 
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Proposition  XXVIII.     Theorem.     (Eucl.  vi.  26.) 

r/  two  similar  parallelograms  hare  a  common,  angle,  and  be 
similarly  situated,  they  arc  about  the  same  diameter. 


Let  the   Os   ABCD,   AEFG    be    similar  and    similarly 
situated,  and  have  /  DAB  coinninn. 

Tlien  must  ABCD  and  AEFG  he  about  the  samie  diameter. 

For,  if  not,  let  ABCD  have  its  diameter,  AHC,  not  in  the 
same  st.  line  v  ith  AF,  tlie  diameter  of  AEFG. 

lA-t  GF  meet  AlIC  in  H,  and  draxv  HK  II  to  AD.        I.  31. 

Then  Os  ABCD,  AKHG,  about  the  same  diameter,  are 

similar.  VI.  27. 

and  .-.  DA  is  to  AB  as  GA  is  to  AK.  VI.  Def  1. 

But  •.•  ABCD,  AEFG  are  similar  Os, 

.-.  DA  is  to  J B  as  GA  is  to  AE. 
Hence  GA  is  to  AK»s  GA  is  to  AE,  V.  5. 

and  .-.  AK^AE,  V.  8. 

the  lcss  =  the  greater,  which  is  iinpussibie. 

.*.  ABCD  and  AKHG  are  not  about  the  same  diameter, 
and.".  ABCD  nnf\  AEFG  must  hiive  their  diameters  in  the 
8;ime  8t.  line,  that  is,  they  are  about  the  Siime  diameter. 

Q.  E.  D. 
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Proposition  XXIX.     Problem.     (Eucl.  vi.  25.^ 

To  describe  a  rectilinear  figvre  which  shall  be  similar  to  one, 
and  equaX  to  another,  given  rectilinear  figure. 


Let  ABC  and  Z)  be  two  given  rectilinear  figures. 

It  is  required  to  describe  a  fii/ure  similar  to  ABC  and  equal 
to  D. 

On  BC  describe  the  CJ  BLEC  equal  to  ABC,  and    I.  45,  Cor. 
on  CE  describe  the  CJ  Cii'FM  equal  to  D,  I.  45,  Cor. 

and  having  /  FCE  =  l  CBL. 
Then  BC  and  CF  are  in  a  straight  line,  I.  29  and  14. 

and  LE  and  EM  are  in  a  straight  line. 
Find  GH,  a  mean  proportional  between  £C'and  CF,    VI.  13. 
and  on  CS  describe  the  rectilinear  figure  KGH,  similar  and 
similarly  situated  to  ABC.  VI.  18. 

Then  :■  BC  is  to  GH  as  GH  is  to  CF. 

.:  as  BC  is  to  CF  so  is  ABC  to  KGH.       VI.  20,  Cor.  2. 

But  as  BC  is  to  CF  so  is  LJ  BE  to  O  EF,  VI.  1. 

and  .-.  as  ABC  is  to  KGH  so  is  CJ  BE  to  C7  EF.        V.  5. 

Now  ABC  is  equal  to  O  BE,  Constr. 

and  .-.  KGH  =0  EF.  V.  14 

But  O  EF=the  figure  D. 

.-.  ^GjS   =D  ;  and  iTGil  is  similar  to  ABC. 
Ilcnce  a  figure  KGH  has  been  described  as  was  required. 

Q.  E,  F 
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Def.  V.  A  strniijht  line  is  said  to  be  cut  in  extv-^nie  aiRl 
mean  ratio,  when  the  whole  is  to  the  greater  segment  as  the 
i^reater  segment  is  to  the  less. 


Proposition  XXX.     Problem.     (Eucl.  vi.  30.) 
To  c?t<  a  straight  line  in  extreme  and  mean  ratio. 


•Let  AB  ho  ino  <;iven  st.  line. 
ft  is  required  to  cut  AB  in  extreme  and  mean  rntio. 
Divide  AB  in  the  pt.  C,  so  that  rect.  AB,  B(J  =  sq.  on  AC. 

U.  11. 
Then  •.•  rfct.  AB,  BC=  sq.  on  AC. 

.:  AB  is  to  AC  lis  AC  is  to  BC,  VI.  17. 

and  .'.  AB  is  cut  in  extreme  and  mean  ratio  in  C.    Def.  5. 

Q.  E.  F. 

Ex.  1.  If  two  diagrnnals  of  a  re^'iilar  pentagon  be  drawn  to 
cut  one  another,  they  cut  one  another  in  extreme  and  mean 
ratio. 

Ex.  2.  If  the  ra<lius  of  a  circle  be  cut  in  extreme  and  mean 
ratio,  the  greater  segment  will  be  equal  to  tie  side  of  a  regular 
decagon  described  in  the  cirda. 
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Proposition  XXXT.     Theorem.     (Eucl.  vi.  32.) 

If  two  triangles,  similarly  situated,  luhifli  have  two  sides 
of  the  one  proportional  to  tivo  sides  of  the  other,  be  joined  at 
one  angle,  so  as  to  have  their  homologous  sides  parallel,  each 
to  each,  the  remaining  sides  must  be  in  a  straight  line. 


Iifit  the  AS  ABC,  DCE  be  similarly  situated,  having  the 
sides  BA,  AC  proportional  to  CD,  DE,  and  let  BA  be  II  to 
CT>,  axvdi  AC  \\  to  DE; 

TJien  must  BC  and  CE  be  in  one  st.  line. 

For  :•  AC  meets  the  \\<=.  BA,  CD, 

:.iBAC=  al  ternate  /.  A  CD.  I.  29. 

And  •.•  CD  meets  the  lis  AC,  DE, 

.:  iACD  =  alternate  z  CDK  I.  29. 

Hence  /.  BAC  =  a  CDE.  Ax.  1. 

Then  •/  BA  is  to  AC  as  CD  is  to  DE,  and  i  BAC  ^  i  CDE, 

.-.  A  ABC  is  equiangular  to  A  DCE.  VI.  6. 

.-.  aACB=  A  DEC ;  VI.  Def.  1. 

and  .: /.  s  ACB,  ACE  together  ^-  is  ACE,  DEC  together, 

=  two  right  angles.         I.  29. 
.*.  50  and  CE  are  in  the  same  st.  line.  .  1.  14 

Q.  E.  V. 
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Miscellaneous  Exercises  on  Book  VL 

1.  Two  common  tangents  to  two  circles  meet  at  A.  If  the 
diameter  of  the  smaller  circle,  the  distance  between  the  centres, 
and  the  diameter  of  the  larger  circle,  be  in  the  ratio  of  1,  2,  3, 
prove  that  the  distance  from  A  to  the  centre  of  each  circle  is 
equal  to  the  diameter  of  that  circle. 

2.  Straight  lines  are  drawn  through  the  angular  points  of  a 
triangle,  parallel  to  the  opposite  sides,  and  through  the  angular 
points  of  the  triangle  thus  formed  straight  lines  are  drawn, 
parallel  to  its  opposite  sides,  and  so  on  ;  show  that  all  these 
trLanglc's  are  similar  to  the  original  triangle,  and  that  any  one 
of  them  has  its  sides  bisected  by  the  angular  points  of  the  pre- 
ceding triangle. 

3.  If  a  point  be  taken  within  an  equilatc  nil  triangle,  the  per- 
pendiculars drawn  from  it  to  the  three  sides  are  together  equal 
to  the  perpendicular  drawn  from  one  of  the  angles  to  the 
opposite  side. 

4.  Upon  AB  as  base  two  triangles  ABC,  ABD  are  described, 
and  a  line  cutting  CA  is  drawn  parallel  to  CD.  From  the 
points  where  this  line  meets  AC,  AD,  lines  are  drawn  to  meet 
CB,  DB,  and  parallel  to  the  base.  Shew  that  these  lines  are 
equal. 

5.  If  0  be  the  centre,  and  AB  the  diameter  of  a  circle,  and 
if  on  the  railius  AO  a  circle  be  described,  then  the  circum- 
ference of  this  circle  will  bisect  any  chord,  drawn  through  it 
from  A  to  meet  the  exterior  circle. 

6.  On  a  given  base  describe  a  triangle,  having  a  given 
vertical  angle,  and  one  of  its  sides  double  of  the  other. 

7.  From  a  point  E  in  the  common  base  of  two  triangles 
ACB,  ADB,  straight  lines  are  drawn  parallel  to  AC,  AD, 
meeting  BC,  BD  in  I  and  Q.  Shew  that  the  lines  joining 
F,  G  and  C,  D  will  be  parallel. 

8.  From  the  angular  points,  of  a  triangle  J  IJV,  stiaight  lincR 
AD,  BE,  CF,  are  drawn  perpendicular  to  the  opposite  sides 
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and  terminated  by  the  circumscribing  circle  ;  if  i  be  the  point 
of  their  intersection,  shew  that  iD,  IjTI,  LF  are  bisected  by 
the  sides  of  the  triangle. 

9.  If  L>  and  E  be  points  in  the  sides  of  a  triangle  ABC, 
such  that  AD  and  AE  are  respectively  the  third  parts  of  AB  and 
AG,  shew  that  BE  and  CD  cut  one  another  in  a  point  of 
quadrisection. 

10.  In  AB,  AC,  two  sides  of  a  triangle,  are  taken  points 
D,  E  ;  AB,  AC  are  pioduced  to  F,  (?,such  that  BF=AD,  and 
CG=AE :  and  BO,  CF^  FG  are  joined,  the  two  former  meet- 
ing in  H.  Show  that  the  triangle  FHG  is  equal  to  the 
triangles  BHC,  ADE  together. 

11.  If  the  angle,  between  the  internal  bisector  of  the  angle 
of  a  triangle  and  the  base,  be  equal  to  the  angle  between  the 
external  bisector  and  the  greater  side  produced,  a  perpen- 
dicular on  this  side  through  the  vertex  will  bisect  the  segment 
of  the  base  between  the  internal  and  external  bisectors. 

12.  Triangles  on  equal  bases  and  between  the  same  parallels 
will  have  equal  areas  cut  off  by  a  line  parallel  to  their  bases. 

13.  From  A,  B,  the  extremities  of  the  diameter  of  a  circle, 
lines  A  CE,  BCD,  are  drawn  through  a  point  C,  on  the  circum- 
ference, to  points  E  and  D,  such  that  EB  and  DA  touch  the 
circle.     Shew  that  ED  is  parallel  to  the  tangent  at  C. 

14.  Draw  a  straight  line  cutting  two  concentric  circles,  so 
that  the  part  of  it  which  is  intercepted  by  the  circumference 
of  the  greater  may  be  four  times  as  great  as  the  part  inter- 
cepted by  the  circumference  of  the  less. 

15.  Shew  how  to  inscribe  a  rectangle  DEFG  in  a  triangle 
ABC,  so  that  the  angles  D,  E  may  be  in  AB,  AC  respectively, 
the  side  FG  coincident  with  the  base,  and  the  area  of  the  rect- 
angle be  equal  to  half  that  of  the  triangle. 

16.  If  the  bisectors  of  the  opposite  angles  A,  C,  of  a  quadri- 
lateral figure  ABCD,  intersect  on  the  diagonal  BD,  then  will 
the  bisectors  of  the  angles  B,  D  meet  on  AC. 

17.  Two  sides  of  a  tjiuulnlateral  described  about  a  circle  arb 
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parallel  ;  if  the  points  of  contact  divide  the  other  two  sides 
j>r(.portioii:illy,  tliey  are  equallj'  incliiifd  to  the  first  two. 

18.  If  two  triangles,  on  the  same  base,  have  their  vertices 
joined  by  a  straii:ht  line,  which  meets  the  base,  or  the  biise 
produced,  shew  that  the  parts  of  this  line,  between  the  vertices 
of  the  triangles  and  the  b;ise,  are  in  the  same  ratio  to  each 
other  as  the  areas  of  the  triangles. 

19.  From  any  point  P,  in  the  circumference  of  a  circle, 
whose  centre  is  0,  perpendiculars  PM,  FN,  are  let  fall  on  two 
radii  OA,  OB,  and  are  produced  both  ways  to  meet  the  cir- 
cumference of  the  circle  in  0,  D,  and  the  straight  lines  OA, 
OB,  in  E,  irrespectively.  Shew  that  the  three  straight  Hits 
CD,  MN,  EF,  are  parallel  to  one  another. 

20.  If  the  angles  B,  C,  of  the  triangle  ABC,  be  respectively 
equal  to  the  angles  D,  E,  of  the  triangle  ADE,  and  the  angles 
/>,  E,  of  the  triangle  ABE,  to  the  angles  D,  C,  of  the  triangle 
ADC,  then  these  pairs  of  triangles  shall  be  respectively  equal 
to  each  otlior  ;  and  if  BE,  CD,  intersect  in  F,  the  triangles 
BED,  CFE,  shall  also  be  similar. 

21.  If,  from  the  extremities  of  the  diameter  of  a  semicircle, 
perpendiculars  be  let  fall  on  any  line  cutting  the  semicircle, 
the  parts  intercepted  between  those  perpendiculars  and  the 
circumference  are  equal. 

22.  In  a  given  circle  place  a  chord,  parallel  to  a  given  chord, 
and  having  a  given  ratio  to  it. 

23.  ABC  is  an  equilateral  triangle.  Through  C  a  line  is 
drawn  at  right  angles  to  AC,  meeting  AB  produced  in  D,  and 
a  line  through  A  parallel  to  BC  in  E.  Through  K,  the  middle 
point  of  AB,  lines  are  drawn  respectively  parallel  to  AE,  AC, 
and  meeting  DE  in  F  and  G.  Prove  that  the  sum  of  the 
squares  on  KG  and  FG  is  equal  to  three  times  the  square 
on  FE. 

24.  Find  .<.  point  in  the  base  of  a  right-angled  triangle  pro- 
duced such  that  the  line  drawn  from  it  to  the  angular  point 
opposite  to  the  base,  shall  be  to  the  base  produced  as  the 
pf  ryiendicular  to  the  base  it?elf. 
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25.  AB  is  a  given  straight  line,  and  D  a  given  point  in  it ; 
it  is  required  to  find  a  point  P,  in  AB  produced,  such  that 
AF  is  to  FB  as  AD  i.s  to  DB. 

26.  If  two  circles  touch  each  other  externally,  and  parallel 
diameters  be  drawn,  the  straight  line,  joining  the  extremities 
of  those  diameters,  will  pass  through  the  point  of  contact. 

27.  If  two  circles  touch  each  other,  and  also  touch  a  straight 
line  ;  the  part  of  the  line,  between  the  points  of  contact,  is  a 
mean  proportional  between  the  diameters  of  the  circles. 

28.  Two  circles  touch  each  other  internally,  the  radius  of 
one  being  treble  that  of  the  other.  Shew  that  a  point  of  tri- 
section  of  any  chord  of  the  larger  circle,  drawn  from  the  point 
of  contact,  is  its  intersection  with  the  circumference  of  the 
smaller  circle. 

29.  If  ABC  be  a  right-angled  triangle,  and  _D  any  point  in 
its  hypotenuse  AB,  determine  by  a  geometrical  construc- 
tion the  point  P,  to  which  AB  must  be  produced,  so  that  PA 
IS  to  PB-as  AT)  is  to  BB. 

30.  If  a  line  touching  two  circles  cut  another  line  joining 
their  centres,  the  segments  of  the  latter  will  be  to  each  other 
as  the  diameters  of  the  circles. 

31.  If  through  the  vertex  of  an  equilateral  triangle  a  per- 
pendicular be  drawn  to  the  side,  meeting  a  perpendicular  to 
the  base,  drawn  from  its  extremity,  the  line,  intercepted 
between  the  vertex  and  the  latter  perpendicular,  is  equal  to 
the  radius  of  the  cii'ctimscribing  circle. 

32.  If  on  the  diagonals  of  a  quadrilateral  as  bases,  parallelo- 
grams be  described,  equal  to  the  quadrilateral,  and  each  con- 
taining an  angle  equal  to  a  given  angle,  find  the  ratio  of  their 
altitudes. 

33.  The  opposite  sides  BA,  CD  of  a  quadrilateral  ABCD, 
which  can  be  inscribed  in  a  circle,  meet,  when  produced,  at  E ; 
F  is  the  point  of  intersection  of  tlie  diagonals,  and  EF  meets 
AD  in  G  ;  prove  that  the  rectangle  EA,  .J  /-  i^  to  the  rectangle 

ED,  DC -A^  AC  is  tor;/). 
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:J4.  If  from  the  extremities  of  the  diameter  of  a  circle 
tiuij^eiits  be  drawn,  auy  other  tanyent  of  the  circle,  terminated 
by  them,  is  so  divided  at  its  point  of  contact,  that  the  radius 
ol  the  circle  is  a  mean  jaoportioual  between  the  segments  ..f 
the  tiinyeut. 

35.  If  the  sides  of  a  triangle,  inscribed  in  the  segment  of  a 
circ!i>,  be  produced  to  meet  lines  drawn  from  the  extremities 
ol  the  base,  forming  with  it  angles  equal  to  tlio  an;'.le  in  the 
segment,  the  rectangle  contained  by  these  lines  v/ill  be  equal 
to  the  square  ou  the  base. 

36.  Describe  a  parallelogram,  which  shall  be  of  a  given 
altitude,  and  equal  and  equiangular  to  a  given  parallelotfram. 

37.  Two  circles  touch  each  other  internally  at  the  point  A, 
and  from  two  points  in  the  line  joining  their  centres  perpen- 
diculars are  drawn,  intersecting  the  outer  circle  in  the  points 
L",  C,  and  the  inner  circle  in  the  points  Z>,  E.  Shew  that  AB 
is  to  JlC  as  AD  is  to  AE. 

38.  Given  of  any  triangle  the  base,  and  the  point,  where  the 
line,  bisecting  the  exterior  vertical  angle,  cuts  the  base  pro- 
duced, find  the  locus  of  the  vertex  of  the  triangle. 

39.  Draw  a  line  from  one  of  the  angles  at  the  base  of  a 
triangle,  so  that  the  part  of  it  cut  oti'  by  a  line  drawn  from  the 
vertex  parallel  to  the  base,  may  have  a  given  ratio  to  the  pan 
cut  oH'  b}'  the  opposite  side. 

40.  Find  the  point  in  the  base  produced  of  aright-angled 
triangle,  from  which  the  line  drawn  to  the  angle  opposite  to 
the  base  shall  have  the  same  ratio  to  the  base  produced,  which 
the  perpendicular  has  to  the  base  itself. 

41.  If  the  centres  A,  B,  of  two  circles  be  joined,  and  P  be 
the  point  in  the  line  AB,  from  which  equal  tangents  can  be 
drawn  to  the  circles  ;  the  tangent  drawn  from  any  point  in  i. 
line,  which  passes  through  P  at  right  angles  to  AB  are  all 
equal. 

42.  Construct  a  triangle,  similar  to  a  given  triangle,  and 
having  its  angular  points  upon  *^^hree  givon  straight  lines,  which 
meet  in  a  point 
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43.  Let  ABCD  be  any  parallelogram,  BD  its  diagonal. 
Then  the  perpendiculars,  from  A  on  BD,  and  from  B  and  D 
upon  AD  and  AB,  shall  all  pass  through  a  point. 

44.  If  a  quadrilateral  be  inscribed  in  a  circle,  its  diagonals 
shall  be  to  one  another  as  the  sums  of  the  rectangles  contained 
by  the  sides  adjacent  to  their  extremities. 

45.  A  square  is  described  on  the  base  of  an  isosceles  triangle, 
remote  from  the  vertex.  Prove  that,  if  the  vertex  be  joined 
to  the  corners  of  the  square,  the  middle  segment  of  the  base 
will  be  to  the  outer  one  in  double  the  ratio  of  the  perpendicular 
jn  the  base  to  the  base. 

46.  The  base  AB  of  an  isosceles  triangle  ABC  is  produced 
both  ways  to  D  and  E,  so  that  the  rectangle  AD,  BE  is 
equal  to  the  square  on  AG.  Shew  that  the  triangles  DAC, 
EBC,  are  similar. 

47.  If  each  of  the  angles  at  the  base  of  an  isosceles  triangle 
be  double  of  the  angle  at  the  vertex,  shew  that  either  side  is  a 
mean  proportional  between  the  perimeter  of  the  triangle,  and 
the  distance  of  the  centre  of  the  inscribed  circle  from  either 
end  of  the  base. 

48.  Prove  that,  if  the  rectangle  contained  by  the  diagonals 
of  a  quadrilateral  be  equal  to  the  sum  of  the  rectangles  con- 
tained by  its  opposite  sides,  the  quadrilateral  may  be  inscribed 
in  a  circle. 

49.  Draw  a  line  parallel  to  one  of  the  sides  of  a  triangle,  so 
that  it  may  be  a  mean  proportional  between  the  segments  into 
which  it  divides  one  of  the  other  sides. 

50.  If  an  equilateral  triangle  be  inscribed  in  a  circle,  and 
the  adjacent  arcs  cut  off  by  two  of  its  sides  be  bisected,  shew 
that  the  line  joining  the  points  of  bisection  wiU  be  trisected  by 
the  sides. 

51.  ABC  is  an  equilateral  triangle,  BG  is  produced  to  D, 
and  CD  is  made  equal  to  BG :  CE  is  drawn  at  right  angles 
to  DCB,  and  at  A  the  angle  CAE  is  made  equal  to  the  angle 
DCA  ;•  DF.   DA   are  drawn.     Shew  that  the  rectangle  DA, 
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CE  is  equ;d  to  the  rectangle  DE,  AC  together  with  the  square 
on  CB. 

52.  Two  straight  lines  AB,  CD,  intersect  in  E.  If  when 
AC,  BD  are  joined,  the  sides  of  the  triangle  ACE,  taken  in 
order,  are  proportional  to  those  of  the  triangle  DBE,  taken  in 
order,  shew  that  ^1,  C,  B,  D,  lie  on  the  circumference  of  the 
■iaiiie  ciicle. 

53.  If  any  triangle  be  inscribed  in  a  circle,  and  from  the 
vertex  a  line  be  drawn  parallel  to  a  tangent  at  either  extremity 
of  the  base,  this  line  will  be  a  fourth  proportional  to  the  base 
and  two  sides. 

54.  If  a  triangle  be  inscribed  in  a  semicircle,  and  a  per- 
pendicular be  drawn  from  any  point  in  the  diameter,  meeting 
one  side,  the  circumference,  and  the  other  side  produced  ;  the 
segments  cut  ott'  will  be  in  continued  proportion. 

55.  If  ABCD  be  any  quadrilateral  figure  inscribed  in  a 
circle,  and  BK,  DL  be  perpendiculars  on  the  diagonal  AC, 
shew  that  BK  is  to  DL  as  the  rectangle  AB,  BC  is  to  the 
rectangle  AD,  DC. 

56.  If  a  rectangular  parallelogram  be  inscribed  in  a  right- 
angled  triangle,  and  they  have  the  right^anglc  common,  the 
rectiingle,  contained  by  the  segments  of  the  hypotenuse,  is 
equal  to  the  sum  of  the  rectangles,  contained  by  the  segments 
of  the  sides  about  the  right  angle. 

57.  If  from  the  vertex  of  an  isosceles  triangle  a  circle  be 
described,  with  a  radius  less  than  one  of  the  equal  sides,  but 
greater  than  the  perpendicular  from  the  vertex  to  the  base, 
the  parts  of  the  base  cut  off  by  it  will  be  equal. 

58.  Through  a  fixed  point  ^  on  a  circle,  a  chord  AB  is 
drawn,  and  produced  to  a  point  Af,  so  that  the  rectangle  con- 
tained by  AB  and  AM  is  constant.     Find  the  locus  of  M. 

59.  Having  given  a  circle  and  a  point,  another  point  may 
be  determined,  such  that  the  segments  of  any  chord  of  the 
circle,  drawn  through  eith<r  point,  shall  .subtend,  at  the  other 
point,  tingles  which  are  either  equal  or  supplementarj'. 
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60.  From  one  angle  of  a  triangle,  perpendiculars  are  dropped 
on  the  external  bisectors  of  the  other  two  angles  ;  prove  that 
the  distance  between  the  feet  of  these  perpemlicnlars  is  equal 
to  half  the  sum  of  the  sides  of  the  triangle. 

61.  A,  B,  P,  Q,  E,  are  five  points  in  the  circumference  oi 
a  circle  ;  j9,  q,  r,  are  the  intersections  of  perpendiculars  of  the 
triangles  ABP,  ABQ,  ABB  respectively ;  prove  that  the 
triangles  PQli,  pqr  are  similar,  equal,  and  siuiiUnly  pLiced. 

62.  AD,  BE,  CF  SLve  perpendiculars  from  the  anguhir  points 
of  a  triangle  on  the  opposite  sides,  intersecting  in  P.  Prove 
that  the  rectangle  AP,  BG  is  equal  to  the  sum  of  the  rectangles 
PE,  A  C  and  PF,  AB. 

63.  ABC  is  a  triangle,  and  AD,  AE,  are  drawn  to  points 
D,  E,  in  the  base,  so  as  to  make  equal  angles  with  AB,  AC, 
respectively.  Shew  that  the  square  ou  AB  is  to  the  square  on 
AC  as  the  rectangle  BD,  BE  is  to  the  rectangle  CD,  CE. 

64.  Find  a  straight  line,  such  that  the  perpendiculars,  let 
fall  upon  it  from  tliree  given  points,  shall  be  in  a  given  ratio 
to  each  other. 

65.  Find    a   fourth    proportional    to    three    given    similar 

triangles. 

ijii.  If  the  sides  of  a  triangle  be  bisected,  and  the  points 
joined  with  the  opposite  angles,  the  joining  lines  shall  divide 
each  other  proportionally,  and  the  triangle,  formed  by  the 
joining  lines,  and  the  remaining  side,  shall  be  equal  to  a  third 
of  the  original  triangle. 

67.  Find  the  locus  of  a  point,  such  that  the  distance  between 
the  feet  of  the  perpendiculars  from  it  upon  two  straight  lines, 
given  in  position,  may  be  constant. 

68.  ABCD  is  a  parallelogram,  AG,  BD  diagonals.  If 
parallel  lines  be  drawn  through  A,  C,  and  also  through  B,  D, 
the  diagonals  of  all  parallelograms  so  formed  will  pass  through 
the  same  point. 

69.  OPQ  is  any  triangle.  OB  bisects  PQ  in  B  ;  PST 
bisects  OR  in  S,  and  cuts  OQ  in  T.     Shew  that  OQ  =  -Wr 
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70.  If  the  side  BC,  of  a  triangle  ABC,  be  bisected  by  a  line, 
which  meets  AB  and  AC,  produced  if  necessary,  in  D  and  E 
respectively,  sliew  that  AE  is  to  EC  as  AD  is  to  DB. 

71.  Two  circles  are  drawn  in  the  same  plane,  havinif  a  com- 
mon centre  C.  If  the  tanj^ent,  at  any  point  P  of  tlie  inner 
circle,  meet  the  outer  in  Q,  and  be  produced  bolli  ways  to 
pdints  A,  B,  such  that  QA.  QB,  are  e;ich  of  them  equal  to  (.J(\ 
the  area  of  the  trian<Tle  CAB  will  be  constant. 

72.  From  P,  a  point  without  a  circle,  whose  centre  is  C, 
two  tangents  PA,  PB,  are  drawn,  and  also  a  line,  meeting  the 
circle  in  D,  and  AB  in  E.  If  CF  be  perpendicular  to  PD, 
then  FD  is  a  mean  pniportional  between  FP  and  FE. 

73.  Three  circles  touch  the  sides  of  a  triangle  ABC  in  the 
points  where  the  inscribi-d  circle  touches  tlaiii,  and  touch 
each  other,  in  the  points  G,  H,  K.  Prove  that  AC,  BlI  and 
CK  meet  in  a  point. 

74.  If  ABC  be  a  right-angled  triangle,  and  EF,  parallel  to 
lie,  the  hypotenuse,  meet  AB,  AC  in  E,  F,  then  EH,  FL, 
AK  being  drawn  perpendicular  to  BC,  shew  that  the  ditl'erence 
of  the  rectangles  CK,  C'if  and  BL,  BK  is  equal  to  the  differ- 
ence of  the  squares  on  AB,  AC. 

75.  From  a  point  A  in  the  circumference  of  a  circle  two 
chords  AB,  AC  are  drawn,  cutting  off  arcs  greater  than  a  quad- 
rant and  less  than  a  semicircle  ;  and  from  the  extremity  B  of 
the  greater  chord,  a  line  BD  is  drawn  in  a  direction  perpendi- 
cular to  that  of  the  diameter  through  ^4,  and  meets  AC  pro 
duced  in  D.     Shew  that  AD  is  to  AB  as  AB  is  to  AC. 

76.  Two  circles  intersect,  and  through  a  point  of  intersection 
two  lines  are  drawn,  terminated  by  the  circumferences  of  both 
circles  ;  one  of  these  lines  remains  fixed,  while  the  other  may 
have  any  pr)sition.  Shew  that  the  locus  of  the  intersection  of 
the  lines  joining  their  extremities  is  a  circle. 

77.  If  the  side  BC  of  an  equilateral  triangle  ABC  be  pro- 
duced to  any  point  D,  and  AD  be  joined,  and  if  a  straight  line 
CE  be  drawn  parallel  to  A  B,  cutting  AD  in  E,  prove  that  the 
square  on  AE'\&  to  the  rect.  DA,  DE  as  the  rect.  CFi.  CB  is  to 
the  square  on  DC 
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78.  In  a  triangle,  right-angled  at  J.,  if  the  side  J-Gbe  double 
of  AB,  the  angle  B  is  more  than  double  the  angle  C. 

79.  From  the  obtuse  angle  of  a  triangle  draw  a  line  to  the 
base,  which  shall  be  a  mean  proportional  between  the  segments, 
into  which  it  divides  the  base. 

80.  AB,  AC  ssG  two  straight  lines,  B  and  C  given  points  in 
the  same  ;  BD  is  drawn  perpendicular  to  AC,  and  DE  per- 
pendicular to  AB  ;  in  like  manner  GF  is  drawn  perpendicular 
to  AB,  and  FG  to  AC.     Shew  that  EG  is  parallel  to  BC. 

81.  AB  is  the  diameter  of  a  circle,  and  CD  a  chord  at  right 
angles  to  it,  E  any  point  in  CD.  If  AE  and  BE  be  drawn 
and  produced  to  cut  the  circle  in  F  and  G,  the  quadrilateral 
FCGD  has  any  two  of  its  adjacent  sides  in  the  same  ratio  as 
the  remaining  two. 

82.  ADEB  is  a  semicircle  ;  AB  the  diameter ;  DF,  EG 
perpendiculars  on  the  diameter  ;  C  the  centre  of  a  circle,  which 
touches  the  semicircle  and  these  perpendiculars  ;  and  CS  is 
drawn  perpendicular  to  the  diameter.  Shew  that  CH  is  a 
mean  proportional  to  AF  and  BG. 

83.  Divide  a  straight  line  in  a  given  ratio,  and  produce  it 
so  that  the  whole  line  thus  produced  shall  be  to  the  part  pro- 
duced in  the  same  ratio  ;  shew  that  the  circle  described  on  the 
line  between  the  two  points  of  section,  as  diameter,  is  such, 
that  if  any  point  of  its  circumference  be  joined  with  the  ex- 
tremities of  the  given  line,  the  straight  lines  so  drawn  shall 
also  be  in  the  given  ratio. 

84.  AB,  CF,  DE,  are  chords  in  a  circle,  intersecting  in  0. 
CE,  -Disjoined  cut  AB  in  G  and  H  respectively.  Shew  that 
the  rectangle  AO,  OB  is  to  the  rectangle  GO,  OH  as  the 
difference  between  AO  and  OB  is  to  the  difference  between 
(?0.and  OH. 

85.  Triangles  on  the  same  base,  and  with  equal  vertical 
angles,  are  to  one  another  as  the  products  of  their  sides. 

86.  A  line  ACBD  is  divided,  so  that  ^C  is  to  CB  as  AD  is 
to  DB.  Shew  that  a  semicircle,  described  on  CD,  is  the  locus 
of  P,  such  that  A  P  is  to  FB  as  Af'  is  to  CB. 
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87.  If  the  two  diawnals  of  a  quadrilateral,  inscribed  in  a 
circle,  be  given,  shew  that  the  quadrilateral  is  greatest,  when 
they  are  at  right  angles. 

88.  ABC  is  a  triangle,  i>,  E,  the  middle  points  of  J[J5,  AL\ 
and  BE,  CD,  meet  in  F  :  a  triantcle  is  drawn,  having  its  .sides 
parallel  to  A  F,  BF,  CF.  Shew  that  the  lines,  joining  its  angular 
points  to  the  middle  points  of  its  opposite  sides,  will  he  parallel 
to  the  sides  of  the  triangle  ABC. 

89.  A  cii-cle  rulls  within  another,  of  twice  its  radius  :  if  P  le 
the  point  of  contact,  and  A  a  given  point  of  the  rolling  circle, 
PA  will  be  constant  in  direction. 

90.  Two  circles  intersect  ;  the  line  AHKB  joining  then- 
centres  A.  B,  meets  them  in  H,  K.  On  AB  is  described  an 
equilateral  triangle  ABC,  whose  sides  ^r,  AC  intersect  the 
circles  in  F,  E.  FE  produced  meets  BA  produced  in  G. 
Shew  that  as  GA  is  to  GK,  so  is  CF  to  CE,  and  so  also  is  Gli 
U>GB. 

91.  If,  in  Euelid's  construction  for  foviuing  a  triangle  ABC, 
with  each  of  the  angles  B  and  C  double  of  the  angle  A,  D  is 
the  point  where  AB  is  divided,  and  AE  is  taken  in  AB  equal 
to  BD,  shew  that  the  area  AEC  is  equal  to  the  are     l>l>C. 

92.  An  isosceles  triangle  has  one  of  its  equal  sides  a  mean 
proportional  between  two  sides  of  another  triangle.  If  the.se 
two  sides  include  the  same  angle  as  the  vertical  angle  of  the 
isosceles  triangle,  shew  that  the  triangles  are  equal. 

93.  Two  triangles  ABC,  BCD,  have  the  side  BC  common, 
the  angles  at  B  equal,  and  the  angles  ACB,  B])C  right  angles. 
Shew  that  the  triangle  ABC  is  to  the  triangle  BCD  as  AB  is 
io  BD. 

94.  Given  the  straight  line  which  is  drawn  from  the  vertex 
of  an  equilateral  triangle  to  a  point  of  trisectiou  of  the  base, 
tind  the  side  of  the  triangle. 

95.  Straight  lines  being  drawn  from  the  angular  pomts  A, 
B,  C,  of  a  triangle  through  any  the  same  point,  so  as  to  cut  the 
opposite  sides  respectively  in  a,  b,  c,  shew  that  the  rectangle 
All,  Be  is  to  the  rectangle  Ac,  Ba  a.s  Cb  i.''  to  ('a 
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96.  ABCD  is  a  quadrilateral  inscribed  in  a  circle,  and  its 
diagonals  intersect  in  F.  Shew  that  the  rectangle  AF,  FD  is  to 
the  rectangle  BF,  FC  as  the  square  on  HD  is  to  the  square 
oni?C. 

07.  ABCD  is  a  quadrilateral  figure  whose  opposite  angles 
are  not  supplemental ;  the  circle  described  about  ABD  cuts 
DC  in  E,  and  the  circle  described  about  BCE  cuts  AE  in  F. 
Shew  that  the  triangle  ABF is  equiangular  to  the  triangle  BCD, 
and  the  triangle  BCF  to  the  triangle  ABD. 

98.  ACB  is  a  triangle  whereof  the  side  AC  is  produced  to 
D  until  CD  is  equal  to  AC;  and  BD  is  joined,  shew  that  if 
any  line  drawn  parallel  to  AB  cuts  the  sides  AC  and  CB,  and 
from  the  points  of  section  lines  be  drawn  parallel  to  DB,  these 
will  meet  AB  in  points  equidistant  from  its  extremities. 

99.  A  and  B  are  fixed  points,  and  AC,  BD  are  perpendi- 
culars ou  CD,  a  given  straight  line  :  the  straight  lines  AD,  BC, 
intersect  in  E,  and  EF  is  drawn  perpendicular  to  CD.  Shew 
that  EF  bisects  the  angle  AFB. 

100.  If  0  be  the  centre  of  a  circle  circumscribed  about  the 
triangle  ABC,  obtuse-angled  at  C,  and  if  in  DC  a  circle  be 
described  meeting  AB  in  D  and  E,  then  either  CD  or  CE  shall 
be  a  mean  proportional  between  the  segments  into  which  they 
respectively  divide  AB. 

101.  The  exterior  angle  CBD  of  the  triangle  ABC  is  bisected 
by  the  line  BE,  which  cuts  the  base  produced  in  E.  Shew  that 
the  square  on  BE,  together  with  the  rectangle  AB,  BC,  is 
equal  to  the  rectangle  AE,  EC. 

102.  ABCD  is  a  quadrilateral  figure  inscribed  in  a  circle ; 
BA,  CD,  are  produced  to  meet  in  P,  and  AD,  BC,  are  pro- 
duced to  meet  in  Q.    Prove  that  PC  is  to  PB  as  QA  is  to  QB. 

Also,  shew  that  half  the  sum  of  the  angles  at  P  and  Q  is 
equal  to  the  complement  of  the  opposite  angle  ABC  of  the 
quadrilateral  figure. 

103.  Having  given  the  vertical  angle,  and  the  ratio  of  the 
sides  containing  it,  and  also  the  diameter  of  the  circumscribing 
circle,  construct  the  triangle. 
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104.  From  tlic  centre  of  a  given  circle  draw  a  straight  line 
to  nit'tt  a  given  tangent  to  the  circle,  so  that  the  segment  of 
the  line  between  the  circle  and  the  tangent  shall  be  any  required 
part  of  the  tangent 

105.  Given  in  any  triangle  the  base,  the  ratio  of  the  sides, 
anrl  the  distance  between  the  points,  in  which  the  internal  and 
external  bisectors  cut  the  base,  construct  the  triangle. 

100.  AB  is  the  diameter  of  a  circle,  D  any  point  in  the 
circumference,  and  C  the  middle  point  of  the  arc  AD.  If  AG, 
AD,  BC,  be  joined,  and  AD  cut  BC  in  E,  the  circle  described 
about  the  triangle  AEB  will  touch  AC,  and  its  diameter  will 
be  a  third  proportional  to  BC  and  AB. 

107.  From  a  given  point  A  a  variable  straight  line  is  drawn, 
meeting  a  tixtd  straight  line  on  P,  and  a  point  Q  is  taken  on 
it  so  that  the  rectangle  AP,  AQ  is  constant.  Find  the  locus 
of  ^. 

108.  On  a  given  base  describe  a  rectangle,  which  shall  be 
equal  to  the  difierence  of  the  square.s  on  two  given  straight 
lines,  any  two  ot  the  three  given  linee  being  together  greater 
than  the  third. 

ion.  If  the  exterior  angles  of  a  triangle  be  bisected  by 
"traight  lines,  forming  another  triangle,  shew  that  the  two 
triangles  cannot  be  similar,  unless  they  be  each  equilateral. 

110.  If  ABC,  A'B'<y  bo  similar  triangles,  and  AB  =  A'C, 
ihesv  the  areas  of  the  triangles  are  as  AC  to  A'B'. 

111.  The  alternate  angles  of  a  regular  hexagon  are  joined : 
shew  that  tiie  area  of  the  hexagon  formed  by  the  intersections 
of  the  joining  lines  is  one-tliird  of  the  original  hexagon. 

112.  A  triangle  is  divided  by  a  straight  line  parallel  to  the 
base  into  two  parts,  the  areas  of  which  are  as  1  to  8  :  how 
does  the  straight  line  divide  the  sides  ? 

113.  The  line  AD  is  divided  into  three  equal  parts  in  the 
points  B  and  C ;  a  circle  is  described  with  B  as  centre  and 
bA  MS  radius,  and  any  circle  cutting  thi.s  is  described  with  D 

IS  centre,     .'^iiew  that  if  a  chord  to  both  the  circles  be  drawn 
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from  A,  through  one  of  the  points  of  intersection,  it  will  be 
bisected  by  this  point. 

114.  ABO  is  an  acute-angled  triangle,   "E  and  ¥  are  the 

middle  points  of  the  sides  AB  and  AG.  Shew  that  a  line 
drawn  from  E,  equal  to  EA.,  to  meet  the  base,  and  another 
from  ¥.,  equal  to  FA,  also  to  meet  it,  will  intersect  the  base 
at  the  same  point. 

Hence  explain  how,  by  folding  a  piece  of  paper  such  as  the 
triangle  ABC,  it  may  be  shewn  that  the  three  angles  of  a 
triangle  are  equal  to  two  riglit  angles. 

115.  A  line  AB  is  divided  into  any  two  parts  in  C,  and  on 
the  whole  line,  and  on  the  two  parts  of  it,  similar  isosceles 
triangles,  ADB,  ACE,  BCF,  are  described,  the  two  latter 
being  on  the  same  side  of  the  line,  and  the  former  on  the 
opposite  side  ;  if  G,  H,  K,  be  the  centres  of  the  circles  in- 
scribed in  these  triangles,  prove  that  the  angles  AGH,  BGK 
are  equal  respectively  to  ADC,  BDC,  and  that  GH  is  equal 
to  GK. 

116.  Within  a  circle,  whose  diameter  is  ^B,  another  circle 
is  inscribed,  touching  the  outer  circle  in  A,  and  passing 
through  its  centre  0.  From  a  point  iV",  in  AB.  it  line  1S!QF  is 
drawn,  meeting  the  inner  circle  in  Q,  and  the  outer  circle  in 
P,  ^iV"  being  equal  to  one-sixth  of  AB.  Prove  that  the  dupli- 
cate ratio  of  NQ  to  NP  is  equal  to  the  ratio  of  2  to  5. 

117.  Describe  a  square,  which  shall  be  equal  to  the  sum  of 
a  given  square  and  a  given  rectangle,  a  side  of  the  given  square 
being  greater  than  half  the  ditference  of  the  two  sides  contain- 
ing the  rectangle. 


BOOK   XI. 

INTRODUCTORY  REMARKS. 

In  Book  I.  Def.  7.,  it  is  laid  down  that  a  Plane  Surface  is 
one  in  which,  if  any  two  points  be  taken,  the  straight  line  be- 
tween them  lies  whollj'  in  that  surface. 

This  definition  should  be  extended  by  the  addition  of  the 
followinor  words,  and  if  thf,  straight  line  be  produced,  every  point 
in  the  part  produced  iclll  lie  in  the  plane. 

Euclid  professes  to  prove  this  in  the  first  Proposition  of 
Book  XI.,  which  is  thus  enunciated  :  "  one  part  of  a  straight 
line  cannot  be  in  a  plane,  and  another  part  out  of  the  plane." 

But  this  has  been  assumed  ag-.iin  and  again  in  the  proofs  of 
earlier  propositions  ;  thus,  for  exaiuple,  we  have  called  a  circle 
A  plane,  figure,  and  having  drawn  any  radius  to  a  circle  we  have 
a.ssumed  that  the  radius,  produced  within  the  circumference, 
will  meet  the  circnmference. 

From  the  extended  definition  of  a  Plane  Surface  it  follows 
that  a  straight  line,  which  meets  a  plane,  nmst  either  lie 
entirely  in  that  plane,  or  meet  it  in  one  point  only  ;  for  if  it 
met  the  plane  in  two  points,  it  would  lie  entirely  in  the  plane. 

The  Definitions  given  at  the  commencement  of  Book  xi. 
relate  partly  to  Plane  Surfaces  and  partly  to  Solid  Figures. 
By  a  slight  change  in  the  order  in  which  they  stand  in  tbe 
Greek  text,  we  obtain  the  advantage  of  arranging  them  in 
«ccordauce  with  this  twofold  division. 

Definitions. 

Relating  to  Plane  Surfaces. 

I.  A  Plane  Surface  is  one  in  which,  if  any  two  points  be 
taken,  the  straight  line  between  them  lies  wholly  in  that  sui^ 
face  ;  and  if  the  straight  line  be  produced,  every  point  in  the 
port  produced  will  lie  in  the  plane. 
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II.  When  a  straight  line  is  at  right  an,e;les  to  evtry  straight 
line  in  a  plane  which  meets  it,  it  is  said  to  be  perpendicular  to 
the  plane. 

Note.—  It  will  be  shown  in  Prop.  rv.  that  when  a  straight 
line  is  at  right  angles  to  each  of  two  other  straight  lines  in 
a  plane,  which  meet  it,  it  is  at  right  angles  to  every  other 
straight  line  in  the  plane  which  meets  it. 

III.  A  plane  is  perpendicular  to  a  plane,  when  the  straight 
lines,  di-awn  in  one  of  the  planes  perpendicular  to  the  common 
section  of  the  two  planes,  are  perpendicular  to  the  other  plane. 

IV.  The  inclination  of  a  straight  line  to  a  plane  is  the  acute 
angle,  contained  by  that  straight  line  and  another,  drawn 
from  the  point  at  which  the  first  line  meets  the  plane,  to  the 
point  at  which  a  perpendicular  to  the  plane,  drawn  from  any 
point  of  the  first  line  above  the  plane,  meets  the  same  plane, 

V.  The  inclination  of  a  plane  to  a  plane  is  the  acute  angle, 
contained  by  two  straight  lines,  drawn  from  any  the  same 
point  of  their  common  section,  at  right  angles  to  it,  one  in  one 
plane,  and  the  other  in  the  other  plane. 

VI.  Two  planes  are  said  to  have  the  same  inclination  to  one 
another,  which  two  other  planes  have,  when  the  said  angles  of 
inclination  are  equal  to  one  another. 

VII.  Parallel  planes  are  such  as  do  not  meet  one  another 
though  produced. 

Relating  to  Solid  Figures. 

VIII.  A  Solid  is  that  which  has  length,  breadth,  and  thick- 
ness. 

IX.  That  which  bounds  a  solid  is  a  superficies. 

X.  A  Solid  Angle  is  that,  which  is  made  by  the  meeting  of 
more  than  two  plane  angles,  which  are  not  in  the  same  plane, 
at  one  point. 
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Definitions  I.  to  X.  are  all  that  are  required  in  the  part  of 
Book  XI.  included  in  this  work.  Those  which  follow  are 
necessary  to  the  explanation  of  some  of  the  terms,  which  will 
be  fauiid  in  the  Exercises  and  Examination  Papers. 

XI.  Similar  solid  figures  are  such,  as  have  all  their  solid 
angles  equal,  each  to  each,  and  are  contained  by  the  same 
number  of  similar  planes. 

XII.  A  Pyramid  is  a  solid  figure,  contained  by  planes,  which 
are  constructed  between  one  plane  and  one  point  above  it,  at 
which  they  meet. 

XIII.  A  Prism  is  a  solid  figure,  contained  by  plane  figures, 
of  which  two  that  are  opposite  are  equal,  similar,  and  parallel 
to  one  another  ;  and  the  others  are  parallelograms. 

XIV.  A  Sphere  is  a  solid  figure,  described  by  the  revolution 
of  a  .semicircle  about  its  diameter,  which  remains  fixed. 

XV.  The  Axis  of  a  Sphere  is  the  fixed  straight  line,  about 
which  the  semicircle  revolves. 

XVI.  The  Centre  of  a  Sphere  is  the  same  with  that  of  the 
semicircle. 

XVII.  The  Diameter  of  a  Sphere  is  any  straight  line,  which 
passes  through  the  centre,  and  is  terminated  both  ways  by  the 
superficies  of  the  sphere. 

XVIII.  A  Cone  is  a  solid  figure,  described  by  the  revolution 
of  a  right-angled  triangle  about  one  of  the  sides  containing  the 
right  angle,  which  side  remains  fixed.  If  the  fixed  side  be 
equal  to  the  other  side  containing  the  right  angle,  the  cone  is 
called  a  right-angled  cone  ;  if  it  be  less  than  the  other  side,  an 
obtuse-angled  cone  ;  and  if  greater,  an  acute-angled  cone. 

XIX.  The  Axis  of  a  Cone  ia  the  fixed  straight  liae,  about 
which  the  tri;ingle  revolves. 
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XX.  The  Base  of  a  Cone  is  the  circle,  described  by  that  side, 
containing  the  right  angle,  which  revolves. 

XXI.  A  Cylinder  is  a  solid  iigure,  described  by  the  revolu- 
tion of  a  rectangle  about  one  of  its  sides,  which  remains  fixed. 

XXII.  The  Axis  of  a  Cylinder  is  the  fixed  straight  Ime  about 
which  the  rectangle  revolves. 

XXIII.  The  Bases  of  a  Cylinder  are  the  circles,  described  by 
the  two  revolving  opposite  sides  of  the  rectangle. 

XXIV.  Similar  cones  and  cylinders  are  those  which  have 
their  axes  and  the  diameters  of  their  bases  proportionals. 

XXV.  A  Cube   is  a  solid  figure,  contained  by  six  equal 
squares. 

XXVI.  A  Tetrahedron  is  a  solid  figure,  contained  by  four 
equal  and  equilateral  triangles. 

XXVII.  An  Octahedron  is  a  solid  figure,  contained  by  eight 
equal  and  equilateral  triangles. 

XXVIII.  A  Dodecahedron  is  a  solid  figure,  contained  by 
twelve  equal  pentagons,  which  are  equilateral  and  equiangular. 

XXIX.  An  Icosahedron  is  a  solid  figure,  contained  by  twenty 
equal  and  equilateral  triangles. 

XXX.  A  Parallelepiped  is  a  solid  figure,  contained  by  six 
quadrilateral  figures,  of  which  every  opposite  two  are  parallel. 

Postulate. 
Let  it  be  granted  that  a  piano,  may  be  made  to  pass  through 
any  given  straight  line. 
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Proposition  I.    Theorem.    (Eucl.  xi.  2.) 

If  two  straight  lines  meet  one  another,  a  'plane  can  be  drawn 
(o  contain  both ;  and  every  plane  containing  both  rmist  coincide 
mlh  the  aforesaid  plane. 


h-Q 


Let  the  two  St.  lines  AC,  BO  raeet  in  C. 

Then  a  plane  can  be  draton  to  contain  AG  and  BC. 
Let  any  plane  EF  be  drawn  to  contain  AC,  Post. 

and  let  EF  be  turned  about  AC  till  it  pa.ss  through  B. 
Then  •.•  B  and  C  are  points  in  the  plane  EF, 

.:  BC  lies  in  the  plane  EF.  XI.  Def.  1. 

ilso,  any  jlane  containing  AC  and  BC  must  coincide  ivith  EF. 
For  let  Q  be  any  point  iu  a  plane  containino;  AC  and  BC. 
Draw  QMN  in  this  plane  to  cut  BC,  AC  in  M  and  N. 
Then  '.•  M  and  N  are  points  in  the  plane  EF, 

.'.  Q  is  a  point  in  the  plane  EF.  XI.  Def.  1. 

Similarly,  any  point  in  a  plane  containing  AC,  BC  must  lie 
taEF; 

and  .•.  any  plane  containing  AC,  BC  must  coincide  with  EF. 

Q.  E.  D. 


Cor.  T.  Hence  it  fnllmrs  that  a  plan"  is  completely  determined 
by  the  condition  that  it  ^jfusses  through  two  intersecting  itraight 
lines. 


3iJ;  EUCLID'S  ELEMENTS.  [Book  XL 

Cor.  II.  A  siraight  line  anda point  without  the  line  determine 
a  plane. 


Let  AB  be  a  straight  line,  and  (7  a  point  wiiihout  AB, 
Draw  the  st.  line  CD  to  any  point  i)  in  AB. 
Then  one  plane  can  be  drawn  to  contain  AB  and  CD.       XI.  1. 

.'.  one AB  and  G. 

Again,  any  plane  containing  AB  must  contain  D, 

.'.  any  plane  containing  AB  and  G  must  contain  CD  also. 
But  there  is  only  one  plane  that  can  contain  AB  and  QD, 

:.  there  is  only  one  plane    AB  and  C. 

Hence  the  plane  is  completely  determined. 

Cor.  III.  T}vree  points,  not  in  the  same  straight  line,  determine 
a  plane. 

For  let  A,  B,  G  be  three  such  points  (fig.  Cor.  2). 
Draw  the  straight  line  AB. 

Then  a  plane,  which  contains  A,  B  and  G,  must  contain  AB 
and  G, 

and  a  plane,  which  contains  AB  and  G,  must  contain  A,  B,  C. 
Now  AB  and  G  are  contained  by  one  plane,  and  one  only, 

Cor.  k 
.'.  A,  B,  G  are  contained  by  one  plane,  and  one  only. 
Hence  the  plane  is  completely  determined 

Cor.  IV.  Tioo  parallel  lines  determine  a  plane. 

For,  by  the  definition  of  parallel  lines,  the  two  lines  are  in 
the  same  plane,  and  as  only  one  plane  can  be  drawn  to  contain 
one  of  the  lines  and  any  point  in  the  other  line,  it  follows  that 
only  one  plane  can  be  drawn  to  contain  both  lines. 
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Proposition  II.     Theorem.    (End.  xi.  3.) 

If  two  planes  cut  one  another,  their  common  section  mwt  b« 
a  straight  line. 

A 


Let  AB  and  CD  be  two  planes  that  cut  one  another. 
Tlien  must  their  common  section  be  a  straight  line. 

Let  M  aud  N  he  two  points  common  to  botli  planes. 

Draw  the  straight  line  MN. 

Then  •.•  if  and  iVare  coiumou  to  both  pl.ines, 

.•.  the  St.  line  ilfjVlies  in  both  pianos.  XI.  Def.  1. 

A  lid  no  point,  out  of  this  line,  can  be  common  to  both  planes. 

For,  if  it  be  possible,  let  P  be  such  a  point. 

But  there  can  be  but  one  plane  common  to  the  point  P  and 
the  St.  line  MN.  XI.  1,  Cor.  2. 

.*.  P  is  not  common  to  hnfh  planes. 

Hence  every  point  in  the  common  section  of  the  planes  lies 
in  the  Straight  line  MJN. 

Q.  E.  D. 

Note. — The  Propositions  which  follow  are  nnnibered  as  in 
Riiclid- 
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Proposition  IV.     Theorem. 

If  a  straight  line  stand  at  right  angles  to  each  of  two  straight 
hues,  at  the  point  of  their  intersection,  it  'iuust  also  be  at  right 
angles  to  the  plane^that  passes  through  them. 


Let  the  St.  line  £JF  be  ±  to  each  of  the  st.  lines  AB,  CD, 
at  E,  the  pt.  of  their  intersection. 

Then  tmist  EF  be±to  the  plane  passing  through  AB,  CD. 

Make  AE,  EB,  CE,  ED,  all  equal  to  one  another, 
and  through  E,  draw,  in  the  plane  in  which  AB,  CD  are, 
any  st.  line  GEH,  and  join  AD,  CB. 

Take  any  pt.  F,  in  EF,  and  join  FA,  FG,  FD,  FC,  FH,  FB. 
Then  in  as  AED,  BEC, 

:•  AE=BE,  and  DE=CE,  and  i  AED^  i  BEC,  I.  15. 
.-.  AD=BC,  and  /.  DAE=  i  CBE,  I.  4. 

Then  in  A  s  AEG,  BEH, 

:■  L  AEG  =  L  BEH,  and  z  GAE  =  i  HBE,  and  AE=BE, 
.:  GE=HE,  and  AG^BE.  I.  B.  p.  17 

Then  in  AsAEF,BEF, 
:•  AE  =  BE.  and  EF  is  couiuion,  i.nd  rt.  z  AEF=  rt.  t  FEE 
.  .  AF=BF.  I.  4 
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So  also,  L'F=DF 
Then  in  As  AI>F,  BCF, 
:■  AD=BC,imdAF=BF,ixndDF=CF 

.:  L  DAF  =  I  CBF.  I.  g  p.  18. 

Again,  in  A&  AFG,  BFH, 

:•  AF=BF,  and  AG=BH,  and  l  FAG=  t  FBH, 

.-.  FG=FH.  I.  4. 

Then  in  A&  FEG,  FEE, 

•••  QE=HE,  and  £i^  is  common,  and  FG=FH, 

.:  L  FEG  =  I  FEE.  I.  c. 

.-.  EF\s,  ±toGE. 

In  like  mtuiner  it  may  be  shown  tliat  EF  is  x  to  every  st. 
line  which  meets  it  in  the  plane  passing  through  AB,  CD. 
.'.  jgi^  is  X  to  the  plane,  in  which  AB,  CD  are.  XI.  Def.  2. 

<»■  a.D. 
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Proposttton  v.     Theorem. 

If  three  straight  lives  meet  all  at  one  -point,  and  a  straight 
line  stand  at  right  angles  to  each  of  them  at  that  point,  the.  three 
straight  lines  must  be  in  one  and  the  same  pla/ne. 


Let  thp  St.  line  AB  bexto  each  of  the  st.  lines  BC,  BD, 
BE,  at  B,  the  pt.  where  they  meet. 

Then  must  BC,  BD,  BE  he  in  one  and  the  same  plane. 

If  not,  let  BD,  BE  he  in  one  plane,  and  BC  without  it,  and 
let  a  plane,  passing  through  AB,  BC,  cut  the  plane,  in  which 
BD  and  BE  are,  in  the  st.  line  BF.  XL  2. 

Then  AB,  BC,  BF  are  all  in  one  plane. 
And  •.•  AB  is±  to  BD  and  BE, 

.-.  AB  is±to  the  plane  in  wliich  BD  and  BE  are,  XL  4. 
and  .-.  ^_B  is±to  BF,  a  st.  line  in  that  plane.        XL  Def.  2. 
Thus  I  ABF  is  a  rt.  z  , 
and  I  ABC  is  a  rt.  /  ;  Hyp 

.-.  z  ABG=  L  ABF, 
the  less  =  the  greater,  which  is  impnssiblp. 

.*.  BC  is  not  without  the  plane,  in  which  BD.  BE  are, 
and  .".  BC,  BD,  BE  are  in  one  and  tlie  same  plane. 

Q.  K.  u. 
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Proposition  VI.     Theorem. 
If  ttco  dralijht  lines  be  at  riyht  angles  to  tlie  same  plane,  they 
mmt  be  parallel  io  one  another. 


I.  11 


Let  the  St.  lines  AB,  CD  be  J.  to  the  same  plane. 

Then  mvM  AB  be  \\  to  CD. 
Let  AB,  CD  meet  tlie  plane  in  the  pts.  B,  D. 
Join  BD,  and  draw  DE  j.  to  BD,  in  tlie  same  plane. 

Make  DE  =  JB,  and  join  BE,  AE,  AD. 
Then  •.•  AB  is  J.  to  the  plane, 

.:  AB  is  J.  to  BD  and  BE,  XI.  Def.  2. 

and  .•.  each  of  the  /.  s  ABD,  ABE  is  a  rt.  z  . 
So  also,  each  of  the  i  s  CDB,  CDF,  is  a  it.  z  . 
Then,  in  as  ABD,  EDB, 
:•  AB  =  ED,  and  BD  is  common,  and  it.  z  ABD=Tt.  L  EDB. 
.:  DA  =  BE.  L4. 

Afpiin,  in  AS  ABE,  EDA, 

:•  AB  =  ED,  and  BE  =  DA,  and  AE  is  common, 

.-.lABE^lEDA.  Lc. 

But  I  ABE  is  a  rt.  z  ; 

■  •.  z  EDA  is  a  rt.z  , 
and  .-.  ED  is  j.  to  AD. 
TI1U.S  ED  is±to  BD,  AD,  CD,  at  the  pt.  where  they  meet, 
and  .-.  BD,  AD,  CD  are  all  in  one  plane.         XI.  5. 
But  AB  Ls  in  the  plane,  in  which  BD  and  AD  are  ;     XI.  1. 
and  .■.  AB,  BD,  CD  are  all  in  one  plane. 
Then  •.•  each  of  the  z  s  ABD,  CDB  is  a  rt.  z  , 

.-.  AB  is  II  to  CD.  I.  28. 

Q.  E.   D. 
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Proposition  VII.     Theorem. 

If  two  straight  lines  be  parallel,  the  straight  line  drawn  from 
any  point  in  the  one  to  any  point  in  the  other,  is  in  the  same 
plane  with  the  parallels. 


Let  AB  and  CD  be  parallel  straight  lines. 
Take  any  pts.  E,  F  in  AB  and  CD. 

Then  must  the  st.  line  joining  E  and  F  be  in  the  sa/me  plane  as 
AB,  CD. 

If  not,  let  it  be  without  the  plane,  as  EGF. 

In  the  plane  ABGD,  in  which  the  parallels  are, 
draw  the  st.  line  EHF  from  E  to  F. 

Then  the  two  st.  lines  EGF,  EHF  enclose  a  space, 
which  is  impossible.  I.  Post.  5. 

.".  the  St.  line  joining  E  and  F  cannot  be  out  of  the  plane, 
in  which  the  parallels  AB.  CD  are. 

.•.  it  is  in  that  plane. 

Q.  E.  D. 

Note. — We  have  proved  this  Propositiou  as  Oor.  X?.  to 
Prop.  L 
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Proposition  VIII.     Theorkm. 

If  two  straight  lines  be  parallel,  and  one  of  them  be  at  right 
atigJcs  to  a  plane,  the  other  must  be  at  right  angles  to  the  saim 
plau*. 


Let  AB,  CD  be  two  ||  st.  lines, 

and  lot  one  of  them,  AB,  be  x  to  a  plane; 

Then  must  CD  be  ±  to  the  same  plane. 

Let  AB,  CD  meet  the  plane  in  the  pts.  B,  D  ;  and  join  BD; 
then  AB,  BD,  CD  are  all  in  one  plane.  XL  7. 

In  the  plane,  to  which  AB  is  ± ,  draw  DB±  to  BD, 

make  DE=AB,  and  join  BE,  AE,  AD. 
Then  •."  AB  is  ±  to  the  plane, 

.-.  each  of  the  i  s  ABD,  ABE  is  a  rt.  i  ;      XI.  Def.  2. 
and  •.•  BD  meets  the  II  st.  lines  AB,  CD, 

.:  L  s  ABD,  CDB  together  =  two  rt.  t  s,  L  29. 

and  .-.  L  CDB  is  a  rt.  z  ,  and  CD  ia  J.  to  BD. 
Then  in  the  As  ABD,  EDB, 

:  AB=ED,  and  BD  is  common,  and  rt.  z  ABD  =  tt.  l  EDB. 
.:  AD=EB.  1.  4. 

Then  in  c,^  ABE,  EDA, 

'.'  AB=ED,  and  AE  is  common,  and  EB=AD. 

.:  L  ABE  =  L  EDA  ;  I.  c 

and  .*.  L  EDA  is  a  rt.  l  . 

Hence  ED  is  x  to  DA,  and  it  is  also  ±  to  BD,  by  constr., 

.•.  ED  is  X  to  the  plane  in  which  DA,  BD  are,   XI.  4. 

and  .-.  ED  is  X  to  DC,  which  is  in  that  plane.     XI.  Def.  2. 
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Hence  CD  is  j.  to  BE. 

Now  GJy  is  ±  to  BB. 

.'.  CD  is  ±  to  the  plane  passing  through Dii',i)l?.     XL4 
.".  CD  is  J.  to  tlie  plane  to  which  AB  is  ± . 

Q.  E.  1>, 


Proposition  IX.     Theorem. 

T^vo  straight  lines,  which  are  each  of  them,  imrallel  to  the  same 
straight  line,  and  not  in  the  same  fhuie  with  it,  a/re  parallel  to 
one  another. 


JH 


li 


Let  AB,  CD  be  each  of  them  1|  to  EF, 
and  not  in  the  same  plane  with  it. 
Then  must  AB  be\\to  CD. 
In  EF  take  any  pt,  G. 
From  G  draw,  in  the  plane  ABEF,  GH  L  to  EF, 

and,  in  the  plane  CDEF,  GK  ±  to  EF.        I.  11. 
Then  •.•  EF  is  j.  to  GH  and  GK, 

.:  EF  is  L  to  the  plane  HGK ;  XI.  4. 

and  •.•  iJi^  is  II  to  AB, 

.:  AB  is  j.  to  the  plane  HGK.  XI.  8. 

So  also  CD  is  J.  to  the  plane  HGK.  XI.  8. 

.-.ABh  i!  to  CD.  XL  6. 


«l.  K  D. 
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Proposition  X.    Tiikorem. 

Ij  two  straight  lines  meeting  one  another  be  parallel  to  two 
others,  that  meet  one  anotfier,  and  are.  not  in  the  same  plane  with 
the  /''r.st  two,  tlie  Jirsl  iwo  and  the  otJwr  trvo  must  contain  equal 


Let  the  two  st.  lines  AB,  BC,  meeting  at  B  in  the  plane  ABC, 
he  II  to  the  st.  lines  DL\  EF,  meeting  at  JS  in  the  plane  DEF. 


Tlien  must  l  ABG  =  z  DEF. 

Make  BA=ED,  and  BC=EF, 

and  join  AD,  BE,  CF,  AC,  DF. 

Then  ■.•  AB  is  =  and  ||  to  DF!, 

.:  AD  is  =  and  ||  to  BE. 

So  also,  CF  is  =  and  ||  to  BE. 

.'.  -4Dis  =  and  ||  to  CF, 

and  .-.  ^C  is  =  and  ||  to  DF. 

Then  in  A  s  ABC,  DEF 

\-  AB  =  DE,  and  BC  =  EF,  and  AC  =  DF, 
,'.  I  ABC  =  L  DEF. 


1.3. 


133. 


Ax.  1  and  XI.  0. 
I.  33. 


I.  c. 


22 
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Proposition  XI.     Theorem. 

To  draw  a  straight  line  perpendicular  to  a  given  plane,  from 
a  given  ^ovat  without  it. 


Let  A  be  the  given  pt.  without  the  plane  BH. 

It  is  required  to  draw  from  A  a  st.  line  ±  to  the  plane  BR. 

In  the  plane,  draw  an}'  st.  line  BG, 

and  from  A  draw  AD±  to  BC.  I.  12. 

Then  if  J D  be  i  to  tlie  plane,  what  was  required  is  done. 
If  not,  from  D  draw,  in  the  plane  BE,  DF±  to  BG.       I.  1 1. 
and  from  A  draw  AF±  to  DB :  I.  12. 

AF  will  bexto  the  plane  BR. 
Through  F,  draw  GH  ||  to  BG.  I.  31. 

Then  •.•  BG  isx  to  both  AD  and  DE, 

.:  BG  is ±  to  the  plane  AFD  ;  XI.  4 

and  GR  is  ||  to  BG, 
.:  GR  is±  to  the  plane  AFD.  XI.  8 

Hence  GR  isi.  to  the  line  AF  in  that  plane  ;    XI.  Def.  2 

and  .-.  AF  is±to  GR. 
Also,  ^J'isxto  DE.  by  construction  ; 

.-.  ^ i^  is  j_  to  the  plane  passing  through  Gfl,D.B,  XL 4 
that  is,  AF  is±  to  the  plane  BR. 
Thus  from  A  a  line  AF  is  drawn  x  to  the  plane  BR. 

Q.  £.  7. 
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Proposition  XII.    Theorem. 

To  erect  a  straight  line  at  right  angles  to  a  given  plane,  fro7it 
a  given  p(yint  in  the  plane. 


B 


7 


Let  A  be  the  given  pt.  iu  the  given  plane. 

It  is  required  to  erect  a  st.  line  from  Ai.to  the  plane. 

Kroui  any  pt.  B,  without  the  plane,  draw  BG±  to  it,  XI.  1 1 . 
and  from  A  .haw  AJJ  II  to  BC.  I.  31. 

Then  •.•  AD,  BC  are  two  ||  st.  lines, 

cf  which  BC  isx  to  the  given  plane, 
.-.  AD  is  J.  to  tht  plane,  XI.  8. 

and  .1  line  has  been  erected  fiom  A  a.  to  the  plane. 

9iS.  f. 


324 


EUCLID'S  ELEMENTS. 


[Book  XI. 


Proposition  XIII.     Theorem. 

From  the  same  point  in  a  given  ji^cune,  there  cannot  be  two 
straight  lines  at  right  angles  to  the  pZanc,  ujwn  the  same  side  of 
it :  and  there  cam  he  hut  one,  perpendicular  to  a  plane  from  a 
point  mithout  ilte  plane. 


B 


If  it  be  possible,  let  two  st.  lines  AB,  J.  C,  be  at  rt.  ^  s  to 
a  given  plane,  from  the  same  pt.  A  in  the  plane,  and  upon  the 
same  side  of  it. 

Let  a  plane  pass  through  AB,  AC:  the  common  section 
of  this  with  the  given  plane,  is  a  st.  line,  passing  through 
A.  XL  2. 

Let  DAE  be  the  common  section  of  the  planes. 
Then  the  st.  lines  AB,  AC,  DAE  are  in  one  plane. 
And  •.•  CA  is  at  rt.  z  s  to  the  given  plane, 

.•.  CA  is  at  rt.  /  s  to  every  st.  line  that  meets  it  in 
that  plane,  XI.  Def.  2. 

and  DAB,  wnich  is  in  that  plane,  meets  it ; 

'.  I  CAE  is  a  rt.  z  . 
So  also,  L  BAEis  a  rt.  z  . 

.•.  I  CAE  =  L  BAE,  in  the  same  plane  ;  which  is  im- 
possible. 

Also,  from  a  pt.,  without  a  plane,  there  can  be  but  one 
perpendicular  to  that  ]ilane  ;  for  if  there  could  be  two,  they 
would  be  parallel  to  one  another  ;  which  is  impossible.       XI.  6. 


Q.   E.    D 
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Proposition  XIV.     Theorem. 

Planes,  to  which  the  same  straight  line  is  perpendicvlar,  are 
parallel  to  one  another. 


Ik 


Let  the  st.  line  AB  be±  to  each  of  the  planea  CD,  EF. 

Then  must  CD  be  parallel  to  EF. 

If  not,  let  them  meet,  and  let  the  st.  line  GH  be  their  com- 
mon section. 

In  GH  take  any  pt.  K,  and  join  AK,  BK. 

Then  •.•  AB  is±  to  the  plane  EF, 

.-.  AB  isxto  BK,  a  st.  line  in  that  plane,    XI.  Def.  2. 

and  .-.  z  A  BK  is  a  rt.  z  . 

So  also,  L  BAK  is  a  rt.  z  . 

Hence  two  z  s  of  the  A  ABK  are  together  =  two  rt.  z  s  : 
which  is  irapo'^.sibl'?  I.  1 7. 

.•.  the  planes  CD,  EF  do  not  ibeet  when  produced. 

and  .-.  Ci)  is  II  to  EF.  XI.  Def.  7. 
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Proposition  XV.     Theorem. 

[f  two  stroAght  lines,  meeting  one  another,  be  jMrallel  to  two 
other  straight  lines,  which  meet  one  another,  but  are  not  in  the 
same  plane  with  the  first  two  ;  the  plane,  which  passes  through 
these,  must  be  parallel  to  the  plane  passing  through  the  others. 


Let  AB,  BG,  two  st.  lines  meeting  one  another,  be  ||  to  DE, 
EF,  which  meet  one  another,  but  are  not  in  the  same  plane 
with  AB,  BC. 

Then  must  the  plane  AC  be  \\  to  the  plane  DF. 

From  B  draw  BG  ±  to  the  plane  DF,  meeting  it  in  G.   XL  1 1. 
Through  G  draw  GH  ||  to  ED,  and  GK  \\  to  EF.  I.  31. 

Then  •.•  BG  is  x  to  the  plane  DF, 

.:  BG  is  X  to  GH  and  GK,  lines  in  that  plane, 

XI.  Def.  2. 
and  .•.  each  of  the  z  s  BGH,  BGK  is  a  rt.  z  . 
Again  •.•  BA  and  GR  are  both  ||  to  ED, 
.:  BA  is  II  to  GH, 
and  .•.  IS  GBA,  BGH  together  =  two  ri.  I  o. 
But  L  BGH  is  a  rt.  ^  . 
.'.  I  GBA  is  a  rt.  z  . 
Hence  GB  is  ±  to  BA  ; 

and  GB  is  ±  to  BC,  for  the  same  reason  ; 

.-.  GB  is  ±  to  the  plane  AC.  XL  4. 

Also,  GB  is  ±  to  the  plane  DF ;  Constr. 

.-.  the  plane  AC  is  ||  to  the  plane  DF.  XL  14. 

Q.  K  D. 


XT.  9. 
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Proposition  XVI.    Thkorem. 

If  two  parallel  planes  be  cut  by  another  plane,  their  common 
uctions  vnih  it  are  paraJld. 


K 


/  I 

/    \ 
/      / 

/       / 


n        /  Ji  I 


Let  the  parallel  planes  AB,  CD  be  cut  by  the  plane  EFHO, 
and  let  their  common  sections  with  it  be  EF,  GH. 
Then  must  EF  be\\to  GH. 

If  they  be  not  ||,  let  them  meet  in  K. 
Then  •.•  EF  is  in  the  plane  AB, 

.'.  X  is  a  point  in  the  plane  AB. 
So  also,  K  is  a  point  in  the  plane  (!L). 

.'.  the  planes  AB,  CD  meet,  if  produced. 
But  they  do  not  meet,  for  they  are  paiallol. 

.'.  EF  i\x\A  GH  do  not  meet,  when  produced. 
And  EF,  GH  are  in  the  same  plane  EFGH. 

*.  iJ-Fisll  to  GH.  J.  Dpf.  26. 

Q.  K.  n. 


XI.  Def.  1. 
XI.  Def.  1. 
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Proposition  XV]  I.     Theorem. 

if  two  straight  lines  be  cut  by  ijarallel  flanes,  they  tnugt  be 
cut  in  the  same  ratio. 


:7 


Let  the  st.  lines  AB,  CD  be  cut  by  the  ||  planes 
GH,  KL,  MN  in  the  pts.  A,E,B,  C,  F,  D. 

Then  must  AE  be  to  EB  as  CF  is  to  FD. 

Join  AC,  BD,  AD. 

Let  AD  meet  the  plane  KL  in  the  pt.  A';  and  join  EX,  XF. 

Then  •."  the  |l  planes  KL,  MN,  are  cut  by  the  plane  EBDX, 

.',  EX  is  II  to  BD.  XL  16. 

And    '  the  ||  planes  GH,  KL,  are  cut  by  the  plane  A  XFG, 

.'.  XF  i^W  to  AC.  XL  16. 

Now  •.•  E2:  is  II  to  BD,  a  side  of  A  ABD, 

.:  AE  is  to  EB  AS  AX  is  to  XD;  VL  2. 

and  •/  XF  is  ||  to  ^C,  a  side  of  A  ADO, 

.\  AX  is  to  XD  as  CF  is  to  FD.  VL  2. 

Hence  AE  is  to  EB  as  CF  is  to  FD.  V.  5. 

^  E.  D. 
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Proposition  XVIII.    Theorkm. 

If  a  straight  line  be  at  right  angles  to  a  plane,  every  plane, 
which  passes  throit/jh  it,  must  be  at  right  angles  to  that  plavA, 


Lot  the  St.  line  AB  be±to  the  plane  CK. 

Then  must  every  plane  2^a-'ising  through  AB  6e  x  fc» 
the]}lnne  CK. 

Let  any  plane  DE  pass  through  AB,  and  let  CE  be  the 
common  section  of  the  planes  DE,  CK. 
Take  any  pt.  F  in  CE. 

In  the  plane  DE  draw  FG±  to  CE.  L  11. 

Then  •.•  AB  is  j.  to  the  plane  CK. 

.'.  AB  isxto  CE,  a  st.  line  in  that  plane  ;   XI.  Def.  2. 
and  .-.  I  ABF  is  a  rt.  z  . 
Now  I  (tFB  is  a  rt.  z  ,  by  construction  ; 

.-.FGisW  to  AB. 
And  ^J5  isxto  the  plane  CK, 
.'.  FG  isxto  the  plane  CK. 
Then  •.•  FG,  a  st.  line  in  the  plane  DE,  drawn  x  to  CE, 
the  common  section  of  DE  and  CK,  is  x  to  CK, 

.-.  the  plane  DE  isx  to  the  plane  CK.  XI.  Def  3. 

So  it  may  be  proved  that  ail  planes,  which  pass  through  AB, 
are  x  to  the  plane  CK. 

Q.  E.  D. 


L  28. 


XLS. 


EUCLIL'^  ELLMj^A'l'^i. 


[Bock  XI. 


Profosition  XIX.     Theorkm. 

Tf  Uvo  planes,  tvhich  cut  one  another,  he  each  of  them  perpen- 
d'kular  to  a  third  plane,  their  common  section  must  beperpen- 
dvyiilur  to  the  same  plane. 


Let  the  two  planes  AB,  BG  be  each  ±  to  a  third  plane,  and 
let  BU  be  the  coniinf)n  section  of  AB  and  BC. 

Then  mud  BD  be  x  to  the  third  plane. 

If  it  be  not,  draw,  in  the  plane  AB,  the  st.  line 
DE  X  to  AD,   the  common  section  of  AB  with  the   third 
plane  ;  I.  11. 

and  draw,  in  the  plane  BC,  the  st.  line  DF  J.  to  DC,  the 
commrm  section  of  BC  with  the  third  plane.  T.  11. 

Then  •.•  the  plane  AB  is±to  the  third  plane, 

and  DE  is  drawn  in  the  plane  ABl.  to  the  common  section, 
.-.  DE  is  ±  to  the  third  plane.  XI.  Def.  3. 

So  also,  DF  is  j.  to  the  third  plane. 

Hence,  from  the  pt.  D,  two  st.  lines  are  drawn  x  to  the  third 
plane,  and  on  the  same  side  of  it;  which  is  impossible.  XI.  13. 

.  ■.  no  other  line  but  BD  G:iii  box  to  the  third  plane  at  D  • 

.'.  BD  isxto  the  third  plane. 

Q.  K.  r;. 
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Proposition  XX.     Thkorem. 
//  a  solid  angle  be  contained  hy  three  plaiie  angles,  any  tvoo  oj 
them  must  he  together  greater  than  tin  third. 


B  JD  C 

I^et  the  polid  l  at  A  be  coiitaineil  by  the  three  plane  l  s 
r.A(\  CAD,  DAB. 

Any  two  of  these  vnist  he  together  girater  than  the  third. 
If  the  I  s  BAG,  CAD,  DAB,  be  all  equal,  any  two  ol  thein 
are  tot;ether  greater  than  the  thinl. 

If  they  are  not  equal,  let  BAi '  he  that  z  ,  which  is  not  less 
than  either  of  the  other  two,  and  is  greater  than  one  of  them, 
DAB. 

At  A,  in  the  plane  passing  throutrh  AB,  AG,  make 
i.BAE=  ^DAB,  1.23. 

and  make  AE=AD,  and  through  i/draw  thest.  line  BEG, 
cutting  AB,  AG,  in  the  pts.  B,  C ;  and  join  DB,  DC. 
Then  in  as  ABD,  ABE, 

:'  AD  =  AE,  and  AB  is  common,  and  i  BAD  —  l  BAE, 
.•.DB  =  BE.  1.4. 

Then  •.•  DB,  DC  together  are  greater  than  BC,  I.  20. 

and  DB=BE,  a  part  oi  BG, 
.*.  DC  is  greater  than  fJG. 
Then  in  as  ADC,  AEG, 

•.'  AD=AE,and  ^6' is  common,  and  £)(?  greater  than  EG 
.:  L  DAG  is  greater  than  t  EAG.  I.  25. 

Also,  by  construction,  L  DAB=  l  BAE, 

.:   IS  DAG,  DAB  together  are  greattr  th:in  z  s  BAE, 
/JJC'ti.gether  ; 
that  is,  I  s  DAG,  DAB  td^elher  ate  greater  than  i  BAG. 
Again,  i.  B.\  C  is  n«.t  it?s  than  eiMier  of  the  /  s  DAG  f>A  B, 
ftnd  .".  i.  BAG  with  either  i>f  them  i?  greater  th.m  the  other. 

Q.  E.   I). 
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Proposition  XXI.     Theorem. 

Every  solid  angle  is  contained  by  plane  angles,  whick  a/r^ 
together  less  than  four  right  angles. 


First,  let  the  solid  /.  at  ^  be  contained  by  three  plane  l  s 
BAG,  QAD,  DAB. 

These  shall  he  together  less  than  four  right  angles. 

Take,  in  each  of  the  st.  lines  AB,  AC,  AD,  any  points 
B,  C,  D,  and  join  BC,  CD,  DB. 

Then  •.•  the  solid  /.  at  B  is  contained  by  the  three  plane 
z  s  CBA,  A  BD.  DBC, 

.-.  z  s  CBA,  ABD  are  together  greater  than  z  DBC.   XI.  20. 
So  also,  z  s  BCA,  ACD  are  together  greater  than  i  BCD, 
and  z  s  CDA,  ADB  are  together  greater  than  z  CDB. 

.'.  the  six  z  s  CBA,  ABD,  BCA,  ACD,  CDA,  ADB  are 
together  greater  than  the  three  z  s  DBC,  BCD,  CDB,  and 
are  .•.  together  greater  than  two  rt.  z  s. 

Again,  •.•  the  three  z  s  of  each  of  the  as  ABC,  ACD,  ADB 
are  together  equal  to  two  rt.  z  s,  I.  32. 

.-.  the  nine  z  s  CBA,  BAC,  ACB,  ACD,  CDA,  DAC,  ADB, 
DBA,  BAD  are  together  equal  to  six  rt.  z  s  ;  and  of  these 
the  six  zs  CBA,  ACB,  ACD,  CDA,  ADB,  DBA,  have 
been  proved  to  be  together  greater  than  two  rt.  z  s, 

and  .-.  the  three  z  s  BAC,  CAD,  DAB,  which  contain  the 
solid  z  at  A,  are  together  less  than  four  rt.  z  s. 
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Next,  let  the  solid  L  at  ^4  be  contained  by  any  numDer  of 
plane  l  s  BAC,  CAD,  DAE,  EAF,  FAB. 

These  must  be  together  le.'^s  than  four  rt  It, 


Tjet  the  planes,  in  which  the  z  s  are,  be  cut  by  a  plane,  and 
le*'  the  common  sections  of  it  with  those  planes  be  BC,  CD, 
DE,  EF,  FB. 

Then  •.•  the  solid  z  at  B  is  contained  by  the  three  plane 
z  s  CBA,  ABF,  FBC,  of  which  any  two  are  together  greater 
than  the  third,  XI.  20. 

.■.IS  CBA,  ABF  dre  together  greater  than  z  FBC. 

So  also,  the  two  plane  z  s  at  each  of  the  pts.  C,  D,  E,  F, 
which  are  at  the  bases  of  the  A  s  having  the  common  vertex  A , 
are  together  greater  than  the  third  i  at  the  same  pt.,  which 
is  one  of  the  z  s  of  the  polygon  BCDEF. 

.:  all  the  z  s  at  the  bases  of  the  A  s  are  together  greater  than 
all  the  z  s  of  the  polygon. 

Now  all  the  z  s  of  the  As  together = twice  as  many  rt.  z  s 
as  there  are  as,  that  is,  as  there  are  sides  in  the  polj'^gon 
bCDEF:  1.32. 

ami  all  the  /.  s  of  the  polygon,  together  with  four  rt.  z  s, 
toget her = twice  as  many  rt.  z  s  as  there  are  sidf.s  in  the 
polygon.  I.  32.  Cor.  1 

.-.  all  the  z  s  of  the  As  together = all  the  z  s  of  the  polygon 
together  with  four  rt.  z  s. 

But  all  the  z  s  at  the  bases  of  the  A  s  have  been  proved  to  be 
together  greater  than  all  the  z  3  of  the  polygon  ; 

.•.  all  the  z  s  .'  the  vertex  A  arc  together  less  than  four  rt.  z  s. 

Q.  E.  D 
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Miscellaneous  Eooercises  on  Boole  XL 

1.  If  two  straight  lines  in  one  plane,  be  equally  inclined  to 
another  plane,  they  will  be  equally  inclined  to  the  common 
section  of  the  two  planes. 

2.  Two  planes  intersect  at  right  angles  in  the  line  AB  ;  from 
a  point  G  in  this  line  are  drawn  C'^  and  OF  in  one  of  the 
planes,  so  that  the  angle  ACU  is  equal  to  ACF.  Shew  that 
CE  and  GF  will  make  equal  angles  with  any  line  through  C  in 
the  other  plane. 

3.  ABG  is  a  triangle  ;  the  perpendiculars  from  A,  B,  on  the 
opposite  sides,  meet  in  D,  and  through  D  is  drawn  a  straight 
line,  perpendicular  to  the  plane  of  the  triangle  ;  if  J5?  be  any 
point  in  this  line,  shew  that  EA,  BG ;  EB,  GA  ;  and  EG,  AB  ; 
are  respectively  perpendicular  to  each  other. 

4.  A  number  of  planes  have  a  common  line  of  intersection : 
what  is  the  locus  of  the  feet  of  perpendiculars  on  them  from  a 
given  point  ? 

5.  Two  perpendiculars  are  let  fall  from  any  point  on  two 
given  planes  :  shew  that  the  angle  between  the  perpendiculars 
will  be  equal  to  the  angle  of  inclination  of  the  planes  to  one 
another. 

6.  If  perpendiculars  AF,  A'F',  be  drawn  to  a  plane  from 
two  points  A,  A',  above  it,  and  a  plane  be  drawn  thi'ough  A 
perpendicular  to  A  A',  its  line  of  intersection  with  the  given 
plane  is  perpendicular  to  FF'. 

7.  Prove  that  equal  straight  lines  drawn  from  a  given  point 
to  a  plane  are  equally  inclined  to  the  plane. 

8.  Prove  that  the  inclination  of  a  plane  to  a  plane  is  equal 
to  the  angle  between  the  perpendiculars  to  the  two  planes. 

9.  From  a  point  above  a  plane  two  straight  lines  are  drawn, 
the  one  at  right  angles  to  the  plane,  the  other  at  right  angles 
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to  u  j^iven  line  in  that  plane  :  shew  that  the  straight  line  join- 
ing the  feet  of  the  perpendiculars  is  at  rij^ht  angles  to  the  given 
line. 

10.  In  how  mauy  ways  may  a  solid  angle  be  formed  with 
equilateral  triangles  and  squares  ? 

11.  Two  planes  are  inclined  to  each  other  at  a  given  angle. 
Cut  them  by  a  third  plane,  so  that  its  intersections  with  the 

iven  planes  shall  be  perpendicular  to  each  other. 

12.  A'B,  AC,  AD,  are  three  given  straight  lines,  at  right 
angles  to  one  another.  AE  \s  drawn  perpendicular  to  CD,  and 
BE  is  joined.     Shew  that  BE  is  perpendicular  to  CD. 

13.  Two  walls  meet  at  any  angle.  Shew  how  to  draw  on 
their  surfaces  the  shortest  line  joining  a  point  on  one  to  a  point 
on  the  other. 

14.  Straight  lines  are  drawn  from  two  points  to  meet  each 
other  in  a  given  plane.  Find  when  their  sum  is  the  least 
possible. 

15.  If  two  parallel  planes  be  cut  by  a  third  plane  in  the 
stniight  lines  AD,  ah,  and  by  a  ftmith  pl:nie  in  the  straight 
lines  AC,  cue  respectively,  the  angle  BAC  will  be  equal  to  the 
angle  hoc. 

16.  If  four  points  be  so  situated,  that  the  distance  between 
each  pair  is  equal  to  the  distance  between  the  other  pair,  prove 
that  the  angles  subtended  at  any  one  point  by  each  pair  of  the 
others  are  together  equal  to  two  right  angles. 

17.  Give  a  geomctricid  construction  for  drawing  a  straight 
line,  which  shall  be  equally  inclined  to  three  straight  lines 
meeting  at  a  point. 

18.  A  triangular  pyramid  stands  on  an  equilateral  base.  The 
angles  at  its  vertex  are  right  angles.  The  square  of  the  per- 
pendicular from  the  vertex  on  the  base  i?  one-third  of  the 
square  on  either  of  the  edges. 
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19.  If  one  of  the  plane  angles,  fonniug  u  solid  augle,  be  a 
fight  angle,  and  the  sum  of  the  other  two  be  equnl  to  two  right 
angles,  and  a  plane  be  drawn,  cutting  off  equal  lengths  from 
the  two  edges,  containing  the  right  angle,  the  sum  of  the 
squares  on  the  three  straight  lines,  subtending  the  plane 
angles,  will  be  double  of  the  squares  on  the  three  edges,  con- 
taining them. 

20.  If  P  be  a  point  in  a  plane,  which  meets  the  containing 
edges  of  a  solid  angle  in  J.,  J5,  0,  and  0  be  the  angular  point, 
shew  that  the  angles  TOA,  FOB,  POC  are  together  greater 
than  half  the  angles  AOB^  BOO,  COA.  togethat. 


BOOK    XII. 

LEMMA. 

If  from  the  greater  of  two  unequal  magnitudes  oj  the  sa/me 
kind  there  be  taken  more  than  its  half,  and  from,  the  remainder 
more  than  its  half,  and  so  on,  there  m,ust  at  length  remain  a 
magnitude  less  than  the  smaller  of  the  proposed  magnitudes. 

Let  A  and  i>  be  two  unequal  magnitudes  of  the  same  kind, 
of  which  A  is  the  greater. 

Then  if  from  A  there  he  taken  more  than  its  half  and  from 
the  rcmaivder  more  than  it?  half,  and  so  on  ;  there  must  at 
length  remain  a  magnitude  less  than  B. 

Take  a  multiple  of  B,  as  mB,  greater  than  A  ;  and  divide  A, 
l)y  the  process  indicated,  taking  from  it  a  magnitude  greater 
than  its  half,  and  from  the  remainder  a  magnitude  greater  than 
its  half,  and  carry  this  process  on  till  there  are  m  divisions, 
and  call  the  parts  successively  taken  away 

C,D,E,  F Z 

Now  mB=B,  B,  B repeated  m  times, 

and  A  is  greater  than  the  sum  of  C,  D,  E,...Z m  in  number. 

Then  Z,  the  last  remainder,  nuist  be  less  than  B. 

For  if  not,  since  each  of  the  preceding  remainders  is  greater 
than  Z,  each  of  them  would  be  greater  than  B,  and  the  sum  of 

C,  D Z  would  therefore  be  greater  than  mB  ;  that  is,  A 

would  be  greater  than  mB,  which  is  contrary  to  the  liypothesia. 
.•.  Z  is  less  than  B. 

Q.  K.  D. 


33S 


EUCLID'S  ELEMENTS. 


FBook  XII. 


Proposition  i.     Theorem. 

iSifQ/ilar  polygons  inscribed  in  circles  are  to  one  anothrr  as  the 
squares  on  the  diameters  of  tlie  circles. 


Let  ABODE,  FGHKL  he  similar  polygons  inscribed  in  two 
€53,  and  let  BM  and  GN  be  diameters  of  the  ©s. 

Tlien  must  polygon  ABC DE  he  to  polygon  FGTIKL 
as  sq.  on  BM  is  to  sq.  on  GN. 

Join  AM,  BE ;  FN,  GL. 

Then  A  BAE  is  equiangular  to  A  GFL. 

.:  I  AEB  =  z  FLG. 
But  z  AMB=  L  AEB.  in  the  same  segment, 
and  /  FNG  =  i  FLG,  in  the  same  segment, 

.-.  /  AMB=  L  FNG.     ' 
also,  L  BA  JI=  L  GFN,  each  being  a  rt.  i , 
.:  A  ABM  is  equiangular  to  A  FGN, 
.-.  AB  is  to  BM  as  FG  is  to  GN, 
and  .-.  AB  is  to  FG  as  BM  is  to  GN. 

.'.  the  duplicate  ratio  of  AB  to  i^(r  =  the  duplicate  ratio 
of  BM  to  GN.  V.  21. 

But  polygon  ABODE  has  to  polygon  FGHKL  the  dupli- 
cate ratio  of  AB  to  FG.  VI.  21. 
And  sq.  on  BM  has  to  sq.   on   GN  the  duplicate  ratio  of 
BM  to  GN.                                                                    VI.  21. 
•■•  polygon  ABODE  is  to  polygon  FGHKL  assq. on  BM 
is  to  sq.  on  GN.  V.  5. 


VI.  21. 


III.  21. 


III.  31. 

VI.  4. 
V.  15. 


Q.  K.  D, 
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Proposition  II.     Theohem. 
Circles  are  to  wie  another  a.<<  th*  sqiiares  on  thf.ir  iHamiiert. 

A 


Let  ABCD,  EFGU  he  two  ©s,  and  BD,  FH  thei? 
dianietera  : 

Then  mtist  ©  ABCD  beta®  EFGH  as  sq.  on,  BD 
is  to  gq.  on  FH. 

For,  if  not,  sq.  on  BD  mnst  he  to  sq.  on  FH  as  ©  ABCD 
in  to  some  space  cither  less  than  ©  EFGH,  or  greater  than  it. 

First,  if  possihle,  let  it  he  as  ©  ABCD  is  to  a  space  <S  les.°. 
than  ©  EFGH. 

In  ©  EFGH  describe  the  square  EFGH.  IV.  6. 

This  square  is  greater  than  hiilf  of  the  ©  EFOH. 

For  the  sq.  EFGH  is  half  of  the  square,  which  c^an  be 
formed  by  drawing  straight  lines  to  touch  the  circle  at  the 
points  E,  F,  G,  JT  ;  and  the  square  thus  formed  is  greater  than 
the  ©; 

.•.  sq    h.FG H  is  greatpr  than  hiilf  of  the  ®. 
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Bisect  the  arcs  EF,  FG,  GE,  HE  at  the  pts.  K,  L,  M,  N, 
and  join  EK,  KF,  FL,  LG,  GBT,  MH,  HN,  NE. 

Then  each  of  the  A  s  EKF,  FLG,  GMH,  HNE,  is  gi-eater 
than  half  of  the  segment  of  the  circle  in  which  it  stands. 

For  A  EKF  —  half  of  the  ZZ7,  formed  by  drawing  a  st.  line 
to  touch  the  ©  at  K,  and  parallel  st.  lines  through  E  and  F ; 
and  the  ZZ7  thus  formed  is  greater  than  the  segment  FEK ; 

.'.  A  EKF  is  greater  than  half  of  the  segment  FEK,  and 
similarly  for  the  other  A  s. 

.•.  sum  of  all  these  triangles  is  greater  than  half  of  the  sum 
of  the  segments  of  the  © ,  in  which  they  stand. 

Next,  bisect  EK,  KF,  etc.,  and  form  a  s  as  before. 

Then  the  sum  of  these  A  s  is  greater  than  half  of  the  sum  of 
the  segments  of  the  © ,  in  which  they  stand. 

If  this  process  be  continued,  and  the  A  s  be  supposed  to  be 
taken  away,  there  will  at  length  remain  segments  of  ®s,  whicn 
are  together  less  than  the  excess  of  the  ©  EFGH  above  the 
space  S,  by  the  Lemma. 

Let  segments  EK,  KF,  FL,  LG,  GM,  MR,  EN,  NE  be 
those  which  remain,  and  which  are  together  less  than  the 
excess  of  the  ®  of  the  above  S. 

TluMi  the  rest  of  the  © ,  i.e.  the  polygon  EKFLGMHN,  is 
greater  than  S. 

In  ©  ABCD  inscribe  the  polygon  AXBOCPDB  similar  to 
the  polygon  EKFLGMHN.. 

The  polygon  AXBOCFDR  is  to  polygon  EKFLGMHN  as 
sq.  on  BD  is  to  sq.  on  FH,  XIL  1. 

that  is,  as  ©  ^  />V7£)  is  to  the  space  S.  HyP-  ''ind  V.  6. 

But  the  polygon  AXBOCFDR  is  less  than  ©  ABCD, 

.:  the  polygon  EKFLGMHN  is  less  than  the  space  S  ;  V.  14. 
but  it  is  also  greater,  which  is  impossible  ; 

.*.  sq.  on  7? D  is  not  to  sq.  on  FH  as®  ABCD  is  to  any  space 
less  than  ©  EFGH. 

In  the  same  way  it  in;iy  l)e  siiown  that 
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sq.  on  FH  is  not  to  sq.  on  BD  as  0  EFGH  is  to  any  space 
less  than  w  ABCD. 

Nor  is  sq.  on  BD  to  sq.  on  FH  as  ©  ABCD  is  to  any  space 
greater  than  ©  EFGH. 


O 


For,  if  possible,  ht  it  be  as  ®  ABCD  is  to  a  space  7",  greater 
than  ©  EFfill. 

Then,  inversely,  sq.  on  FU  is  to  sq.  on  BD  as  space  T  is 
to  ©  ABCD. 

But  as  space  T  is  to  ©  ABCD  so  is  ©  EFGH  to  some 
space,  wliich  must  be  less  than  ©  ABCD,  because  space  T  is 
greater  than  0  EFGH.  V.  14. 

.•.  sq.  on  FH  is  to  sq.  on  BD  as  ©  EFGH  is  to  some  space 
less  than  ©  ABCD  ;  which  has  been  shewn  to  be  inqiossible. 

.•.  sq.  on  BD  is  not  to  sq.  on  FH  as  ©  ABCD  is  to  any 
«p;ice  greater  than  ©  EFGH.  * 

And  it  has  been  shown  that 

sq.  on  BD  is  not  to  .sq.  on  F!T  as  ©  ABCD  is  to  any 
tifKca  less  than  ©  EFGH. 
,    sq.  on  r.D  is  to  .sq.  on  FH  n^  ©  ABCD  is  (o  ©  EFGH. 

«.>.    K.    U. 
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Papers  on  Euclid  (Bonks  Yl.,  XL,  and  XIT.)  set  in  the 
Cambridge  Mathematical  Tripos. 

1849.  VI.  4.  Apply  this  proposition  to  prove  that  the  rect- 

angle, contained  by  the  segments  of  any 
chord,  passing  through  a  given  point  within 
a  circle,  is  constant. 

XI.  11.  Prove  that  equal  right  lines,  dra^Mi  from  a 
given  point  to  a  given  plane,  are  equally 
inclined  to  the  plane. 

1850.  VI.  10.  AB  is  a  diameter,  and  P  any  point  in  the  cir- 

cumference of  a  circle  ;  AP  and  BP  are 
joined  and  produced,  if  necessary  ;  if  from 
any  point  C  o{  AB  a,  perpendicular  be  drawn 
to  AB,  meeting  AP  and  BP  in  points  D 
and  E  respectively,  and  the  circumference  of 
the  circle  in  a  point  7^,  shew  that  CD  is  a 
third  proportional  to  CE  and  CF. 

1851.  VI.  3.  li  A,  B,  C  be  three  points  in  a  straight  line, 

and  D  a  point,  at  which  AB  and  BG  subtend 
equal  angles,  show  that  the  locus  of  the 
point  D  is  a  circle. 

XT.  8.  From  a  point  E  draw  EC,  ED  perpendicular 
to  two  planes  CAB,  DAB,  which  intersect 
in  AB,  and  from  D  draw  DF  perpendicular 
to  the  plane  CAB,  meeting  it  in  i'' :  sliew 
that  the  line,  joining  the  points  C  and  F, 
produced  if  necessary,  is  perpendicular  to 
AB. 

1852.  VI.  2.  Tf  two  triangles  be  on  equal  bases,  and  between 

the  same  parallels,  any  line,  parallel  to  their 
bases,  will  cut  off  equal  areas  from  the  two 
tria.ns;les. 
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ibbl.  XI.  11.  A  BCD  is  a  regular"  tetrahedron,  and,  from 
the  vertex  A,  a  perpendicular  is  drawn  to 
the  base  BCD,  nieetinu'  it  in  0:  shew  that 
three  times  tlie  square  on  AO  is  equal  to  twice 
the  square  on  AB. 

1853.  VI.  6.  If  the  vertical  angle  C,  of  a  triangle  ABC,  be 

bisect  id  by  a  line,  which  meets  the  base  in 
D,  and  is  produced  to  a  point  E,  such  that 
the  rectangle,  contained  by  CD  and  CE,  is 
equal  to  tho  vpctangle,  contained  by  AG  and 
CB  :  shew  that  if  the  base  and  verticiil  angle 
be  given,  the  position  of  E  is  invariable. 

XI.  21  If  BCD  be  the  common  base  of  two  pyramids, 
whose  vertices  A  and  A'  lie  in  a  plane  pass- 
ing through  BC,  and  if  the  two  lines  AB,  AC, 
be  respectively  perpendicular  to  the  faces 
BA'D,  CA'D,  prove  that  one  of  the  angles  at 
A,  together  with  the  angles  at  A',  make  up 
four  right  angles. 

1854.  1/L  l(i    BA,  EA'  are  diameters  of  two  circles,  touching 

each  other  externally  at  jB  ;  a  chord  AB  of 
the  former  ciicle,  when  produced,  touches  the 
latter  at  C,  while  a  chord  A'B  of  the  latter 
touches  the  former  at  C :  prove  that  the  rect- 
angle, contaujcd  by  AB  and  A'B',  is  four 
times  as  great  as  that  contained  by  BC  and 
B'C. 

ai.  20.  Within  the  area  of  a  given  triangle  is  described 
a  triangle,  the  sides  of  which  are  parallel  to 
those  of  the  given  one  :  prove  that  the  sura 
of  the  angles,  subtended  by  the  sides  of  the 
interior  triangle,  at  any  point,  not  in  the  plane 
of  tin-  triangles,  is  less  than  the  sum  of  the 
angles,  subtended  at  the  same  point  by  the 
sidis  of  the  exterior  triangle. 

\8bfi.  VI.  2.  A  tiingLiit  to  a  circle,  at  the  point  A,  intcrsecta 
two  par.illc!  tangents  in  B,  C,  the  i)oints  of 
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contact  of  which  with  the  circle  are  D,  .E, 
respectively  ;  shew  that  if  B^,  CD,  intersect 
in  F,  AF  is  parallel  to  the  tangents  BD,  CE. 

1855.  XI.  16.  From  the  extremities  of  the  two  parallel  straight 

lines  AB,  CD,  parallel  lines  Aa,  Bb,  Cc,  Dd, 
are  drawn,  meeting  a  plane  in  a,  b,c,d:  prove 
that  AB  is  to  CD  as  ab  is  to  cd,  taking  the 
case,  in  which  A,  B,  C,  D  are  on  the  same 
side  of  the  plane. 

1856.  VI.  Def.  1.  Enunciate   the   propositions,  which   prove 

that  in  the  case  of  triangles  the  conditions  of 
similarity  are  not  independent. 

XI.  11.  Shew  that  the  perjjendicular,  dropped  from  the 
vertex  of  a  regular  tetrahedron  upon  the 
opposite  base,  is  treble  of  that  dropped  from 
its  own  foot  upon  any  of  the  other  bases. 

1867.  VI.  19.  Any  two  straight  lines,  BB\  CC,  drawn  parallel 
to  the  l^ase  DD',  of  a  triangle  ADD',  cut 
AD  in  B,  C,  and  AD'  in  £',  C ;  BU,  B'G, 
are  joined :  prove  that  the  area  ABC  or 
AB'C  varies  as  the  rectangle,  contained  by 
BB',CC'. 

%!.  16.  A  triangular  pyramid  stands  on  an  equilateral 
base,  and  the  angles  at  the  vertex  are  rights 
angles  :  shew  that  the  sum  of  the  perpendi- 
culars on  the  faces,  from  any  point  of  the 
base,  is  coustaiit. 

1858.  VI.  15.  Find  a  pomt  in  the  side  of  s  triangle,  from 
which  two  lines,  drawn  one  to  the  opposite 
angle,  and  the  other  parallel  to  the  base,  shall 
cut  off,  towards  the  vertex  and  towards  the 
base,  equal  triangles. 

XI.  11.  Two  phnies  intersect :  shew  that  the  loci  of  the 
points,  from  which  perpendiculars  on  the 
planes  are  equal  to  a  given  straight  line,  are 
straight  lines  ;  and  tliat  four  planes  may  be 
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drawn,  each  pa-«;inff  through  two  of  these 
lines,  siK'h  that  tlie  perpenrliculars,  from  any 
point  iu  tlie  line  of  intersectiou  of  the  given 
planes,  upnn  any  out  of  the  four  planes,  shall 
be  eciual  to  the  j^'iveu  line. 

1869.  VI.  31.  Slii'W  that,  on  a  given  straight  line,  there  may 
be  described  as  many  polygons  of  dift'erent 
magnitudes,  siuiilar  to  a  given  polygon,  as 
there  are  sides  of  different  lengths  iu  the 
polygon. 

XL  20.  Three  straight  lines,  not  in  the  same  plane, 
intersect,  in  a  point,  and  through  their  [toint 
of  intersection  antitlier  straight  line  is  drawn 
within  the  solid  angle  formed  by  them  :  prove 
that  the  angles,  which  this  straight  line  makes 
with  the  first  three,  are  together  less  than  the 
sum,  but  greater  tluu)  half  the  sum  of  the 
angles  which  the  lirst  thiee  make  with  each 
other. 

18<J0.  ▼!.  A-  If  the  two  sides,  containing  the  angle,  through 
which  the  bisecting  line  is  drawn,  be  equal, 
interpret  the  result  of  the  ]>rop(>sition. 
Prove  fn^iM  this  proposition  and  the  prece<ling, 
that  the  straight  lines,  bisecting  one  angle  of 
a  triangle  internally,  and  the  other  two  ex- 
ternally, ])ass  through  the  same  point. 

XL  17.  If  three  straight  line.*,  which  do  not  all  lie  in 
one  plane,  be  cut  in  the  same  ratio  by  three 
planes,  two  of  which  are  parallel,  shew  that 
the  third  will  be  parallel  to  the  other  two,  if 
its  intersections  with  the  three  straight  lines 
are  not  all  in  one  straight  line. 

1861.  VI.  6.  From  the  angular  points  of  a  parallelogram 
ABCD,  perpendiculars  are  drawn  on  the 
diagonals,  meeting  them    in   A',  F,  <t,  II  re- 


346  k  UCLms  ELEMENTS.  [Books  VI.  XI.  ana  XII. 


spectively  ;  prove  that  EFGH  is  a  parallelo- 
gram similar  to  ABCD. 

1861.  XI.   12.  Shew  that  the  shortest  distance  between  two 

(iliposite  ed<(es  of  a  regular  tetrahedron  is 
equal  to  half  the  diagonal  of  the  square,  de- 
scribed on  an  edge. 

1862.  VI.  1.  Lines  are  drawn  from  two  of  the  angular  points 

of  a  triangle,  to  divide  the  opposite  sides  in 
a  given  ratio  ;  prove  that  the  line,  joining 
the  third  angular  point  wdth  the  point  of  in- 
tersection of  these  two  lines,  either  hi-sects 
the  opposite  side,  or  divides  it  in  a  ratio 
which  is  the  duplicjjate  of  the  given  ratio. 

XL  21  If  four  points  he  so  situated  that  the  distance 
between  each  i)air  is  equal  to  the  distance 
between  the  other  pair,  prove  that  the  angles 
subtended  at  any  one  of  these  points  by  each 
pair  of  the  others,  are  together  equal  to  two 
right  angles. 

1863.  VI.  4.    The  internal  angles  at  the  base  of  a  triangle,  and 

the  external  angle  at  the  vertex,  are  bisected 
by  straight  lines  ;  prove  that  the  three  points, 
in  which  these  straight  lines  meet  the  oppo- 
site sides  respectively,  lie  on  one  straight 
line. 

XI.   17.  If  each  edge  of  a  tetrahedron  he  equal  to  the 

opposite  edge,  the  straight  line,  joining  the 
middle  points  of  any  two  opposite  edges, 
shall  be  at  right  angles  to  each  of  those 
edges. 

1864.  VI.  23.  If  one  parallelogram  have  to  another  parallelo- 

gram the  ratio,  which  is  compounded  of  the 
ratios  of  their  sides,  one  parallelogram  shall 
be  equiangulai-. 

XI.  12.  On   a    given    equilateral    triangle    describe   » 
regular  tetrahedron. 
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l5t>5.  VI.  li).  The  opposite  sides,  BA,  CD  of  a  qnadilateral 
A  BCD,  which  can  be  iuscvibed  in  a  circle, 
meet,  when  produced,  in  E  ;  F  is  the  poini 
of  intersection  of  tlie  diagonals,  and  EF 
meets  AD  in  G  :  prove  that  the  rectangle 
EA,  AB  is  the  rectangle  ED,  DC  as  ^G  is 
to  GD. 

XI.  16.  In    the  triangular   pyramid   ABCD,  AB  is  at 

right  angles  to  CD,  and  ^C  to  BD :  prove 
that  AD  is  at  right  angles  to  BC. 

1866.  VI.  4.  ABC  is  an  isosceles  triangle  ;  AE  is  the  perpen- 

dicular from  A  on  the  base  BC ;  D  is  any 
point  in  AE  ;  and  Cl>  produced  meets  the 
side  AB  at  F  :  shew  that  the  ratio  of  AD  to 
DE  is  double  of  the  ratio  of  A  F  to  FB. 

XII.  1.  Give  an  outline  of  Euclid's  demonstration  that 

circles  are  to  one  another  as  the  squares  on 
their  diameters. 

1867.  Vi.  A.   [•'•adi  acute  angle  of  a  right-angled  triangle  and 

ius  corrospiinding  exterior  angle  are  Ijisected 
by  straiglit  lines  meeting  the  oppo.site  sides  ; 
prove  that  the  rectangle,  contained  by  the 
portions  of  those  sides  intercepted  between 
the  bisecting  lines  is  four  times  the  square  on 
the  hypotenuse. 

JU.  21.  Two  pyramids  are  described,  the  one  standing 
on  a  square  as  a  base,  the  other  on  a  regular 
octagon,  the  vertex  of  each  being  equally 
distant  from  the  angular  points  of  its  base  ; 
if  this  distance  be  the  same  for  each  pyramid, 
and  the  perimeters  of  the  bases  be  equal, 
prove  that  the  plane  angles,  containing  one 
solid  angle  at  the  vertex  of  the  former,  are 
togeilier  greater  than  the  plane  angles,  con- 
taining the  solid  angle  at  the  vertex  of  the 
latter. 

1868.  VI.  2,  Witliont   assuming  any  subsequent   pi&position, 

prove  ihat  the  i(|iiiangular  triangles  in  either 
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of  the  figures  of  this  proposition,  are  to  each 
other  in  the  duplicate  ratio  of  ihe  sides  oppb 
site  to  the  equal  angles. 

186*8.  XI.  11.  Of  tlie  least  angles,  which  a  given  line  in  one 
phine  makes  with  any  line  in  another  plane, 
the  greatest  for  difi'erent  positions  of  the 
given  line  is  that  which  measures  the  inclina- 
tion of  the  two  planes. 

18P9.  XL  20.  II  0  be  a  point,  within  a  tetrahedron  ^^CD, 
prove  that  the  three  angles  of  the  .solid  angle, 
Bubteudcd  by  HOD  at  0,  are  together  greater 
than  the  three  angles  of  tlie  solid  angle  at  A. 

1870.  VI.  10.  Two  straight  lines  are  given  in  position,  and  a 

third  straight  line  is  drawn  so  as  to  cut  off 
a  triangle  equal  t5  a  given  triangle  ;  through 
the  middle  point  of  this  third  side  is  drawn 
a  straight  line  in  a  given  direction,  termin- 
ated by  the  two  given  straiglit  lines :  prove 
that  the  rectangle  under  the  segments  of  the- 
intercepted  part  is  constant. 

ZL  7.  In  a  tetrahedron  each  edge  is  perpendicular  to 
the  direction  of  the  opposite  edge  ;  prove 
that  the  straight  line  joining  the  centre  of 
the  sphere,  circumscribing  the  tetrahedron, 
to  the  middle  point  of  any  edge,  is  equal  and 
parallel  to  the  straight  line  joining  the  centre 
of  perpendiculars  to  the  middle  point  of  the 
opposite  edge. 

1871.  VI.  2.  ABC  is  a  triangle,  and  lines  AO,  BO,  CO  cut 

the  opposite  sides  in  D,  E,  F  ;  i£  BF  cut  BV 
in  G,  prove  that  BD  is  to  DG  as  BG  is  to 
GC. 

XI.  11.  The  perpendiculars  from  the  angular  points  of 
a  tetrahedron  on  the  opposite  faces  meet  in  a 
point  :  prove  that  the  necessary  and  sufficient 
condition  for  this  is  that  the  sums  of  the 
squares  af  pairs  of  opposite  edges  be  equal. 
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ib7:2.  VI.  •!.  iJiaw  tluouijh  a  point  a  straicrht  line,  so  that  the 
part  of  it  intercepted  between  u  ^iven  straijrht 
line  and  a  given  circle  may  be  divided  at  the 
given  point  in  a  given  ratio.  Between  what 
limits  must  tlie  ratio  lie  in  order  that  a 
solution  may  be  possible  ? 

XI.  2i».  If  the  opposite  edges  of  a  tetrahedron  be  equal 
two  and  iwo,  prove  that  the  facfs  are  acute- 
angled  triangles.  Prove  also  that  a  tetra- 
hedron can  be  formed  of  any  foiu-  equal  and 
suniiur  auule-au^led  triangle^ 
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EXAMINATION  PAPERS  IN  EUCLID 

SET   TO    CANDIDATES    KOR 

First  and  Second  Class  Provincial  Certificates, 

AND  TO  STCHENTS  MATIUCULATING   IN  THE 

UNIVERSITY    OF   TORONTO. 
SECOND  CLASS  PROVINCIAL  CERTIFICATES,  1871. 

TIME — TWO    H0UK8    AND    A    HALF. 

1.  If  two  *rianp;les  have  two  sides  of  the  oue  equal  to  two  sides 

of  the  other,  each  to  each,  and  have  likewise  their 
bases  equal,  the  angle  which  is  contained  by  the  two 
sides  of  the  one  shall  be  equal  to  the  angle  contained 
by  the  two  sidi  s,  equal  to  them,  of  the  other. 

2.  Triangles  upon  the  same  base,  and  between  the  same  par- 

allels, are  equal  to  one  another. 

3.  If  the  square  described  upon  one  of  the  sides  of  a  triangle 

be  equal  to  the  squares  described  ujion  the  other  two 
sides  of  it,  the  angle  contained  by  these  two  sides  is  a 
right  angle. 

4.  If  a  straight  line  be  divided  into  two  equal,  and  also  into 

two  unequal,  parts,  the  squares  on  the  two  unequal 
parts  are  together  double  of  the  square  on  half  the 
line,  and  of  the  square  on  the  line  between  the  points 
of  section. 
•5.  If  a  straight  line  be  divided  into  any  two  parts,  the  rec- 
tangles contained  by  the  whole  and  each  of  the  parts 
are  together  equal  to  the  square  on  the  whole  line. 

6.  Bisect  a  parallelogram  by  a  straight  line  drawn  from  a  point 

in  one  of  its  sides. 

7.  Let  A  B  C  be  a  triangli',  and  let  B  D  be  i.  straight  line 

drawn  to  D,  a  point  in  A  C  between  A  and  C,  then,  if 
A  B  be  greater  than  A  C,  the  excess  of  A  B  above  A  C 
is  less  than  that  of  B  D  above  D  C. 

8.  In  a  triangle  A  15  C,  A  D  being  drawn  perpendicular  to  the 

straight  line  B  D  which  bisects  the  angle  B,  show  that 
a  line  drawn  from  D  parallel  to  B  C  will  bisect  A  C. 
Note. — The  percentage  of  marks  requisite,  in  order  that  a 
candidate  may  be  ranked  of   a  particular  grade,  will  be  taken 
on  the  value  of  the  above  paper,  omitting  question  8. 
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SECOND  CLASS  PROVINCIAL  CEBTIFICATES,  1872. 

TIME — 2|    H0TJK8. 

1.  Define  a  straignt  line,  a,phnic  rectilineal  angle,  aright  angle, 

a  Gnomon.     Enunciate  Enclid's  Postulates. 

2.  If  from  the  ends  of  the  side  of   a  triangle  there  be  drawn 

two  straight  lines  to  a  point  within  the  triangle,  these 
shall  be  less  than  the  other  two  sides  of  the  triangle, 
but  shall  contain  a  gi'eater  angle. 
.5.  If  two  triangles  have  two  angles  of  the  one  equal  to  angle? 
of  the  other,  each  to  each,  and  one  side  equal  to  one 
side,  namely,  either  the  sides  adjacent  to  the  equal 
angles,  or  sides  which  are  opposite  to  equal  angles  in 
each ;  then  shall  the  other  sides  be  equal,  each  to 
each  ;  and  also  the  third  angle  of  the  one  equal  to  the 
third  angle  of  the  other.  (Take  the  case  in  lohich  the 
assumed  equal  sides  are  those  opposite  to  equal  angles.) 

4.  In  every  triangle,  the  square  on  the  side  subtending  an 

acute  angle  is  less  than  the  sides  containing  that 
angle,  by  twice  the  rectangle  contained  by  either  of 
these  sides,  and  the  straight  line  intercepted  between 
the  perpendicular  let  fall  on  it  from  the  opposite 
angle,  and  acute  angle.  (Take  the  case  where  the  per- 
pendicular falls  within  the  triangle.) 

5.  If  a  straight  line  be  divided  into  any  two  parts,  the  squares 

on  the  whole  line,  and  one  of  the  parts,  are  equal  to 
twice  the  rectangle  contained  by  the  whole  and  that 
part,  together  with  the  sqnare  on  the  other  part. 

6.  Prove  that,  if  a  straight  line  AD  be  drawn  from  A,  one  of 

the  angles  of  a  triangle  ABC,  to  D,  the  middle  point 
of  the  opposite  side  BC,  BA  X  AC  is  greater  than  2 
AD. 

7.  Let  the  equilateral  triangle  ABC,  and  triangle  ADB,  in 

which  the  angle  ABE)  is  a  right  angle,  be  on  the  same 
base  AB.  and  between  the  same  parallels  AB  and  CD. 
Prove  that  4  AD^  =  7  AB^ 
S  From  D,  a  point  in  AB,  a  side  of  the  triangle  ABC,  it  is 
required  to  draw  a  straight  line  DE,  cutting  BC  in  E, 
and  AC  produced  in  F,  so  that  DE  may  be  equal  to 
EF. 


SECOND  CLASS  PROVINCIAL  CERTIFICATES,  187.3. 

TIME— TWO    nOUBS  AND  A  HALF. 

Note. — Candidates  who  take  only  Book  I,  will  confine  them- 
selves to  the  first  eight  que;;tions  ;  those  who  take  Books  I  and 
II,  will  omit  the  first  two  questions. 
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1.  If  "in*  ajiRlos  of  a  triangle  be  eqnnl  to  ono  another,  the 

sides  also  wliich  subtPiid,  or  are  opiiosite  to,  the  eqnal 
nnplofl,  shall  bo  eqnal  to  one  aui.tiicr. 

2.  If  oue  side  of  a  triangle  be  produced,  the  exterior  angle 

shall  be  greater  than  either  of  the  interior  opposite 
angles. 

3.  The  opposite  side,   and  angles  of  a  parallelogram,  ai-e 

equal  to  one  another. 

4.  The  complements  of  the  parallelogi-ams,  which  are  about 

the  diameter  of  any  parallelogram,  are  equal  to  oue 
another. 

5.  To  describe  a  square  on  a  given  straight  line. 

6.  Let  A  B  C  D  be   a   quadrilateral    figure   whose   opposite 

angles  ABC  and  ADC  are  right  angles.  Prove 
that,  if  A  B  be  eqnal  to  A  D,  C  B  and  C  D  shall  also 
bo  equal  to  one  another. 

7.  If  A  B  C  D  bo  a  quadrilateral  figure,  having  the  side  A  B 

parallel  to  the  side  C  D,  the  straight  line  which  joins 
the  middle  points  of  A  B  and  D  C  shall  divide  the 
quadrilateral  into  two  equal  parts. 

8.  The  straight  line,  which  joins  the  middle  points  of  two 

sides  of  a  triangle,  is  parallel  to  the  base. 
!*.  If  a  straight  line  be  divided  into  any  two  parts,  the 
square  on  the  whole  line  is  equal  to  the  squares  on  the 
two  parts,  together  with  twice  the  rectangle  contained 
by  the  parts. 
>0.  In  an  obtuse  angled  triangle,  is  the  sum  of  the  sides  con- 
taining the  obtuse  angle  greater  or  less  than  the 
square  of  the  side  opposite  to  the  obtuse  angle? 
And,  by  how  much  ?     I'rove  the  proposition. 

SECOND  CLASS  PROVINCIAL  CERTIFICATES,  1874. 

TIME—  TWO  HOORS  AND  THBEK-QUABTEKS. 

NoTK. — Candidates  who  take  only  Bonk  I.  will  confine  them- 
selves to  the  first  7  questions.  Those  who  take  Books  I.  and 
II.  will  omit  questions  1,  2,  and  3. 

1,  When  is  Oioe  straight  line  said  to  be  perpendicular  to  an- 

other. 

To  draw  a  straight  line  perpendicular  to  a  given 
8trai;;lit  line  of  an  unUmited  length,  from  a  given 
point  without  it. 

2.  If  one  side  of  a  triangle  be  produced,  the  exterior  angle 

shall  be  greater  than   either  of  the  interior  opposite 
nn;;le8. 
8      ff  l^^o  triangles  have  two  angles  of  the  one  equal  tn  two 
angles  of  the  other,   each    to    each  ;  and    one    sidft 
ejual  to  ono  side,  namely,  sides  which  are  opposite  lo 
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equal  angles  in  each  ;  thcu   shall  the  other  sides  be 
equal,  each  t'^  each. 
t.     What  are  parallel  straiciht  lines  ? 

If  a  straight  line,  falling  on  two  other  straight  lines, 
make  the  alternate  angles  equal  to  one  another,  the 
two  straight  lines  shall  be  paiallel  to  one  another. 

5.  What  is  a  paralUlogram  ? 

Parallelograms  on  equal  bases,  and  between  the  same 
parallels,  are  equal  to  one  another. 

6.  If  two  isosceles  triangles  be  on  the  same  base,  and  on  the 

same  side  of  it,  the  straight  line  which  joins  their 
vertices,  will,  if  produced,  cut  the  base  at  right  angles. 

7.  Let  ABC  be  a  triangle,  in  wbich  the  angle  ABC  is  a  right 

angle.  From  AC3  cut  off  AD  equal  to  AB,  and  join 
BD.  Prove  that  the  angle  BAG  is  equal  to  twice  the 
angle  CBD. 

8.  If  a  ^ll.i.yhl  line  be  divided  into  two  equal  parts  and  also 

into  two  unequal  parts,  the  rectangle  contained  by 
the  unequal  parts,  together  with  the  square  on  the  line 
between  the  points  of  section,  is  equal  to,  &c.    (5,  II.) 

9.  In  every  triangle,  the   square  on  tlie  side   subtending  an 

acute  angle  is  less  than  the  squares  on  the  sides  con- 
taining that  angle,  by  *c.  (13,11).  (It  will  be  suf- 
ficent  to  take  the  case  in  which  the  perpendicular  falls 
within  the  triangle.) 

10.  To  describe  a  square  that  shall  be  equal  to  a  given  recti- 

lineal figure. 

11.  The  square  on  any  straight  line  drawn  from  the  vertex  of 

an  isosceles  triangle  to  the  base  is  less  than  the 
square  on  a  side  of  a  triangle  by  a  rectangle  contained 
by  the  segments  of  the  base. 

SECOND  CLASS  PROVINCIAL  CEETIFICATES,  1875. 

TIME— TWO  HOURS  AND  THREE-QUAKTERS. 

Note. — Those  students  who  take  only  Book  I.  will  confine 
themselves  to  the  first  seven  questions.  Those  who  take 
Books  I.  and  II.  will  omit  the  questions  marked  with  an 
asterisk  (*),  namely,  (1)  and  (2). 

*1.  If  one  side  of  a  triangle  be  produced,  the  exterior  angle 
is  greater  than  either  of  the  interior  opposite  angles. 
*2.  II  two  triangles  have  two  angles  of  the  one  equal  to  two 
angles  of  the  other,  each  to  each,  and  one  side  equal 
to  one  side,  namely,  the  sides  opposite  to  equal  angles, 
then  shall  the  other  sides  be  equal,  each  to  each. 
3.  If  a  strai^'bt  line  falling  on  two  other  straight  lines  make 
the  alternate  angles  equal  to  each  other,  these  two 
straight  lines  shall  be  parallel. 
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4.  If  a  straight  line  fall  upon  two  parallel  straigbt  lines,  it 
makes  the  two  interior  angles  upon  the  same  side 
together  equal  to  two  right  angles. 

6.  Assuming  Proposition  XXXII,  deduce  the  corollary : 
"  all  the  exterior  angles  of  any  rectilineal  figure, 
made  hy  producing  the  sides  successively  in  the  same 
direction,  are  together  equal  to  four  right  angles." 

6.  If  a  straight  line,  drawn  parallel  to  the  base  of  a  triangle, 

bisect  one  of  the  sides,  it  shall  bisect  the  other  also. 

7.  Let  AliC  and  ADC  be  two  triangles  on  the  same  base  AC 

and  between  the  same  parallels  AC  and  13D.  Prove, 
that,  if  the  sides  AB  and  BU  be  equal  to  one  another, 
their  sum  is  less  than  the  sum  of  the  sides  AD  and 
DC. 

8.  If  a  straight  line  be  divided  into  any  two  parts,  the  rect- 

angles contained  by  the  whole  and  eacli  of  the  parts 
are  together  equal  to  the  square  on  the  whole  line. 

9.  If  a  straight  line  be  bisected  and  produced  to  any  point, 

the  rectangles  contained  by  the  whole  line  thus  pro- 
duced, and  the  part   of  it  produced,  together  with, 
etc.,  (6,  n). 
10.     Divide  a  straight  line  into  two  parts,  such  that  the  sum 
of  their  squares  may  be  the  least  possible. 


FIRST  CLASS  PROYINC'IAL  CERTIFICATES,  1871. 

TIME. XnUEE  HOURS. 

1.  To  describe  a  square  that  shall  be  equal  to  a  given  recti- 

lineal figure 

2.  A  segment  of  a  circle  being  given,  to  describe  the  circle  of 

which  it  is  the  segment. 

3.  If  the  vertical  angle   of   a  triangle  be   divided  into   two 

equal  angles  by  a  straight  line  which  also  cuts  the 
base,  the  segments  of  the  base  shall  have  the  same 
ratio  which  the  other  sides  of  the  triangle  have  to  one 
another. 

4.  In  a  right-angled  triangle,  if  a  perpendicular   be   drawn 

from  the  right  angle  to  the  base,  the  triangles  on  each 
side  of  it  are  similar  to  the  whole  triangle  and  to  one 
another. 

5.  If  four  straight  lines  be  proportionals,  the  similar  rectilineal 

figures  similarly  described  upon  them  shall  alao  be 
proportionals. 

C.     Draw  a  straight  line  so  as  to  touch  two  given  circles. 

7.  Let  A  B  C  be  a  triangle,  and  from  U  and  C,  the  extremi- 
ties of  tiiC  babe  B  C.  let  line  B  F  and  r  E  be  drawn  to 
F  and  E,  the  middle  points  of  A  C  and  A  B  respect- 


ively,  then,  if  B  F  =  C  E,  A  B  and  A  C  shall  be  equal 
to  one  another. 
8.     Describe  an  equilateral  triangle  equal  to  a  given  triangle. 


PIKST  CLASS  PROVINCIAL  CEETIFICATES,  1872. 

TIME — TWO  AND  A  HALF  HOURS. 

1.  If  a  straight  line  touch  a  circle,  and  from  the  point  of  con- 

tact a  straight  line  be  drawn  cutting  the  circle,  the 
angles  which  this  hne  makes  with  the  line  touching 
the  circle  shall  be  equal  to  the  angles  which  are  in  the 
alternate  segments  of  the  circle. 

2.  To  inscribe  a  circle  in  a  given  triangle. 

3.  Equal  triangles  which  have  one  angle  of  the  one  equal  to 

one  angle  of  the  other,  have  their  sides  about  the 
equal  angles  reciprocally  proportional. 

4.  Similar  triangles  are  to  one  another  in  the  duplicate  ratio 

of  their  homologous  sides. 

5.  In  ainy  right  angled  triangle,  any  rectilineal  figure  described 

on  the  side  subtending  the  right  angle  is  equal  to  the 
similar  and  similarly  described  figures  on  the  sides 
containing  the  right  angle. 

6.  Two  circles  cut  each  other,  and  through  the  points  of  sec- 

tion are  drawn  two  parallel  lines,  terminated  by  the 
circumferences.     Prove  that  these  lines  are  equal. 

7.  Let  A  C  and  B  D,  the  diagonals  of  a  quadrilateral   figure 

A  B  C  D,  intersect  in  E.  Then,  if  A  B  be  parallel  to 
C  D,  the  circles  described  about  the  triangles  ABE 
and  C  D  E  shall  touch  one  another. 

8.  Divide  a  triangle  into  two  equal  parts  by  a  straight  line  at 

right  angles  to  one  of  the  sides. 


FIRST  CLASS  PROVINCIAL  CERTIFICATES,  1873. 

TIME — THREE  HOURS. 

1.  The  Emgle  in  a  semicircle  is  a  right  angle. 

2.  A  segment  of  a  circle  being  given,  describe  the  circle  of 

which  it  is  a  segment. 

3.  Give  Euclid's  definition  of  proportion ;  and  prove,  by  taking 

equi-multiples  according  to  the  definition,  that  2,  3,  9, 
13,  are  not  proportionals. 

4.  Similar  triangles  are  to  one  another  in  the  duplicate  ratio 

of  their  homologous  sides. 

5.  To  find  a  mean  proportional  between  two  given  straight 

lines. 

6.  Through  C,  the  vertex  of  a  triangle  A  C  B,  which  has  the 

sides  A  C  and  C  B  equal  to  one  another,  a  line  C  D 


is  drawn  parallel  to  A  B ;  and  straight  lines,  A  J), 
D  B,  are  drawn  from  A  and  B  to  any  point  D  in  C  D. 
Prove  that  the  angle  A  C  D  is  greater  than  the  angle 
ADB. 

7.  A  i>  C  D  is  a  quadrilateral    figure   inscribed    in    a  circle. 

From  A  and  B,  perpendiculars  A  E,  B  F  are  let  fall 
on  C  D  (produced  if  necessary) ;  and  from  C  and  D, 
perpendiculars  C  G,  D  H,  are  let  fall  on  B  A  (produced 
if  necessary).  Prove  that  the  rectangles  A  E,  B  F  and 
C  G,  D  H,  are  equal  to  one  another. 

8.  A  B  C  D  is  a  quadrilateral  figure  inscribed  in  a  circle.  The 

straight  line  D  E  drawn  through  D  parallel  to  A  B, 
cuts  the  side  B  C  in  E  ;  and  the  straight  line  A  E  pro- 
duced meets  D  C  produced  in  F.  Prove,  that  if  the 
rectangle  B  .\,  A  D  be  equal  to  the  rectangle  E  (\  G  F, 
tiie  triangle  A  D  F  shall  be  equal  to  the  quadrilateral 
ABCD. 


FIRST  CLASS  PROVINCIAL  CERTIFICATES,  1874. 

TIME — THREE  HOURS. 

In  equal  circles,  equal  straight  lines  cut  off  equal  circum- 
ferences, the  greater,  equal  to  the  greater,  and  the  less 
to  the  less. 

To  discribe  a  circle  about  a  given  equilateral  and  equiangu- 
lar pentagon. 

To  fiiid  a  mean  proportional  between  two  given  straight 
lines. 

What  is  meant  by  duplicate  ratio  ?  Write  down  two  whole 
numbers,  which  are  in  the  duplicate  ratio  of  J  to  ^. 

What  are  simibir  rectilineal  figures? 

Similar  triangles  are  to  one  another  in  the  duplicate  ratio 
of  their  homologous  sides. 

In  any  right  angled  triangle,  any  rectilineal  figure  described 
on  the  side  subtending  the  right  angle  is  equal  to  the 
similar  and  similarly  described  figmes  on  the  sides 
containing  the  right  angle. 

To  describe  a  triangle,  of  which  the  base,  the  vertical  angle, 
and  the  sum  of  the  two  siilcs  are  given. 

From  A  the  vertex  of  a  triangle  ABC,  in  which  each  of  the 
angles  ABC  and  ACB  is  less  than  right  angle,  AD  is 
let  fall  perpendicular  on  the  base  BC.  Produce  BC  to 
E,  making  CE  equal  to  AD  ;  and  let  F  lie  a  point  in 
AC,  such  that  the  triangle  BFE  is  equal  to  the  tri- 
angle ABO.  Prove  that  F  is  one  of  the  angular 
points  ol  a  square  inscribed  in  the  triangle  ABC, 
with  one  of  its  sides  on  BO. 


Let  E  be  the  point  of  intersection  of  the  diagonals  of  a 
quadrilateral  figure  ABCD,  of  which  any  two  ojiposite 
angles  are  together  equal  to  two  right  angles.  Pro- 
duce HO  to  G,  making  CG  equal  to  EA ;  and  produce 
AD  to  F,  making  DF  equal  to  BE.  Prove  that  if  EG 
and  EF  be  joined,  the  triangles  EDF  and  EGG  ar« 
equal  to  one  another. 


FIRST  CLASS  PROVLNCTAL  CERTIFICATES,  1875. 

TIME— THREE  HODES. 

1.  If  two  triangles  have  two  angles  of  the  one  equal  to  two 

angles  of  the  other,  each  to  each,  and  one  side  equal 
to  one  side,  namely,  the  sides  adjacent  to  the  equal 
angles  in  each,  then  shall  the  other  sides  be  equal 
each  to  each. 

2.  From  a  given  circle  to  cut  off  a  segment,  which  shall  con- 

tain an  angle  equal  to  a  given  rectilineal  angle. 

3.  If  the  angle  of  a  triangle  be  divided  into  two  equal  angles 

by  a  straight  line  which  also  cuts  the  base,  the 
segments  of  the  base  shall  have  the  same  ratio  which 
the  other  sides  of  the  triangles  have  to  one  another. 

4.  The  sides  about  the  equal  angles  equi-angular  triangles  are 

proportionals ;  and  those  which  are  opposite  to  the 
equal  angles  are  homologous  sides. 

5.  If  the  similar  rectilineal  figures  similarly  described  upon 

four  straight  lines  be  proportionals,  those  straight 
lines  shall  be  proportionals. 

6.  Any  rectangle   is   half  the   rectangle    contained    by   the 

diameters  of  the  squares  on  its  adjacent  sides. 

7.  Through  a  given  point  within  a  given  circle,  to  draw  a 

straight  line  such  that  one  of  the  pares  of  it  intercept- 
ed between  that  point  and  the  circumference  shall  be 
double  of  the  other. 

8.  If,  from  any  point  in  a  circular  are,  perpendiculars  be  let 

fall  on  its  boundixig  radii,  the  distance  of  their  feet  ia 
invariable. 

MATRICULATION,  1871. 

1.  State  the  points  of  agreement  and  disagreement  of  tho 

circle,  square  and  rhombus,  with  one  another  as 
appearing  from  their  detmitions. 

2.  Any  two  sides  of  a  triangle  are  together  greater  than  the 

third  side. 
Show  that  the  sum  of  the  excesses  of  each  pair  of  sides 
above  the  third  side  is  equal  to  the  sum  of  the  three 
sides  of  the  triangle. 


If  the  square  described  upou  one  of  the  sides  of  a  triangle 
be  eijnal  to  the  square  doscribed  on   the  other  two 
sides  of  it,  the  angle  contained  by  these  two  sides  is  a 
right  angle. 
In  an  isosceles  triangle  if  the  square  on  the  base  be  eqnal 
to  three  times  the  square  on  either  side  the  vertical 
angle  is  two-thirds  of  two  right  angles. 
If  a   straight  line    be  divided  into    any    two    parts    the 
square  on  the  whole  line  is  equal  to  the  square  on  the 
two  parts,  together  with  twice  the  rectangle  contained 
by  the  parts. 
Is  there  any  difference  between  the  principle  of  this  propo- 
sition and  the  statement  {a  -\-  h)-  =  n^  _|_  2ab  -\-  b^  . 
Of  all   tlie   squares   that   can    be    inscribed    within    an- 
other the  least  is   that  formed  by  joining  the  bisec- 
tions of  the  side. 

If  a  .'Straight  line  be  divided  into  two  equal  and  also  into 
two  unequal  parts,  the  squares  on  the  two  unequal 
parts  are  together  double  of  the  square  on  half  the 
line  and  of  the  .square  on  the  line  between  the  points 
of  section. 

DofS  the  statement  respecting  the  equality  of  the  square 
hold  for  any  other  division  of  the  line. 

Equal  straight  lines  in  a  circle  are  equally  distant  from 
the  centre ;  and  conversely,  those  which  are  equally 
distant  from  the  ceutro  are  equal  to  one  another. 

The  lines  joining  the  extremities  of  two  equal  straight 
lines  in  a  circle  towards  the  same  parts  are  parallel  to 
each  other. 

What  is  meant  by  the  Angle  in  a  segment  of  a  circle  ? 
Define  similar  segments  of  circles. 

Upon  the  same  straight  line  and  upon  the  same  side  of  it, 
there  cannot  be  two  similar  segments  of  circles  not 
coinciiling  with  one  another. 

In  equal  circles  the  angles  which  stand  upon  equal  arcs, 
are  equal  to  one  another  whether  they  be  at  the  cen- 
tres or  circumferences. 

If  two  equal  circles  so  intersect  each  other  that  the  tan- 
gents at  one  of  their  points  of  intersection  are  inclined 
to  each  other  at  an  angle  of  fiO"  shew  that 

lladius  of  circle  :  Ihie  joining  their  ceutns  :  :  1  :  -1/3  ~ 

From  a  given  circle  to  cut  ofiF  a  segment  that  shall  contain 
an  angle  •  ■jnal  to  a  given  rectilineal  angle. 

In  a  given  circle  inscribe  a  triangle  which  shall  have  a 
given  vertical  angle,  and  whose  area  shall  be  equal  to 
a  given  triangle  ;  and  shew  with  what  limitation  this 
can  be  done. 


X.  APPENDIX. 

10.  When  is   a  circle  said  to  be  inscribed  in   a  rectilmea 

figure. 
To  inscribe  a  circle  in  a  given  triangle. 

11.  Inscribe  an  equilateral  and  equiangular  pentagon  in  a 

given  circle. 
Show  how  to  divide  a  right  angle  into  fifteen  equal  parts. 


MATRICULATION,  1872. 


From  a  given  point  to  draw  a  straight  line  equal  to  a  given 
straight  line. 

Explain  what  different  constructions  there  are  in  this 
proposition. 

If  a  side  of  a  triangle  be  produced,  the  exterior  angle  is 
equal  to  the  two  interior  and  opposite  angles ;  and  the 
three  interior  angles  of  every  tiiaugle  are  together 
equal  to  two  right  angles. 

Find  the  number  of  degrees  in  one  of  the  exterior  angles 
of  a  regular  heptagon. 

Triangles  upon  the  same  or  equal  bases  and  between  the 
same  parallels  are  equal  to  one  another. 

By  means  of  these  propositions  prove  that  a  line  drawn 
parallel  to  the  base  of  a  triangle  and  cutting  off  one- 
fourth  from  one  of  its  sides,  will  also  cut  off  a  fourth 
part  from  the  other  side. 

If  a  straight  line  be  divided  into  two  equal  and  also  into 
two  unequal  parts,  the  squares  on  the  two  unequal 
parts  are  together  double  of  the  square  on  half  the 
line,  and  of  the  square  on  the  line  between  the  points 
of  section. 

If  a  chord  be  drawn  parallel  to  the  diameter  of  a  circle 
and  from  any  point  in  tlie  diameter  lines  be  drawn  to 
its  extremities,  the  sum  of  their  squares  will  be  equal 
to  the  sum  of  the  squares  of  the  segments  of  the  diam- 
eter. 

To  divide  a  given  straight  line  into  two  parts,  so  that  the 
rectangle  contained  by  the  whole  and  one  of  the  parts 
shall  be  equal  to  the  square  on  the  other  part. 

Solve  the  problem  algebraically.  Interpret  and  construct 
geometrically  the  second  root  so  obtained. 

Divide  a  given  line  so  that  one  segment  maybe  a  geomet- 
ric mean  between  the  whole  and  the  other. 

In  every  triangle,  the  square  on  the  side  subtending  either 
of  the  acute  angles,  is  less  than  the  squares  on  the 
sides  containing  that  angle,  by  twice  the  rectangle 
contained  by  either  of  these  sides,  and  the  straight 


line  intercepted  betweeu^the  acute  angle  and  the  per- 
pendicular let  fall  upDU  it  from  the  opposite  anj^le. 
In  a  trian;,'lo  ABC,  if  AD  be  drawn  to  the  bisection  of  BC, 
the  difference  between  the  square  on  B(J  and  twice  the 
square  on  AC  is  double  of  the  difference  between  L'' 
square  on  AB,  and  twice  the  square  on   iL 

7.  If  a  straight  line  touch  a  circle,  the  strai^'0'     in*    diawu 

from  iho  centre  to  the  point  of  coutacl     c.sui  be  per- 

penilicuhir  to  the  line  touching  the  circle. 
The  locus  of  intersections  of  all  pairs  of  tangents  to  a 

circle  which  contiuu  a  given  angle  is  a  circle. 
What  is  the  magnitude'  of  this  angle,  in  order  that  the 

circle  may  be  double  the  original  ? 

8.  The  opposite  angles  of  any  quadiilateral  figure  inscribed 

in  a  circle  are  together  equal  to  two  right  angles. 
What  relation  mu^t  exist  between  the  sides  of  a  quadrila- 
teral in  order  that  a  circle  may  be  inscribed  in  it  ? 
Snow  that  your  relation  is  sufficient. 
<>,  If  from  any  point  without  a  circle  two  straight  lines  be 
drawn,  one  of  which  cuts  the  circle,  and  the  other 
touches  it ;  the  rectangle  contained  by  the  whole  line 
which  cuts  the  circle,  and  the  part  of  it  without  the 
circle,  shall  be  equal  to  the  square  on  the  hue  which 
touches  it. 

Show  that  this  proposition  is  an  extension  of  HI,  35. 
From  a  e;iven  point  without  a  circle  show  how  to  draw 

(when  possible)  a  line  that  will  be  divided  by  that 

circle  in  Medial  section. 

10.  Inscribe  a  circle  in  a  given  triangle. 

When  is  one  rectilineal  hgure  said  to  be  inscribed  in  an- 
other. 

11.  In  a  right-angled  triangle,  if  the  perpendicular  be  drawn 

from  the  right  angle  to  the  base  ;  the  triangle  on  each 
side  of  it  are  similar  to  the  whole  triangle  and  to  one 
another. 
Construct  geometrically  the  roots  of  the  equation  x{a — x) 
=ft2  ami  give  the  geometric  interpretation  of  the  case 
of  ec^ual  and  impossible  roots  that  the  problem  may 
present. 

12.  To  describe  a  rectilineal  figure  which  shall  be  similar  to 

one  given  rectilineal  figure  and  equal  to  another  given 
rectilineal  figure. 


MATRICULATION,   1873. 

HOSOBS. 

If  a  Btraight  line  falls  upon  two  parallel  straight  lines,  it 
makes  the  alternate  angles  equal  to  one  another,  and 


lU.  APPENDIX. 

the  exterior  angle  equal  to  the  interior  and  opposite 
upon  the  same  side,  and  also  the  two  interior  angles 
upon  the  same  side  together  equal  to  two  right  angles. 
Vary  the  order  of  proof  in  this  proposition  by  proving  the 
last  statement  first. 

2.  If  a  straight  line  falling  upon  two  other  straight  lines, 

makes  the  interior  angles  upon  the  same  side  together 
equal  to  two  right  angles,  the  two  straight  lines  shall 
be  parallel  to  one  another. 
Can  this  be  inferred  immediately  from  the  12th  axiom  ? 
Give  the  reasons  for  your  answer. 

3.  Any  two  sides  of  a  triangle  are  together  greater  than  the 

third  side. 
A  straight  line  is  the  shortest  distance  between  two  given 
points. 

4.  In  any  right  angled  triangle,  the  square  which  is  described 

upon  the  side  subtending  the  right  angle,  is  equal  to 
the  squares  described  upon  the  sides  which  contain 
the  right  angle 
Any  two  parallelograms  being  described  on  two  sides  ot 
any  triangle,  to  describe  on  the  third  side  a  parallelo- 
gram equal  to  their  sum. 

5.  To  describe  a  square  that  shall  equal  a  given  rectilineal 

figure. 
To  divide  a  given  straight  line  into  two  parts  such   that 

their  rectangle  is  equal  to  a  given  rectilineal  figure. 
What  limitation  must  there  be  to  the  magnitude  of  the 

given  figure  ? 

6.  If  a  straight  hue  drawn  through  the  centre  of  a  circle  bi- 

sect a  straight  line  in  it  which  does  not  pass  through 
the  centre,  it  shall  cut  it  at  right  angles ;  and,  if  it 
cut  it  at  right  angles,  it  shall  bisect  it. 

Describe  three  circles   of  given  radii  which  shall  touch 
each  other  externally  two  and  two. 
J.     In  the  above  show  that  the  common  tangents  meet  in  one 
point,  with  which  as  centre,  a  circle  may  be  described 
passing  through  the  three  points  of  contact. 

What  proposition  of  Euclid  does  this  correspond  to  ? 

8.  If  straight  lines  within  a  circle  intersect  in  one  point  the 

rectangle  under  the  segments  is  constant. 
W  '.at  Hmitation  must  be  made  to  render  the  converse 
true  ?     Prove  the  converse  when  true. 

9.  The  opposite  angles  of  any  quadrilateral  figure  inscribed 

in  a  circle  are  together  equal  to  two  right  angles. 
Deduce — The  angle  in  a  semicircle  is  a  right  angle. 
(Prop.  31  Bk.  m.) 
10.     To  describe  an  isosceles  triangle  having  each  of  the  angles 
at  the  base  double  of  the  third  angle. 


APPENDIX.  Xin. 

A  tangent  to  a  circle  is  drawn  at  an  angular  point  of  an 
inscribed  regular  pentagon,  and  a  side  produced 
through  that  point,  show  that  a  straight  line  making 
equal  intercepts  on  the  tangent  and  the  side  produced, 
is  parallel  to  the  tangent  at  one  of  the  adjacent  angu- 
lar points. 

11.  To  di'scrilje  a  circle  about  a  given  equilateral  pentagon. 
With  ai!  angular  point  of  the  regular  pentagon  as  centre, 

and  a  side  as  radius,  describe  a  second  circle  ;  show 
that  the  tangent  to  the  first  circle  at  a  point  of  inter- 
section of  the  circles  meets  the  common  diameter  at  a 
point  without  the  second  circle. 

12.  In  the  above  show  that  the  distance  from  the  above  point 

to  the  centre  of  the  first  circle  is  greater  than  the 
diameter  of  the  second  circle. 


MATRICULATION,   1874. 


*,*  Nos.  1  and  3  to  bo  omitted  for  Senior  Matriculation  ; 
No8.  12  and  13  to  be  omitted  for  Junior  Matriculation. 

1.  Parallelograms    upon    the    same    base    and    between  the 

same  parallels  are  equal  to  one  another. 
From  the  centre  0  of  a  circle  the  radii  OA,  OB  are 
drawn,  the  tangents  at  A  and  B  meet  in  C ;  if  OC  be 
bisected  in  D  and  DE  be  drawn  perp(Hidicular  to  OD 
meeting  OB  in  E,  then  AE  will  bisect  the  figure 
OBCA. 

2.  In  every  triangle  the  square  on  the  side  subtendiag  any  of 

the  acute  angles  is  less  than  the  squares  on  the  sides 
containing  that  angle  by  twice  the  rectangle  contained 
by  either  of  these  sides,  and  the  straight  line  inter- 
cepted between  the  perpendicular  let  fall  ujion  it  fnim 
the  opposite  angle  and  the  acute  angle. 
Construct  a  square  that  shall  be  equal  to  the  difference 
between  the  sum  of  the  squares  on  two  given  straight 
lines  and  the  rectangle  under  these  lines. 

3.  Through  a  given  point  to  draw  a  straight  line  parallel  to 

a  given  strrtight  line. 
From  a  givun  point  in  the  circumference  of  a  circle  to 
draw  a  chord,  when  possible^,  that  shall  be  bisected  by 
a  given  chnrd. 

4.  Find  the  sum  of  (Ij  all  the  interior  angles  of  any  recti- 

lineal figure  ;  (2)  ull  the  exterior  angles. 
AB,  CD  the  alternate  sides  of  a  regular  poly;,'on  are  pro- 
duced to  meet  in  E,  if  AO,  OE  meet  in  F,  U  being  the 
centre  of  the  polygon,  sliow  that  AF.FC—OF.FE. 
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o.  To  divide  a  given  straight  line  into  two  parts,  so  that  the 
rectangle  contained  bj'  the  whole  and  one  of  the  parts 
shall  be  equal  to  the  square  on  the  other  part. 
If  AB  be  bisected  in  C  and  produced  to  a  point  D,  such 
that  AC.C'D^AD.DB,  then  AD  is  divided  in  Gin  the 
manner  required  by  the  proposition. 

6.  If  from   any  point  without  a  circle  two  straight  lines  be 

drawn,  one  of  which  cuts  the  circle  and  the  other 
touches  it,  the  rectangle  contained  by  the  whole  line 
that  cuts  the  circle  and  the  part  of  it  without  the  circle 
shall  be  equal  to  the  square  on  the  line  that  touches  it. 
Any  number  of  circles  pass  through  two  given  points  A 
and  B  ;  shew  that  with  any  given  point  C  in  AB  pro- 
duced, as  centre,  a  circle  may  be  described  cutting  the 
other  circles  at  right  angles,  and  find  its  radius. 

7.  To  draw  a  straight  line  from  a  given  point  either  without 

or  in  the  circumference  which  shall  touch  a  given 
circle. 
Find  the  point  in  the  line  joining  the  centres  of  two  circles 
of  different  radii,  such  that  if  a  perpendicular  be 
drawn  through  it,  the  tangents  to  the  circles  from  any 
point  in  this  perpendicular  may  be  equal. 

8.  The  angle  at  the  centre  of  a  circle  is  double  of  the  angle 

at  the  circumference  upon  the  same  base,  that  is,  upon 
the  same  part  of  the  circumference. 
If  a  circle  be  described  touching  one  of  the  equal  sid<'S  of 
an  isosceles  triangle  at  the  vertex  and  having  the 
other  side  as  chord,  the  arc  lying  between  the  vertex 
and  base  is  one-half  the  arc  subtended  by  the  chord. 

9.  If  a  straight  line  touch  a  given  circle  and  from  the  point 

of  contact  a  straight  line  may  be  drawn  cutting  the 
circle,  the  angles  made  by  this  line  with  the  line 
touching  the  circle  shall  be  equal  to  the  angles  which 
are  in  the  alternate  segments  of  the  circle. 

10.  To  inscribe  an  equilateral  and  equiangular  pentagon  in  a 

given  circle. 
If  two  diagonals  of  a  regular  pentagon  intersect  and  a 
ciixle  be  described  about  the  triangle  of  which  the 
greater  segments  are  two  sides,  two  sides  of  the  pen- 
tagon which  terminate  at  the  other  extremities  of 
these  segments  are  tangents  to  the  circle  at  these 
points. 

11.  To  describe  a  circle  about  a  given  square. 

Find    tlie    relation    between    the    areas    of    the    circles 
described  about  and  inscribed  in  a  given  square. 

12.  If  a  straight  line  be  parallel  to  the  base  of  a  triangle  it 

will  cut  the  sides,  or  the  sides  produced,  proportion- 
ally, and  if  the  sides,  or  the  sides  produced,  be  cat 


proportionally,  the  Btraight  line  wliich  joins  the  points 
of  section  shall  be  parallel  to  the  base. 
13.     To  find  a  mean  proportional  between  two  given  straight 
liues. 


JUNIOR  AND  SENIOR  MATRICULATION,  1875. 

,*,  Junior  Matriculants  will  omit  questions  15  and  16,  and 
Senior  Matriculants  questions  12  and  13. 

1.  Define  the  terms  axiom,  postulate,  scholiam,  corollory. 

2.  If  two  triangles  have  two  sides  of  the  one  equal  to  two 

sides  of  the  other,  each  to  each,  but  the  angle  con- 
taiued  by  the  two  sides  of  the  one  greater  than  the 
angle  contained  by  the  two  sides  equal  to  them,  of  the 
other,  tlie  base  of  that  which  has  the  greater  angle 
shall  be  greater  than  the  base  of  the  other. 

3.  If  a  side  of  any  triangle  be  produced,   the  exterior  angle 

is  equal  to  the  two  interior  and  opposite  angles ;  and 
the  three  interior  angles  of  every  triangle  are  together 
equal  to  two  right  angles. 

4.  Triangles  on  equal  bases  and  between  the  same  parallels 

are  equal  to  one  another. 
n.     If  the  square  described  on  one  of  the  sides  of  a  triangle 
be  equal  to  the  squares  described  on  the  other  two 
sides  of  it,  the  angle  contained  by  these  two  sides  is  a 
right  angle. 

6.  If  the  diagonals  of  a  quadrilateral  bisect  each  other,  it  is 

a  parallelogram  :  if  the  bisecting  lines  are  e(iual  it  is 
rectangular ;  if  the  lines  bisect  at  right  angles  it  is 
equilateral. 

7.  If  a  straight  Ime  be  divided  into  two  equal,  and  also  into 

two  unequal  parts,  the  squares  on  the  two  unequal 
parts  are  together  double  of  the  square  on  half  the 
line  and  of  the  square  on  the  line  between  the  points 
of  section. 

8.  Divide  a  straight  line  into  two  parts,  so  that  the  rectangle 

contained  by  the  whole  and  one  of  the  parts  may  be 
equal  to  the  square  on  the  other  part. 

9.  In  the  Algebraic  solution  of  the  preceding  problem,  we 

obtain  a  quadratic  equation  which  gives  two  values  of 
the  unknown  quantity.  Enunciate  the  Geometrical 
proposition  which  corresponds  to  the  other  root. 

10.  The  sum  of  the  squares  on  the  diagonals  of  a  parallelo- 

gram  is  equal  to  the  sum  of  the  squares  on  the  sides. 

11.  The  opposite  angles  of  a  quadrilateral  inscribed  in  a  circle 

are  together  equal  to  two  right  angles. 

12.  The  straight  U;/es  bisecting  the  sides  of  a  triangle  at  right 

angles  meet  in  a  point. 
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13.  Construct  a  triangle,  having  given  the  middle  points  of  sides. 

14.  Describe  a  circle  about  a  given  equilateral  and  equiangu- 

lar pentagon. 

15.  From  a  given  straight  line  to  cut  off  any  part  required. 

16.  Similar  triangles  are  to  one  another  in  the  duplicate  ratio 

of  their  homologous  sides. 

TIME — 3    HOURS. 

1.  Describe  an  equilateral  triangle  upon  a  given  finite  straight 

line. 
By  a  method  similar  to  that  used  in  this  problem,  describe 
on  a  given  finite  straight  line  an  isosceles  triangle,  the 
sides  of  which  shall  be  each  equal  to  twice  the  base. 

2.  If   a   straight   line   fall   on   two   parallel  straight  lines,  it 

makes  the  alternate  angles  equal  to  one  another,  and 
the  exterior  angle  equal  to  the  interior  and  opposite 
angle  on  the  same  side ;  and  also  the  two  interior 
angles  on  the  same  side  together  equal  to  two  right 
angles. 
What  objections  have  been  urged  >i gainst  the  doctrine  of 
parallel  straight  lines  as  it  is  laid  down  by  Euclid* 
Where  does  the  dilHculty  originate  and  what  has  been 
suggested  to  remove  it  ? 

3.  In  any  right  angled  triangle,  the  squares  described  on  the 

sides  containing  the  right  angle  are  together  equal  to 
the  squai'e  of  the  side  subtending  the  right  angle. 
Show,  by  describing  a  square  on  the  outer  side  of  one  side, 
and  on  the  inner  side  of  the  other,  that  the  two 
squares  thus  described  will  cut  into  three  pieces,  so  as 
exactly  to  make  up  the  square  of  the  hypotenuse. 

4.  Divide  aUjebraicalhj  a  given  line   (a)  into  two  parts,  such 

that  the  rectangle  contained  by  the  whole  and  one 
part  may  be  equal  to  the  square  of  the  other.  Deduce 
Euclid's  construction  from  one  solution  and  explain 
the  other. 
6.^  If  two  straight  lines  within  a  circle  cut  one  another,  the 
rectangle  contained  by  the  segments  of  one  of  them 
is  equal  to  the  rectangle  contained  by  the  segments 
of  the  other. 
If,  through  a  point  within  a  circle,  two  equal  straight  lines 
be  drawn  to  the  circumference,  and  produced,  they 
will  be  at  the  same  distance  from  the  centre. 

6.  Explain  and  illustrate  the  fifth  and  seventh  definitions  in 

the  fifth  book  of  Euclid,  and  shew  that  a  magnitude  has 
a  great^'r  ratio  to  the  less  of  two  unequal  magnitudes 
than  it  has  to  the  greater. 

7.  With  the  four  lines  contain  a-\-h,  a-\-c,  a — h,   a — c  units 

respectively,  construct  a  quadrilateral  capable  of  Lav- 
ing a  circle  inscribed  in  it. 
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Prove  that  no  paralleloprain  can  be  inscribed  in  a  circle 
except  a  netangle  ;  ami  that  no  parallelogram  can  be 
(loscribed  about  a  circle  except  a  rhomb. 

Similar  triangles  are  to  one  another  in  the  duplicate  ratio 
of  their  homologous  sides.  How  does  it  appear  from 
Euclid  that  tlie  duplicate  ratio  of  two  magnitudes  is 
the  same  as  that  of  their  squares  ? 


FIRST  CLASS  PROVINCIAL  CERTIFICATES,  JULY,  1876 

TIME — THREE    HOURS. 

N.  B. — Algebraic  si/mboh  imist  not  be  used. 

1.  (a)  The  straight  line  drawn  at  right  angles  to  the  diameter 
of  a  circle  from  the  extremity  of  it,  falls  witliout  the 
circle  ;  and  no  straight  line  can  be  drawn  from  the 
extremity,  between  that  straight  line  and  the  circum- 
ference, so  as  not  to  cut  the  circle.  (Ill  16.) 
(b)  Draw  a  common  tangent  to  two  given  circles.  How 
many  can  be  drawn  ?     (ApoUimiiin.) 

9  {a)  The  opposite  angles  of  any  quadrilateral  figure  in- 
acribed  in  a  circle  are  together  equal  to  two  right 
angles.  (Ill  22.) 
(b)  If  straight  lines  be  drawn  from  any  point  on  the  cir- 
cumference of  a  circle  perpendicular  to  the  sides  of  an 
inscribed  triangle,  their  feet  are  in  the  same  straight 
line.     (il/.  F.  Jacohi.) 

?  (rt)  If  the  chord  of  a  circle  be  divided  into  two  segments 
by  a  point  in  the  chord  or  in  the  chord  produced,  the 
rectangle  contained  by  these  segments  will  be  equal  to 
the  difference  of  the  squares  on  the  radius  and  on  tlie 
line  joining  the  given  point  within  the  centre  of  the 
circle.  What  propositions  in  Euclid  follow  immediate- 
ly from  this  ? 
(6)  Describe  a  circle  which  shall  pass  through  a  given 
point  and  touch  two  straight  Unes  given  in  position. 
(Ai)olloniii8.) 

4.     (a)  To  describe   an  isosceles  triangle,  having  each  of  the 
angles  at  the  base  double  of  the  third  angle.     (IV  10.) 
(b)  Constnict  a  triangle  liaving  each  of  the   an/des    at  the 
base  equal  to  seven  times  the  third  angle 

6  (a)  If  the  vertical  angle  of  a  triangle  be  bisected  by  a 
straight  line  which  also  outs  the  base,  the  segments  of 
the  base  have  the  same  ratio  which  the  other  sides  of 
the  triangle  have  to  one  another  ;  and,  if  the  segments 
of  the  base  have  the  same  ratio  which  the  other  sides 
of  the  triangle  have  to  one   another,  the   straight   line 
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drawn  from  the  vertex  to  the  point   of  section   shall 
bisect  the  vertical  angle.     (VI  3.) 
[h]  The   points    in   which   the   bisectors   of   the   external 
angles  of  a  triangle  meet  the  opposite   sides,  lie  in  8 
8trai;rhk  line. 


APPENDIX.  Srt. 

SECOND  CLASS  CERTIFICATES,  JULY,  1876. 

TIME— THREE    HODRS. 

N^-B. — Aliifibraic   stjinbol^  viitst  not  be  used,     Candidate!'  wh» 
take  Book  II  will  omit  Questions  1,  2  and  3,  ^uarked"". 

Valaaa.1 

16  rl.     The  angles  at  the  base  of  an  isosceles  triangle  are 
I  equal  to  one  another ;  and  if  the  equal  sides  be 

produced,  the  angles  on  the  other  side  of  the  base 
shall  be  equal  to  one  another. 
3  Where  does  Euclid  require  the  second  part  of  this 

theorum? 

16  *2.  If  two  triangles  have  two  sides  of  the  one  equal  to 
two  sides  of  the  other,  each  to  each,  but  the 
angle  contained  by  two  sides  of  one  of  them 
greater  than  the  angle  contained  by  the  two  .sides 
equal  to  them  of  the  other,  the  base  of  that  which 
has  the  greater  angle  shall  be  greater  than  the 
base  of  the  other. 
6  Why  the  restriction  "  Of  the  two  sides  DE,  DF,  let 

DE  be  the  side  which  is  not   greater  than  the 
other"? 

16  *3.  If  two  triangles  have  two  angles  of  the  one  equal  to 
two  angles  of  the  other,  each  to  each,  and  have 
also  the  sides  adjacent  to  the  equal  angles  in  each, 
equal  to  one  another,  then  shall  the  other  side  bo 
equal,  each  to  each  ;  and  also  the  third  angle  of 
the  one  to  the  third  angle  of  the  other.  (Prove 
by  superposition.) 
3  What  propositions  in  Book  I  are  thus  proved  ? 

16  4.  If  a  straight  line  fall  upon  two  parallel  straight 
lines,  it  makes  the  alternate  angles  equal  tu  one 
another,  and  the  exterior  angle  equal  to  the  inte- 
rior and  opposite  angle  on  the  same  side ;  and 
also  the  two  interior  angles  on  the  same  side 
together  equal  to  two  right  angles. 
What  objection  may  be  taken  to  the  twelfth  axiom  ? 
What  is  its  converse  ? 

16  o.  In  any  right-angled  triangle,  the  square  which  is 
described  on  the  side  subtending  the  right  an^le 
is  equal  to  th(.>  squares  described  on  the  sides 
which  contain  the  right  angle. 

12  Prove  also  by  dissi-ction  and  superposition. 

18     6.     Draw  through  a  given   point  between   two    straight 
line.s  not  p;irallol  a  straight  line  which    shall  be 
j  bisected  in  thnt  point. 

'8  I  7.  The  p(  rpeudiculars  from  the  angles  of  a  triangle  on 
the  oppoi'it>>  uiJua  meet  in  a  point. 
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Given  the  lengths  of  the  hues  drawn  from  the 
angles  of  a  triangle  to  the  points  of  bisection  of 
the  opposite  sides,  construct  the  triangle. 

If  a  straight  line  be  divided  into  two  parts,  the 
square  on  the  whole  Hue' is,  equal  to  the  squares 
on  the  parts,  together  with  twice  the  rectangle 
contained  by  the  parts. 

In  every  triangle,  the  square  on  the  side  subtending 
an  acute  angle  is  less  than  the  squares  on  the 
sides  containing  that  angle  by  twice  the  rectangle 
contained  by  either  of  these  sides,  and  the  straight 
line  intercepted  between  the  perpendicular  let  fall 
on  it  from  the  opposite  angle,  and  the  acute  angle. 


